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Conjugate representation

Proposition

Let E; be a primitive central idempotent corresponding to A;.
Then

EiT and E; are primitive c. idempotents of A;

E' =E and Xi(R*) = xi(R);

If A is an irrep of A, then A;(AT)T is an irreducible
representation of A corresponding to the idempotent E,-T. It is
called the conjugate of A;, notation /* = /. It follows from
E,-—r = E; that the representations A; and A« are equivalent.



Block-diagonal matrix representation

Theorem (Higman)
One can choose orthonormal bases B, of the irreducible modules
V, in such a way that
[Aa(A)]g, = [Aa(A)]5. A€ A
Vo=V, = [Ai(A)lg, = [Aa(A)l,, A € A;
Let By, ..., By denote orthonormal bases of pairwise
inequivalent irreducible A-subspaces Vg, ...., V. Denote

U=1[By,Bi--Bi,-- By B € Mo(C).
[Bo, B1 1 - By a(C)
my my

Then U is unitary and for each A € A

U*AU = diag [[AO(A)]Boa [Al(A)]B1 ol PR [AE(A)]Be ® Ime] c



A second basis of a coherent algebra

Let us abbreviate the (i, )-entry of A,(A) in the basis B, as
A (a l,j)(A) ie. A(a i) (A) (Aa(A)ei7 ej)'
Denote by E;;; € A an element satisfying
U*Eaj,'ij = diag[O, On1 ® Iml, ceey E,j ® Ima, ooy On[ &® /mg] .
N——

Then A = Z (2,i) A(a,d)( )E.ij. The elements E, ; ; form a
second basis of A.

Proposition

Ea I,J - Ea,J IY
(Eayij, Eav it jr) = 62,20i.110j jrma



Schur relations

Let A= {(a,i,j) |1 <i,j < na},mejy = ma.

D oaen MAA(S)AN(S') = [Slds,s-

ZS |5’71A,\(5)A)\/(5) = m;lé)\,,\/.
Define the square matrix P € Mpxc as Pxs := A)(S). Then the
rows of the matrix are orthogonal w.r.t the weight (|S]|™1)sec

while the columns are orthogonal w.r.t. the weight (my)aen.
In a matrix form Schur's relations look as follows:

PDIPT =ML,

where Dst = ds 7|S|, My, = 0 ;ma.



Character table

Orthogonality relations for irreducible characters

25 |S|_1Xa(S)Xb(S) = 5a,b,’,17_2;

If C is homogeneous, then > s ks 'xa(S)x5(S) = 0a,b/2 72

If C is homogeneous and X, is non-principal irreducible
character, then) "¢ x.(S) = 0;

If C is homogeneous and x, is non-principal irreducible
2
character, then Zs % = |Q| 2=

my”

Note that character table is not a square matrix, it has size

rr(C)| % [C].



A "trivial” example

The CT of the regular scheme of S3

|1 (12) (13) (23) (123) (132)
xo|l 1 1 1 1 1
x1|1 -1 -1 -1 1 1
x2/2 0 0 0 -1 -1



A "trivial” example

The CT of the regular scheme of S3

Group theoretical CT of S3

|1 (12) (123)
xo | 1 1 1
1|l -1 1
212 0 -1



Reduction to a square CT

Theorem

Let X = (©,S) be a homogeneous co.co. Define an equivalence
relation ~ on S (the columns of the CT) as follows

Vyeim(s)S ~ T % = % Then the number of
~-equivalence classes is at least |Irr(S)|. The equality holds iff the
center Z(.A) is a coherent algebra, i.e. Z(A) is o-closed.



Reduction to a square CT

Theorem

Let X = (©,S) be a homogeneous co.co. Define an equivalence
relation ~ on S (the columns of the CT) as follows

Vyeim(s)S ~ T % = % Then the number of
~-equivalence classes is at least |Irr(S)|. The equality holds iff the
center Z(.A) is a coherent algebra, i.e. Z(A) is o-closed.

The CT of a feasible non-commutative rank six scheme

m| [So Si S S5 S S
1 [xo| 1 10 10 20 20 20
20|y 1 1 1 -7 2 2
0 (x2| 2 2 2 5 —2 -2

The center is a coherent algebra: 5o, 51 U S2 U S3U S5 U S, S3.




Frame number

} c| .
The ratio F = % is called the Frame number of the co.co.
ITi- mii

The Frame number of a co.co. is a rational integer.

Lemma

Let x = xo + ... + x¢ be the sum of all irreducible characters of A.
Then

—T o
P P=[X(S"T)ls rec-



Proof of the Lemma

Z AGij)(S)AG,ipH(T) =

(aif)en

Z Aa,Jl)(S )Aald) Z A S*)_[I a )I

(aig)eN (a,ij)EN

Z(Aa(S*)A Zxa(S* S'T).



Galois group

Let F be an extension of Q obtained by adding all the roots of
minimal polynomial of A(S),S € C. Then F is a Galois extension
of Q and x(S) € F for all x € Irr(C),S € C. Let G be the Galois
group of the extension [F : Q]. The group G permutes the
characters of the scheme.

Proposition

Galois-conjugate characters have the same dimension and
multiplicity.

Proposition

The character x = > x, is G-invariant = x(R) € Z for all
R € C. The matrix [x(5*T)]s,Tec has integral entries.



Frame number

Proof of Frame's Theorem

By Schur's relations

Therefore
det(PD~1P ') = det(M~!) = det(P' P) = F.

By the previous Lemma det(P' P) = det(x(S*T)) € Z. [J



Frame number of an association scheme

Theorem

Let (2,8 = {So, ..., Sr—1}) be an association scheme with

irreducible representations Ag, ..., Ay. Then n’_2% is an
momllmmee
integer.

Theorem (Hanaki)

The adjacency algebra A defined over a field F is semisimple iff
char(F) is coprime to the Frame number of a scheme.

Theorem

If my = ... = my, then ky = ... = k,_1 = m1 and the scheme is
commutative



Hanaki-Uno Theorem: An association scheme of prime
order p is commutative.

Let A € M,(F) be an arbitrary matrix s.t. Tr(AX) = 0 for each
k € N. Then

if char(F) = 0, then 0 is the only eigenvalue of A;

if char(F) > 0, then every non-zero eigenvalue of A has
multiplicity divisible by char(F).

Lemma (Hanaki)

Let (Q2,S) be a scheme on p points. Then

the characteristic polynomial of A(S),S € S is congruent to
(x — ks)P modulo p;

0(S) = 6(1)ks(mod p) for any rational character 6 of A.



Proof of Hanaki-Uno Theorem

Let Ap =/, Aq,..., Ay be the standard basis of A.
Let 0 be the sum of all irreducible characters Galois conjugate to

01 € lrr(A).
We have 0(A;) = 0(1)ki — ujp with u; € Z. Note that
ko =1,u9 = 0.

By orthogonality relations >/_3 8(A)) =0 = 6(1) = >./1 u;.

Since the scheme is primitive, a non-principal eigenvalue A of
Ai, i > 0 satisfies |A\| < ki = |0(A;)| < 0(1)k;.

Therefore u; > 0 = u; is a positive integer. Thus
0l1)=wu+...+u—1 = 0(1) >r—1.

The character 6 is a sum of Galois-conjugate characters:

0 =01+ ...+ 6s. Hence 6(1) = sA1(1) and we obtain

s61(1) > r —1>s601(1)%. Hence 61(1)=1,s=r—1. [



Known schemes of prime degree

Theorem

If X =(Q,8) is Schurian, then it is a Cayley scheme over Z,
corresponding to the Schur partition formed by the orbits of some

H <Z;. If [H| < p—1, then Aut(&X) coincides with H x Z,, H < Zj in
its natural action on Z, in a natural way: x(#?) = ax + b.

The only known non-Schurian schemes of prime order are those which
arise from skew-symmetric Hadamard matrices of order
p+1,p=3(mod 4). They are anti-symmetric.

Question

Are there non-schurian schemes of prime order of rank more than three?

Conjecture

Every scheme of prime order p and rank r is algebraically isomorphic to
the cyclotomic scheme with the same order and rank.



