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Review

In the previous lecture, we discussed group actions, permutation
representations (in two different meanings), and 2-orbits.
For an action (G ; Ω) and R ∈ Ω2/G , we have seen

A(R)Pg = PgA(R) (g ∈ G ).

The converse is also true in the following sense. Let

VF(G ,Ω) = {X ∈ MΩ(F) | XPg = PgX (∀g ∈ G )}

be the centralizer algebra of G . Then

VF(G ,Ω) has a basis {A(R) | R ∈ Ω2/G}.

Indeed,

X ∈ VF(G ,Ω) ⇐⇒ (X )α,β = (X )αg ,βg (∀α, β ∈ Ω, g ∈ G ).
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The algebra VF(G ,Ω)

Since {A(R) | R ∈ Ω2/G} = {A(R1), . . . ,A(Rr )} is a basis of the
algebra VF(G ,Ω), there exist pkij ∈ F such that

A(Ri)A(Rj) =
r∑

k=1

pkijA(Rk). (1)

We also have

∀i , ∃i ′, A(Ri)
> = A(Ri ′), (2)

r∑
k=1

A(Rk) = J (all-one matrix), (3)

if, moreover, the action is transitive,

∃i1, A(Ri1) = I . (4)

(We may assume A(R1) = I .)
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Association schemes

A family {R1, . . . ,Rr} of subsets of Ω2 is an association scheme if

A(Ri)A(Rj) =
r∑

k=1

pkijA(Rk) (for some pkij ∈ Z),

∀i , ∃i ′, A(Ri)
> = A(Ri ′),

r∑
k=1

A(Rk) = J (all-one matrix),

A(R1) = I .

Example. The set of 2-orbits of a transitive action (G ; Ω) is an
association scheme.
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Notation

With the notation

1Ω = {(α, α) | α ∈ Ω},
R> = {(β, α) | (α, β) ∈ R} (R ⊆ Ω2),

we see

A(R1) = I ⇐⇒ R1 = 1Ω,

A(Ri)
> = A(R>

i ),

while
r∑

k=1

A(Rk) = J ⇐⇒
r⋃

k=1

Rk = Ω2 (disjoint).
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Intersection number

pkij =
∑
γ∈Ω

(A(Ri))α,γ(A(Rj))γ,β

= |{γ ∈ Ω | (α, γ) ∈ Ri , (γ, β) ∈ Rj}|

α β

= #γ

Rk

RjRi
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The adjacency algebra

If R = {R1, . . . ,Rr} is an association scheme, then

F[R] = Span{A(Ri) | i = 1, . . . , r}

is the adjacency algebra of R.

It is closed under multiplication, transpose. Also under the entrywise
(Schur–Hadamard) product

(A ◦ B)α,β = (A)α,β(B)α,β.
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Right regular representation

If R ⊆ G 2 is a 2-orbit of the right regular action (GR ;G ), and if
(g1, g2) ∈ R , then

(A(R))α,β =

{
1 if αβ−1 = g1g

−1
2

0 otherwise.
= δ(g1g−1

2 )−1α,β.

Thus, for R = G 2/GR ,

F[R] = VF(GR ;G ) = Span{A(Rg ) | g ∈ G},

where
(Rg )α,β = δg−1α,β.

is the left regular representation.
Since RgRh = Rgh, F[R] ∼= F[G ] (group algebra).
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The Johnson scheme J(n, 2)

Let G = Sn = Sym({1, . . . , n}), and let

Ω = {α | α ⊆ {1, . . . , n}, |α| = 2}.

Then G acts naturally on Ω. The 2-orbits are

R0 = 1Ω,

R1 = {(α, β) | 1 = |α ∩ β|},
R2 = {(α, β) | 0 = |α ∩ β|}.

The numbering of 2-orbits by 0, 1, 2 reflects the distance in the
Johnson graph (Ω,R1). Writing A(Ri) = Ai , we have

A2
1 = 2(n − 2)I + (n − 2)A1 + 4A2,

(A1 − 2(n − 2)I )(A1 − (n − 4)I )(A1 + 2I ) = 0.

Thus C[R] = C[A1] ∼= C3.
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Two bases of the algebra C[R]

We have determined the structure of the adjacency algebra
C[R] for the Johnson scheme J(n, 2).

The structure of C[R] can be as simple as C3, or as complex as
C[G ].

But our goal is not only to determine the abstract structure
(such as C3),

but to find numerical specification of the distinguished basis
{A(R) | R ∈ R}.
Having found an isomorphism C[R] ∼= C3 means that there
exists another distinguished basis E0,E1,E2 such that

EiEj = δijEi .

The subsequent lectures will focus on various aspects of the
change-of-basis matrix of these two bases.
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The goal of Problem Solving Session (I)

1 The 2-orbits of the group M23 ≤ S23 on

Ω = {α | α ⊆ {1, . . . , n}, |α| = 2}.

is also the Johnson scheme J(23, 2),

VC(M23,Ω) = Span{A(R0),A(R1),A(R2)}
= Span{E0,E1,E2} ∼= C3.

2 The 2-orbits of M23 on the set of blocks B of the Witt system
W23 (to be explained in the Problem Solving Session tonight) is
also an association scheme,

VC(M23,B) = Span{A(R ′
0),A(R

′
1),A(R

′
2)}

= Span{E ′
0,E

′
1,E

′
2} ∼= C3.
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The goal of Problem Solving Session (II)

VC(M23,Ω) = Span{A(R0),A(R1),A(R2)}
= Span{E0,E1,E2} ∼= C3,

VC(M23,B) = Span{A(R ′
0),A(R

′
1),A(R

′
2)}

= Span{E ′
0,E

′
1,E

′
2} ∼= C3.

(A(R0),A(R1),A(R2)) = (E0,E1,E2)P ,

(A(R ′
0),A(R

′
1),A(R

′
2)) = (E ′

0,E
′
1,E

′
2)P

′.

1 P 6= P ′,

2 The above two permutation representations of M23 are
equivalent (as representations).
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