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© Notation and motivation

@ Association schemes

© x-Algebras in a matrix algebra

© Commutative case: eigenmatrix and Krein parameters
© The center of the group algebra and the character table
@ A formula for central idempotents

@ The splitting field

@ Applications



In the previous lecture, we discussed the adjacency algebra C[R] of
an association scheme R. In this lecture we always take F = C.

If R is the set of 2-orbits of an action (G;2), then
CR] = Vc(6G.Q)
which is the centralizer in Mq(C) of
{Ps g €6}
That is, the two algebras
C[R] and C[{P; | g € G}]

centralize each other.



In the previous lecture, we discussed the adjacency algebra C[R] of
an association scheme R. In this lecture we always take F = C.

If R is the set of 2-orbits of an action (G;2), then

C[R] = Vc(G,Q)
which is the centralizer in Mq(C) of
{Pe | g€ G}

That is, the two algebras
C[R] and C[{P, | g € G}]

centralize each other.

Note that C[{P, | g € G}] is not a group algebra since P, (g € G)
are not necessarily linearly independent.

Then what is dimC[{P; | g € G}]?



x-algebras

For A € M,(C), write A* = Al

Definition
A subalgebra A of M,(C) is a *-algebra if

Ac A — A" c A
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If (G;Q) is an action, then {P, | g € G} is closed under
transposition: P; = P,-1. Indeed,
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Thus C[{P; | g € G}] is a x-algebra.



x-algebras

For A € M,(C), write A* = Al

Definition
A subalgebra A of M,(C) is a *-algebra if

Ac A — A" c A

If (G;Q) is an action, then {P, | g € G} is closed under
transposition: P; = P,-1. Indeed,

((Pg)as = (Pe)sa = 0pea = 0515 = (Pg-1)ap-
Thus C[{P; | g € G}] is a x-algebra.

If R is an association scheme, then {A(R) | R € R} is closed under
transposition. Thus C[R] is a *-algebra.



The standard module

Let A C M,(C) be a x-algebra. Since C" is a left M,(C)-module, it
is also an A-module, which is called the standard module.

Recall that an A-module W is irreducible if it has no nontrivial
A-submodule.
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The standard module

Let A C M,(C) be a x-algebra. Since C" is a left M,(C)-module, it
is also an A-module, which is called the standard module.

Recall that an A-module W is irreducible if it has no nontrivial
A-submodule.

Proposition

Let C" D V be an A-submodule of a *-algebra A C M,(C). Then
V+ is also an A-submodule.

Thus, the standard module C” is an orthogonal direct sum of
irreducible A-modules. This means that, 3 unitary matrix U,

U* AU = algebra of block diagonal matrices

and each block (say, size m x m) acts on C™ irreducibly, hence
isomorphic to M,,,(C) by Wedderburn's theorem.



Wedderburn's theorem (cf. Rotman’s book)

Upon block-diagonalizing A, we find a block B € M,,(C) such that

C™ is an irreducible B-module, and it is faithful

— B is simple ( A nontrivial ideal)
k

— B = @ L; pairwise isomorphic minimal left ideals
i=1

10



Wedderburn's theorem (cf. Rotman’s book)

Upon block-diagonalizing A, we find a block B € M,,(C) such that

C™ is an irreducible B-module, and it is faithful

— B is simple ( A nontrivial ideal)
k

— B = @ L; pairwise isomorphic minimal left ideals
i=1

B = End(B)*

k
=~ Ends(EP L)
i=1

= M (C)° (by Schur's lemma)

= Mi(C)

= the only irreducible B-module has dim = k
= m=k, so B= M,(C).
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Block diagonalization

U*AU = M,,(C) cm| =,
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Block diagonalization

U*AU = M,,(C) cm| =,

Be careful! Isomorphic modules may appear more than once. What if

U*AU:HQ g\} |A6Mm((c)}? #{M"’o(@) MmO(C)]'

It is block-diagonal with two blocks, but A = M,,(C).
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Representation of an algebra

A (matrix) representation of a C-algebra A is a C-algebra

homomorphism A : A — M,,(C). This is equivalent to giving an
A-module of dimension m.
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Since we only consider x-algebras, we require a representation to be
x-representation, that is
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Representation of an algebra

A (matrix) representation of a C-algebra A is a C-algebra
homomorphism A : A — M,,(C). This is equivalent to giving an
A-module of dimension m.

Since we only consider x-algebras, we require a representation to be
x-representation, that is

A(A*) = A(A)".

Block diagonalization by a unitary matrix satisfies this requirement,
since

(U*AU)* = U*A*U.
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Representation of an algebra

A (matrix) representation of a C-algebra A is a C-algebra
homomorphism A : A — M,,(C). This is equivalent to giving an
A-module of dimension m.

Since we only consider x-algebras, we require a representation to be
x-representation, that is

A(A*) = A(A)".

Block diagonalization by a unitary matrix satisfies this requirement,
since

(U*AU)* = U*A*U.

Our representations are of the form “first conjugating by a unitary

matrix, then extracting a block” .
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Block diaognalization

The block diaognalization of a *-algebra A C M,(C) is described as

Ai(A)
U"AU =

(A;(A) is repeated m; times).
A;: A — M, (C) is a x-representation,
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Block diaognalization

The block diaognalization of a *-algebra A C M,(C) is described as

U"AU =

(A;(A) is repeated m; times).
A;: A— M, (C) is a x-representation, and A; is surjective by
Wedderburn's theorem.

A Z)

10



Centralizer (= matrices which commute with given

ones)

What is the centralizer of

U"AU =

(A;(A) is repeated m; times).
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Centralizer (1)

Centralizer of M,(C) is CI (scalar matrices).

21



Centralizer (1)

Centralizer of M,(C) is CI (scalar matrices).

The centralizer of

Ur AU = Hg‘ f\] |Ac Md(C)}?
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Centralizer (1)

Centralizer of M,(C) is CI (scalar matrices).

The centralizer of

vav={[4 % ac o)

CI cClI N alll 312/ a1 an
|:(Cl (Cl:| B {|:a21/ 322/:| | |:321 322:| € MQ(C)}
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Centralizer (I1)

The centralizer of
U*AU = | A€ My(C) p (m times)
A
in Mdm((C) is

anly -+ aimly
: | [a5] € Mm(C)

dmi ld e ammld
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Centralizer (I1)

The centralizer of

A
U*AU = | A€ My(C) p (m times)
A
in Mdm((C) is
anly -+ aimly
| [a5] € Min(C)
dm1 ld T ammld

My(C) ® I, and Iy @ M,,(C) centralize each other.
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My4(C) ® I, and Iy ® M,(C) centralize each other

The centralizer of

M”i(C) ® lmi ] )

where A;(A) is repeated m; times, A € M, (C), is

[" Iy, @ My, (C) ]
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My4(C) ® I, and Iy ® M,(C) centralize each other

The centralizer of

where A;(A) is repeated m; times, A € M, (C), is

Ini ® Mmi (C)

Centralizer(Centralizer(A)) = A (The double centralizer theorem).
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The Johnson scheme J(n, 2)

It is the action (S,; ), where

Q={a|aC{l,...,n}, |a| =2}.

Ilts adjacency algebra C[R] C Mq(C) is isomorphic to C3. The
(block) diagonal form is

i

Clomg
M (C) & I, = Clomy

Clym,

28



The Johnson scheme J(n, 2)

It is the action (S,; ), where

Q={a|aC{l,...,n}, |a| =2}.

Ilts adjacency algebra C[R] C Mq(C) is isomorphic to C3. The
(block) diagonal form is

Cly,
M"i((c) & Imi = Clml

Cl{Pe | g€ Sn}l =
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The Johnson scheme J(n, 2)

It is the action (S,; ), where

Q={a|aC{l,...,n}, |a| =2}.

Ilts adjacency algebra C[R] C Mq(C) is isomorphic to C3. The
(block) diagonal form is

Cl{Pe | g€ Sn}l =

multiplicity-free <= n; =1 (Vi).

20



The group algebra C[G] (1)

The group algebra of a group G is the algebra with basis indexed by
the elements of G, such that multiplication is done just as in G.
The algebra of the right regular representation (Gg; G)

A=C[{Ps | g € G}

is such an algebra. Since this is a x-algebra, its block diagonal form is

= M,,((C) ® /mi

21



The group algebra C[G] (1)

The group algebra of a group G is the algebra with basis indexed by
the elements of G, such that multiplication is done just as in G.
The algebra of the right regular representation (Gg; G)

A=C[{Ps | g € G}

is such an algebra. Since this is a x-algebra, its block diagonal form is

A(A)

= M,,((C) ® /mi

Ai(A)

We aim to show m; = n;.
29



The group algebra C[G] satisfies m; = n;

U"AU =

23



The group algebra C[G] satisfies m; = n;

Ut AU = My (C) @ I,

The size |G| of the matrix is ) n;m;.
The dimension of the algebra is |G| = Y n?.
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The group algebra C[G] satisfies m; = n;

U AU = M, (C) & I,

i

The size |G| of the matrix is ) n;m;.
The dimension of the algebra is |G| = Y n?.
The centralizer of A is the algebra of left regular representation, its

dimension is
Gl => m.

25
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The group algebra C[G] satisfies m; = n;

U"AU =

Mﬂi((c) ® Imi

The size |G| of the matrix is ) n;m;.
The dimension of the algebra is |G| = Y n?.

The centralizer of A is the algebra of left regular representation, its

|G| :Zm?.

Equality in Cauchy—-Schwarz inequality forces m; = n; (¥i). This

dimension is

proves

Cl[G] =

Ma,(C) @ Iy,




The centralizer algebra V(G, ), or more generally, the adjacency
algebra C[R] of an association scheme, is (abstractly) isomorphic to

E_B M, (C).

In terms of block diagonal matrices, M, (C) appear m; times in the
diagonal.
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The centralizer algebra V(G, ), or more generally, the adjacency
algebra C[R] of an association scheme, is (abstractly) isomorphic to

EB M,,(C).

In terms of block diagonal matrices, M, (C) appear m; times in the
diagonal.
In particular, the group algebra:

C[G] = the algebra of the right regular representation
= the algebra of the left regular representation
= centralizer of the right regular representation

is also isomorphic to the direct sum of the full matrix algebras.
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The centralizer algebra V(G, ), or more generally, the adjacency
algebra C[R] of an association scheme, is (abstractly) isomorphic to

EB M,,(C).

In terms of block diagonal matrices, M, (C) appear m; times in the
diagonal.
In particular, the group algebra:

C[G] = the algebra of the right regular representation

the algebra of the left regular representation

= centralizer of the right regular representation

is also isomorphic to the direct sum of the full matrix algebras.

J. Rotman, “Advanced Abstract Algebra”, attributes this to
T. Molien.



568 Algebras Ch. 8

Corollary 8.65 (Molien). If G is a finite group and k is an algebraically closed field
whose characteristic does not divide |G|, then

kG = Mat,, (k) x --- x Mat, (k).

Proof. By Maschke’s theorem, kG is a semisimple ring, and its simple components are
isomorphic to matrix rings of the form Mat, (A), where A arises as End; (L)°P for some
minimal left ideal L in kG . Therefore, it suffices to show that Endy(L)°P = A = k.
Now End;(L)°P € Endy(L)°?, which is finite-dimensional over k because L is; hence,
A = Endig(L)°P is finite-dimensional over k. Each f € Endig (L) is a kG-map, hence is
a k-map; that is, f(au) = af (u) for all @ € k and u € L. Therefore, the map ¢,: L — L,
given by u +— au, commutes with f; that is, & (identified with all ¢,) i1s contained in
Z(A),thecenterof A. If § € A, then § commutes with every element in k, and so k(J), the

o SRR MOdSETATECRED o 5 agebraic over
k, by Propositibsfl ljdsemeggicRO[)MaITat Sekand A =k. e
Prentice Hall
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