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Linear representations of algebras

Let A be a (finite dimensional) unital associative algebra over the
field F; V a f.d. vector space over F.

A homomorphism ∆ : A → End(V )/Mn(F) is called a (linear)
representation of A over F. The vector space V becomes a left
A-module via A · v = ∆(A) · v ; dim(V ) is called the dimension of
V .

A linear function χ : A → F defined via χ(A) = tr(∆(A)) is called
the character of ∆ afforded by V .

Two representations ∆ : A → End(V ),∆′ : A → End(V ′) are
equivalent/isomorphic iff there exists a linear bijection L : V → V ′

s.t.
∀A∈A ∀v∈V L(∆(A)(v)) = ∆′(A)(L(v)).



Decomposition of representations

1 Given an A-module V , a subspace W ⊆ V is an
A-submodule/subrepresentation iff AW ⊆W .

2 Submodule is proper iff W 6= V and non-trivial if W 6= {0}.
3 The module V is a direct sum of its submodules

V1, ...,Vk ⊆ V if V is a direct sum of V1, ...,Vk as a vector
space.

4 An A-representation/module is irreducible/simple if it does
not contain non-trivial proper subrepresentations/submodules.

Example

A = Mn(F),V = Fn (column space)



Semisimple algebras

A module M over algebra A is semisimple if it is a direct sum of
simple modules.
An algebra A over F is called semisimple if its left regular module
is semisimple A-module.

Definition

A subspace ker(∆) := {a ∈ A |∆(a) = OV } is called the kernel of
∆. A representation/module is faithful if ker(∆) is trivial.

Theorem

An algebra is semisimple iff it has a faithful semisimple module.

In what follows A ⊆ MΩ(C) is an arbitrary subalgebra with IΩ ∈ A.
The vector space CΩ is a faithful A-module, called the standard
module. The character of the standard module is denoted by τ .



Standard module and Hermitian form

We define a Hermitian form on the standard module V = CΩ via
(f , g) :=

∑
ω∈Ω f (ω)g(ω). The ”induced” form on MΩ(C) is

defined via

(A,B) :=
∑
β∈Ω

(Aβ,Bβ) =
∑
α,β∈Ω

AαβBαβ = tr(AB
>

).

In what follows we abbreviate A
>

as A∗.

Proposition

(A,B) = τ(AB∗);

(Au, v) = (u,A∗v);

(AB,C ) = (B,A∗C ) = (A,CB∗)



Semisimplicity Theorem

Theorem

Let A ⊆ MΩ(C) be a matrix subalgebra closed w.r.t. Hermitian
transposition A 7→ A∗. Then A is semisimple.

Proof.

Main idea: if U ≤ V is A-invariant, then U⊥ is A-invariant.
V is an orthogonal sum of minimal A-invariant subspaces.



Artin - Wedderburn Theorem

Theorem (Artin - Wedderburn)

A finite dimensional semisimple algebra A over the field F is isomorphic
to a direct sum of matrix algebras Mni (Di ) where Di is a division algebra
over F.

If F is algebraically closed, then Di = F.

Corollary

Let A ⊆ MΩ(C) be a subalgebra closed w.r.t. Hermitian transposition.
Then A ∼= ⊕iMni (C). In particular, dim(A) =

∑
i n

2
i .

Corollary

If dim(A) ≤ 3, then A is commutative.

Theorem (Higman)

Let A be a coherent algebra of dimension at most 5. Then A is
commutative.



An Example: a strongly regular decomposition of a
complete graph

Theorem

Let Kn = S1 ∪ S2 ∪ S3 be a decomposition of a complete graph
into a disjoint union of strongly regular graphs. Then
C = {1Ω, S1,S2, S3} is an association scheme.

Proof.
Let Ai denote an adjacency matrix of (Ω,Si ). Define
A0 = 〈I ,A1,A2,A3〉. We have to show that A0 is subalgebra of
MΩ(C).

A>0 = A0.

J = I + A1 + A2 + A3 =⇒ A0 = 〈I ,A1,A2, J〉.
A2
i = ki I + λAi + µi (J − Ai − I ) ∈ A0.

AiAj +AjAi = (Ai +Aj)
2−A2

i −A2
j ≡ (Ai +Aj)

2(mod A0) ≡
(J − I − Ak)2(mod A0) ≡ 0(mod A0).



End of the proof

A := A0 + 〈A1A2〉 = A0 + 〈A2A1〉.
A = 〈I ,A1,A2,A1A2, J〉 is closed w.r.t. matrix multiplication.

If A0 = A, i.e. A1A2 ∈ A0, then we are done.

Otherwise, A is a 5-dimensional non-commutative hermitian
closed matrix algebra.

A has 2 irreps ∆0,∆1 with ∆0(I ) = 1,∆1(I ) = 2.

∆0(Ai ) = ki ,m0 = 1.

Let τ(A),A ∈ MΩ(C) denote the trace of A. Then
τ = χ0 + m1χ1 =⇒ τ(A) = χ0(A) + m1χ1(A) for all A ∈ A.

A = I =⇒ |Ω| = 1 + 2m1,
A = Ai =⇒ 0 = ki + m1χ1(Ai ) =⇒ ki = m1ui , ui ∈ Z.

1 + 2m1 = |Ω| = 1 + k1 + k2 + k3 ≥ 1 + 3m1. A contradiction.

An alternative proof based on graph eigenvalues was proposed by
E. van Dam.



Semisimplicity

the standard module V := CΩ has a decomposition into a
direct sum of irreducible submodules: V = m1V1 ⊕ ...m`V`,
where Vi ’s are pairwise non-isomorphic. This provides a
decomposition of the standard character into the sum of
irreducibles: τ =

∑`
i=1 miχi .

A ∼= Mn1(C)⊕ ...⊕Mn`(C).

∆i : A 7→ Mni (C) and ∆i (A) = Mni (C).

IΩ = E1 + ...+ E` where Ei is a central primitive idempotent
of A corresponding to ∆i , i.e. ∆i (Ej) = δi ,j IVi

and
χj(EiA) = δi ,jχj(A).

EiA is a two-sided ideal of A isomorphic to Mni (C).



Central primitive idempotents

Given a function θ : A → C, we abbreviate θ(A(R)) as θ(R).

Proposition

Let Ei be a primitive c. idempotent corresponding to ∆i . Then

1 Ei = mi
∑

R |R|−1χ(R∗)A(R);

2 If pr1(R) 6= pr2(R), the χi (R) = 0.

Proof.

Write Ei =
∑

R∈C xRA(R).

τ(EiA(R∗)) =
∑`

i=1 miχi (EiA(R∗)) = miχi (R
∗).

On the other hand, τ(EiA(R∗)) = τ(EiA(R)∗) = (Ei ,A(R)) =

xR |R| ⇒ xR = mi
χi (R

∗)
|R| .



Principal representation

Proposition

Let (Ω, C) be a co.co. with f fibers: Ω1, ...,Ωf . Then

1 If R ∈ C then A(R)Ωj = kRΩi where

Ωi = pr1(R),Ωj = pr2(R);

2 The linear span of Ωi , i = 1, ..., f is an irreducible
A-submodule. The corresponding representation is called
principal (notation ∆0, χ0 := tr(∆0)).

3 pr1(R) = Ωi , pr2(R) = Ωj =⇒ ∆0(R)i ′j ′ = δi ′iδj ′jkR and
zero otherwise;

4 dim(∆0) = f , m0 = 1;

5 E0 =
∑d

j=1
1
|Ωj |JΩj

.

If (Ω, C) is homogeneous, then ∆0 is one-dimensional
representation of multiplicity 1.



Higman’s Theorem

The principal irrep is a unique irrep of A iff (Ω, C) is the discrete
configuration. What can we say if A has exactly two irreps: the
principal and another one. We start with a homogeneous case.

Theorem (Higman)

Let (Ω, C) be a homogeneous c.c. If A has only two irreducible
representations ∆0,∆1, then |C| = 2.

Proof.
|C| = 1 + n2

1, n1 = dim(∆1).
τ = χ0 + m1χ1 =⇒ 0 = τ(S) = kS + m1χ1(S) =⇒
χ1(S) = − kS

m1
=⇒ χ1(S) ≤ −1. Hence 0 = χ1(J) =

χ1(I ) +
∑

S∈C,S 6=1 χ1(S) ≤ n1 − (|C| − 1) = n1 − n2
1 =⇒ n1 = 1.

Corollary

If |C| ≤ 5, then C is commutative, and, therefore, homogeneous.



Coherent configuration of a symmetric block design

Let (Ω1,Ω2,S),S ⊆ Ω1 × Ω2 be a 2− (v , k , λ) symmetric block
design. Let D denote the adjacency matrix of S . Then

JD = DJ = kJ,DD> = D>D = kI + λ(J − I ),

where I and J are the identity and all-one matrices of order v .
The partititon
C = {1Ω1 ,Ω

2
1 \ 1Ω1 , 1Ω2 ,Ω

2
2 \ 1Ω2 ,S ,Ω1 ×Ω2 \ S , S∗,Ω2 ×Ω1 \ S∗}

is a co.co. of order 2v and rank 8.
Its adjacency matrix has the following form[

aI + b(J − I ) cD + d(J − D)
zD> + w(J − D>) xI + y(J − I )

]



Irreducible representations of the adjacency algebra

The principal representation

∆0

([
aI + b(J − I ) cD + d(J − D)

zD> + w(J − D>) xI + y(J − I )

])
=

[
a + b(v − 1) ck + d(v − k)

zk + w(v − k) x + y(v − 1)

]
.

The corresponding irreducible subspace: V0 = 〈Ω1,Ω2〉.
Let u ∈ Cv be a non-zero column vector of size v with zero
coordinate sum. Denote e2 =

(0
u

)
, e1 =

(Du
0

)
.

Proposition

The subspace 〈e1, e2〉 is an irreducible C[C] module.



Irreducible representations of the adjacency algebra

Proof.

[
aI + b(J − I ) cD + d(J − D)

zD> + w(J − D>) xI + y(J − I )

](
Du

0

)
=

(
(a− b)Du

(z − w)(k − λ)u

)
= (a− b)e1 + (z − w)(k − λ)e2

[
aI + b(J − I ) cD + d(J − D)

zD> + w(J − D>) xI + y(J − I )

](
0

u

)
=

(
(c − d)Du

(x − y)u

)
= (c − d)e1 + (x − y)e2



Irreducible representations of the adjacency algebra

Proposition

The adjacency algebra has two irreps ∆0 and ∆1 where

∆1

([
aI + b(J − I ) cD + d(J − D)

zD> + w(J − D>) xI + y(J − I )

])
=

[
a− b c − d

(z − w)(k − λ) x − y

]
The multiplicity of ∆1 in the standard representation is v − 1.



Restriction to the fibers

Let Ω1, ...,Ωf be the fibers of a c.c. X = (Ω, C), A the adjacency
algebra of X ;
Xi := (Ωi , C ii ) be the homogeneous component, Ai the adjacency
algebra of Xi ;
The algebra Ai is isomorphic to IΩi

AIΩi
. In what follows we

identify Ai with IΩi
AIΩi

.
Let ∆0, ...,∆` be irreps of A, Va,Ea and χa are the irreducible
module, the primitive idempotent and the character corresponding
to the irrep ∆a



Restriction to the fibers

Theorem

Let ∆a,Va,Ea, χa be as above. Then

1 Via := IΩi
Va 6= 0 =⇒ Via is an irreducible Ai -module;

Via 6= 0 ⇐⇒ EaIΩi
6= 0;

2 {Via |Via 6= 0}a=0,...,` is a complete set of irreducible Ai

representations;
{IΩi

Ea | IΩi
Ea 6= 0} is a complete set of central primitive

idempotents of Ai ;

3 If Via 6= 0, then the multiplicity of Via in the decomposition of
CΩi is equal to the multiplicity of Va in the decomposition of
CΩ.

Let us denote by ∆ia the irrep of Ai corresponding to Via and
nia := dim(Via).



Restriction to the fibers

Theorem

1 ∀i∈[1,f ] ni0 = 1.

2 ∀i∈[1,f ]

∑`
a=0 mania = |Ωi |.

3 ∀a∈[0,`]

∑f
i=1 nia = na.

4 ∀i,j∈[1,f ] |C ij | =
∑`

a=0 nianja. Equivalently, (|C ij |) = N>N where
N = (nia).

5 the matrix (|C ij |)i,j∈[1,f ] is positive semidefinite.

6 |C ij |2 ≤ |C ii ||Cjj | and |C ij |2 = |C ii ||Cjj | =⇒ |Ωi | = |Ωj |.

7 If C ii and Cjj are commutative, then |C ij | ≤ |C ii |, |Cjj |

Theorem

Assume that all fibers of a co.co. have at least two elements. Then it has
two irreducible representations iff it corresponds to a system of linked
block designs.



Restriction to the fibers

Theorem

1 ∀i∈[1,f ] ni0 = 1.

2 ∀i∈[1,f ]

∑`
a=0 mania = |Ωi |.

3 ∀a∈[0,`]

∑f
i=1 nia = na.

4 ∀i,j∈[1,f ] |C ij | =
∑`

a=0 nianja. Equivalently, (|C ij |) = N>N where
N = (nia).

5 the matrix (|C ij |)i,j∈[1,f ] is positive semidefinite.

6 |C ij |2 ≤ |C ii ||Cjj | and |C ij |2 = |C ii ||Cjj | =⇒ |Ωi | = |Ωj |.

7 If C ii and Cjj are commutative, then |C ij | ≤ |C ii |, |Cjj |

Theorem

Assume that all fibers of a co.co. have at least two elements. Then it has
two irreducible representations iff it corresponds to a system of linked
block designs.


