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For a commutative association scheme R, the adjacency algebra

C[R] has two canonical bases {A;} and {E;}, and they are related by
the first and second eigenmatrices P, Q:

(Ao, ..., Aq) = (Eo,- .., Eq)P,

1
(Eo,.. Ed) |Q|(A077A )Qv
QG _ P
rank E; ki

The structure constants for the algebra C[R] are

AA; = Z pfj‘-Ak (intersection numbers),
k

EE = Z qu-Ek (Krein parameters).
k



Regular representations

The association scheme defined by the right regular representation
(Gg; G) is not commutative unless G is abelian, since its centralizer

algebra is the algebra of left regular representation = C[G]. For
g’ a? /8 6 G1

(Pg)ag = bag,:
(Lg)aﬁ = 5g*1a,5 = 504@/3'
Then for g, h € G,

PgPp = Pgn, Lgly = Lgp,
LgPn = Pylg.

This defines an action and a permutation representation

G x G — Sym(G) by (g, h) — (a — g tah),
G x G — Mg(C) by (g, h) — LyPp.



2-orbits are edges in a normal Cayley graph

What are the 2-orbits of the action
G x G — Sym(G) by (g, h) — (a — g 'ah).
Let R = G?/(G x G) be the set of 2-orbits. Then
R>3IR>(1,8),(1,7) — 3g<€G, g 'Bg=r.

Let Go = {1}, G, ..., Cy be the conjugacy classes of G, that is, the
orbits of the conjugacy action g — (a — g tag). Then

R={{(a,p)€G*|a*pecC}|i=0,...,d}
={{(e,ag) |lae G, geG}|i=0,...,d}
:{U{(a,ag)]aeG}]izo,‘..,d}.

geC;

AR)=) P (i=0,....d).

ge(



The center of C[G] (I)

C[R] = Span{z P, |i=0,...,d},

ge(;

and this is the center Z(C[G]) of C[G] = C[{P, | g € G}].

Recall from the double centralizer theorem,
C[{P; | g € G}] is the centralizer of C[{L, | g € G}],

A€ Z(C[G]) <= A belongs to C[{P, | g € G}] and
A centralizes P, (g € G)
<= A centralizes L, and P, (g € G)
<= A commutes with the action of G x G on G
< AcC[R].



The center of C[G] (II)

From part 3,
C[G] = .. M,,.(C) & I,
Thus
Z(C[G]) = .. Cl @ Iy, = | Cl2
0
primitive idempotents are E; = U /mg U.




Z(C[G]) as the adjacency algebra

We have a commutative association scheme with adjacency matrices

Ai=AR)=> P, (i=0,....d),

geC;

where Co = {1}, C, ..., Cy are the conjugacy classes of G. Its
adjacency algebra C[R] = Span{A; | i =0,...,d} has

primitive idempotents E; = U L2 U,

i
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Characters of a finite group

From part 3,

cel=| M@ s

lizo01,..d
Note d + 1 = dim Z(C[G]) = the number of conjugacy classes.

For each i, the homomorphism A; : C[G] — M,,.(C) is an irreducible

representation of C[G]. Restricting A; to G, we obtain an irreducible

representation
¢i: G — GL,,(C).

Composing ¢; with tr, we obtain a function
Xi - G_>(C7 g'_>tr¢i(g):trAi(Pg)7

called an irreducible characters of G. Note x;(1) = m;.



A character is a class function

Xi:G—=C, g troi(g).

The function ; takes a constant value on each conjugacy class C;.

8,8 €C = Jhe G, gg=h"gh
—> xi(g1) = tr di(h ' gh)
= tr(¢i(h) " ¢i(g2)9i(h))
= tr¢i(g2)
= Xi(&2)-

In other words,

xi(g) = xi(h*gh) (g,h€ G).



What is P;? Eigenvalues of a normal Cayley graph

0
A = Z U Pijl 2 U ~ N(A) = Pyl
' 0
Thus
niPy = tr D(A) = tr DD Py)
geG
= troi(g) = ) xilg)
ge( geg
= |Glxi(g)),
where g; € C;. Since n; = x;(1), we have
b 1GN(E) (, cy

xi(1)
This is an algebraic integer, as an eigenvalue of A;.
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The trivial character

Recall that every adjacency algebra C[R] of an association scheme

on €2 has a rank 1 primitive idempotent Eq = ﬁJ.
In our case now, .
Eo=—J
|G
1 1 G
P = Ao = 1 3 Ped = 1 = 1
Gl &2 6l & 16l

= |G Eo.
Thus Py; = |G|, so
Xo(l)
Xo(gj) = ‘C’ POJ =1
j

The irreducible character xj is called the trivial character.
11



The character table

12

Given a finite group, we have

conjugacy classes: Gy = {1}, G4, ..., Gy,
irreducible characters: xo, X1,-- -, Xd-

The character table T of G is the matrix whose (i, j)-entry is x;(g;),
where g; € C;. Since

|Gl
= T\ Xi\&j)s
X/(]-) ( J)

-1

Pij

P= xi(1) T |Gl

This is why the first eigenmatrix P is sometimes called the character
table of a commutative association scheme.



rankE;— m; |G|

Q= ’PJ,=|C| X,(l)XJ( g) = xj(Lx;(&),

ki

The central primitive idempotents of the group algebra is

1 ¢ (1)
Ej:szﬁAi: |JG| > xileNA

i=0

_ X

(& Py
gc

mM

P
)Zx,(g)Pg-

x; (1
9
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finite group — character table T
i} J normalize
Z(C[G]) =C[R] — eigenmatrix P

The above “finite group” is actually the right regular representation.

multiplicity-free
finite group action
! 3

commutative C[R] — eigenmatrix P

7

More generally
finite group action — 77

| 3
C[R] = 7
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