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Notation and motivation

Association schemes

x-Algebras in a matrix algebra

Commutative case: eigenmatrix and Krein parameters
The center of the group algebra and the character table
A formula for central idempotents

Krein parameters and tensor products of characters
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Splitting fields of association schemes



In a commutative association scheme R,

(Ao, ..., Aq) = (Eo, ..., Eq)P,

1
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q{J‘- are called Krein parameters.



The right regular representation

The central primitive idempotents are
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Orthogonality relations
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If i # j, then the coefficient of P; is
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Orthogonality relations ), . xi(h)x;(h) = 0.
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Orthonormal basis of class functions

61 2 M =
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For two functions y,1 : G — C, we write

Xo ¥ Z x(h

hGG

so
(Xis Xj)e = 0y

If G has r conjugacy classes, then there are r irreducible characters,
and they form an orthonormal basis of class functions.




Krein parameters
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This leads to



Tensor product coefficients

(XiXjs XK)G
is called a tensor product coefficient. Recall

Xi(g) = tr¢i(g), where ¢; : G — GL,,(C)

xi(g)x;(g) = tr(9i(g) ® ¢(8))-
¢i ® ¢j G — GLmimj(C)
is called the tensor product of the representations ¢;, ¢;. This is
again a representation. The tensor product coefficient counts the

multiplicity m = (xix;, X«)c:

% ® ¢ =
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qu‘- in commutative association schemes

In a commutative association scheme R,

(Ao, ..., Ay) = (Eo, ..., Eq)P,

1
(Eoy ..., Eq) = = (Ao, ..., A4)Q,
€]
1 d
E,' O E_/ ﬁqulek
k=0

What are the Krein parameters?

For a transitive action (G;Q),

(1) o 1
Ej: |JG| Z? Z Xj(g)Ai-
i=0 ' geHaiH

Indices of the Krein parameters i, j, k still correspond to (some, but

not all) irreducible characters.



Scott's theorem

For a transitive action (G; ),

d
Xi(1) 1
E; = E - X;(8)A:-
J |G| — k J

I ge a,-H

Theorem (Scott (1977))

Let (G; ) be a transitive action, and suppose it is multiplicity-free.
Then

a5 #0 = (xixj, xx) #0.

Let V; = E;C®. Then

V; ® V; D Span{E;e, ® Eje, | a € Q}
— Span{E,(Ej o Ej)e, |« € Q} C V4.
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In the final lecture

Note: tl’(A,'Aj) = (Sl‘i/k,“Ql
For a transitive action (G;£2), we have central primitive idempotents
in terms of adjacency matrices:

Ej = \GIZ > wle)

gEHa H

If the action is multiplicity-free, then the eigenvalues of A; are
1
——tr(EA) = — xi(g) (=0,1,...,d),
o0 EA) = 2 v
and since x;(g) is a sum of roots of 1, they belong to a cyclotomic
field Q(C), where

21/ —1

( =exp 7 = the exponent of G.
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Open problem (Bannai-lto, 1984)

Not all commutative association schemes are obtained as the set of
2-orbits of a multiplicity-free action.

d
A=) PiE (j=0,1,....4d).
i=0

Eigenvalues of A; were denoted by Pj;, the entries of the first

eigenmatrix:
(Ao, ..., Aq) = (Eo, ..., Eq)P.

Open Problem

Given a commutative association scheme R, do the entries of P
belong to a cyclotomic field?

“Yes" if R = Q2/G for some (multiplicity-free) permutation group.



