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In the previous lecture, we discussed the structure of the adjacency
algebra A = C[R] of an association scheme R, or more generally,
x-algebras in Mq(C). We consider the special case where A is
commutative.
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In the previous lecture, we discussed the structure of the adjacency
algebra A = C[R] of an association scheme R, or more generally,
x-algebras in Mq(C). We consider the special case where A is
commutative.

The (block) diagonal form is, when n; = 1 (Vi),
My, (C) @ by, - Cl,,

Consequence of an elementary fact that pairwise commutative normal
matrices are simultaneously diagonalizable by a unitary matrix.

A==C" for some r.

3 uniquely determined basis E, ..., E, with EE; = §;E;.



Since U* AU consists of diagonal matrices. ..

A=U Clyp, U

has a basis of primitive idempotents

0
E=U| I, |U (i=1...r),

0
satisfying E;E; = 0;;E;. Moreover, E; = E;".



Since U* AU consists of diagonal matrices. ..

A=U Clyp, U

has a basis of primitive idempotents

0
E=U| I, |U (i=1...r),

i

0
satisfying E;E; = 0;;E;. Moreover, E; = E;".
Every idempotent E € A is of the form
E:ZE,- (for some S C {1,...,r}),
ies

rank £ = Z rank E;.
ieS



Primitive idempotents

Since

Z A(R) = J all-one matrix

RER
and

@J is an idempotent of rank 1,
we may assume
1
E, = @J,El,...,Ed (dmA=d+1)

is a basis of A.



Adjacency matrices

Since R is an association scheme on the set €2, the diagonal relation
lo € R.
{AR) IRe R} ={Ao=1,As,..., Ad}.

There exists a nonsingular (d + 1) x (d + 1) matrix P (called the
first eigenmatrix) such that

(Ao, ..., Ay) = (Eo, ..., Eq)P

A=) P;E.
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Adjacency matrices

Since R is an association scheme on the set €2, the diagonal relation
lo € R.
{AR) IRe R} ={Ao=1,As,..., Ad}.

There exists a nonsingular (d + 1) x (d + 1) matrix P (called the
first eigenmatrix) such that

(Ao, ..., Aq) = (Eo, ..., Eq)P
A=) P;E.

Since E,EJ == 5UE/
AjAy = PPyE:.

entrywise product
multiplication in A = of column vectors
of P.
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Entrywise product

Recall the Schur-Hadamard product
(X oY) = X;Yj.

A,' O Aj == (S,JA,
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Entrywise product

Recall the Schur-Hadamard product
(X oY) = X;Yj.

A,' O Aj == (S,JA,
Duality

{Ai} {Ei}
o  exchange .
P p-1
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Entrywise product

Recall the Schur-Hadamard product

(XoY)j = XYy

A,' O Aj == (S,JA,
Duality
{Ai} {Ei}
o  exchange .
P p-1

Next we discuss the missing piece

A,' @) Aj = (5,JA, E,EJ = 5UE,'
A,'Aj = kallJ(Ak E,' @) EJ =7
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The second eigenmatrix @

(Eo- - Eg) = (Ao, .., Ag) P
1
= g o ANQ

1
E=—Y QA.
J |Q| Z y
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The second eigenmatrix @

(Eo,...,Eq) = (Ao,...,Aq)P!

1
— @(Ao, . e ,Ad)Q.

1
E=— QiiA;.
J |Q| Z y
Since A; 0 A; = 0;A;,

1
EjoEy = ar Z Qi Qe Ai

entrywise product
o-multiplication in C[R] = of column vectors
of @ up to scalar.
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Krein parameters

1
E,-oEj:@qu.Ek.
k

The scalars q,fj‘- are called Krein parameters.
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Krein parameters

1
E,-oEj:@qu.Ek.
k

The scalars q,fj‘- are called Krein parameters.

E? = E; (Vi) = eigenvalues are 0,1
— x*Eix >0 (Vi, Vx € C%)

& E -0
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Krein parameters

1
E,-oEj:@qu.Ek.
k

The scalars q,fj‘- are called Krein parameters.

E? = E; (Vi) = eigenvalues are 0,1
— x*Eix >0 (Vi, Vx € C%)
&L E-o.
EiE -0 = E®E =0
— F;o EJ =0

= ) qiE =0 (indeed) Y cE =0
k k

— q;>0 & ¢, >0 (Vk).
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Spherical representation: the hypercube

A representation of an association scheme R on €2 is a mapping ¢
from Q to the unit sphere S™~! C R™ which preserve R:

VR € R, J0g, Y(a,B) € R, (é(), d(5)) = cos Or.
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Spherical representation: the hypercube

A representation of an association scheme R on €2 is a mapping ¢
from Q to the unit sphere S™~! C R™ which preserve R:

VR € R, J0g, Y(a,B) € R, (é(), d(5)) = cos Or.

The hypercube

1
- 17_1 m — Sm—l CRM
L -ymesTic
forms an association scheme whose relations are defined by the
Euclidean (or angular, or Hamming) distance. This definition itself
gives a spherical representation.
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Spherical representations and the Gram matrix

A representation of an association scheme R on €2 is a mapping ¢
from Q to the unit sphere S™~! C R™ which preserve R:

VR € R, Jbg, Y(a,B) € R, (¢(), #(3)) = cos Or.

29



Spherical representations and the Gram matrix

A representation of an association scheme R on €2 is a mapping ¢
from Q to the unit sphere S™~! C R™ which preserve R:

VR € R, Jbg, Y(a,B) € R, (¢(), #(3)) = cos Or.

Equivalently, the Gram matrix

F=[(¢(), 6(8))]as € Ma(R) N CIR]

is symmetric positive semidefinite, and diagonals are 1.
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Spherical representations and the Gram matrix
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Equivalently, the Gram matrix
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Spherical representations and the Gram matrix

A representation of an association scheme R on €2 is a mapping ¢
from Q to the unit sphere S™~! C R™ which preserve R:

VR € R, Jbg, Y(a,B) € R, (¢(), #(3)) = cos Or.

Equivalently, the Gram matrix
F=[(¢(), 6(8))]as € Ma(R) N CIR]
is symmetric positive semidefinite, and diagonals are 1.
What are the positive semidefinite real symmetric matrices in C[R]?
The primitive idempotents are Hermitian positive semidefinite.

75



Positive semidefinite matrices in Mq(R) N C[R]

They are real symmetric matrices of the form

Z C,'E,' with Ci 2 0 (\V/I)
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Positive semidefinite matrices in Mq(R) N C[R]

They are real symmetric matrices of the form

Z C,'E,' with Ci 2 0 (\V/I)

Since

{E"|i=0,...,dy={E|i=0,...,d},

there exist permutations / — /', i — 7 such that

Al =A., E'=E.



Positive semidefinite matrices in Mq(R) N C[R]

They are real symmetric matrices of the form

Z C,'E,' with Ci 2 0 (\V/I)

Since

{E"|i=0,...,dy={E|i=0,...,d},

there exist permutations / — /', i — 7 such that
T T
So it is sensible to consider the symmetric part of C[R]:

R={A(RURT)|Re R}

28



Symmetrization

Given a commutative association scheme R,
R={A(RUR")|ReR}

forms an association scheme, called the symmetrization of R.
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Symmetrization

Given a commutative association scheme R,
R={A(RUR")|ReR}
forms an association scheme, called the symmetrization of R.

This is because, if {E;} are the primitive idempotents of C[R], then
C[R] has idempotent basis

{E|E=E"YU{E+E"|E#E}.
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A spherical representation of J(n,2)

Q={ij}|i,jed{L,..., n}, i <j}
={alaC{l,...,n}, |a| =2}

Ro = {(a, @) | a € Q},
Rlz{(&aﬂ) ‘ @,569, ‘O‘mﬁ| :1}7
RQZ{(avﬁ)|avﬂ€Qa Oéﬂﬁ:@}-
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A spherical representation of J(n,2)

Q={{i,j}|i,je{L,...,n}, i <j}
={alaC{l,...,n}, |a| =2}

Ro = {(a, @) | a € Q},
Rlz{(&aﬂ) ‘ @,569, ‘Oéﬂﬁ| :1}7
RQZ{(avﬁ)|avﬂ€Qa Oéﬂﬁ:@}.

$»:Q — SICR"
{i.jy = Zlet+e)
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A spherical representation of J(n,2)

Q={{i,j}|i,je{L,...,n}, i <j}
={alaC{l,...,n}, |a| =2}

Ro = {(a, @) | a € Q},
Ri={(a,B8) |, 8€Q, |anp| =1},
RQZ{(avﬁ)|avﬁ€Qa Oéﬂﬁ:@}-

$»:Q — SICR"
{i.jy = Zlet+e)

™
arccos(6(0), 6(5)) = 0, 2.
This is realized by the Gram matrix

(n—1)E + (g _1)E.

NME
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PQ = |Q|l, Q; = Pjrank E;/k;
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PQ = |Q|l, Q; = Pjrank E;/k;

AiJ = k;J (row sum k;), equivalently A;Ey = k;Eq,
or equivalently, Py; = k;,

def
m; = rank E;.
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PQ = |Q|l, Q; = Pjrank E;/k;

AiJ = k;J (row sum k;), equivalently A;Ey = k;Eq,
or equivalently, Py; = k;,

def
f rank E;.

_ Q| k;
H(AE) — (AED) = 3 (A 0 E)us = L0y
a?ﬁ

tr(AiE) = tr(AiE;) = Piitr(E;) = Pim;.
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PQ = |Q|l, Q; = Pjrank E;/k;

AiJ = k;J (row sum k;), equivalently A;Ey = k;Eq,
or equivalently, Py; = k;,

def
f rank E;.

_ Q| k;
H(AE) ~ (AED) = S (A 0 B = 0y
a?ﬁ

tr(AiE) = tr(AiE;) = Piitr(E;) = Pim;.




Delsarte’s bound

Suppose R; € R (commutative association scheme), RlT = Ry # 1q,
the graph (€, Ry) has a clique of size c.
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Delsarte’s bound

Suppose R; € R (commutative association scheme), RlT = Ry # 1q,
the graph (€, Ry) has a clique of size c.

The characteristic vector u of that clique satisfies

v'u=c, uAu=clc-1), uAu=0 (i>1).

Since Q; = PJ,mJ/k,, and Pyg =1, Py = P11,
0<u'|QEu=u" Z QijAiu

= Q01UTU + Quu' A= cQo1 + c(c—1)@Q11
P11

=cm(l+(c—1)— ;A ),
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Delsarte’s bound

Suppose R; € R (commutative association scheme), RlT = Ry # 1q,
the graph (€, Ry) has a clique of size c.

The characteristic vector u of that clique satisfies
vlu=c, v Au=clc—-1), u'Au=0 (i>1).

Since Q; = Pym;/k;, and Py =1, Py; = Py,
0<u'|QEu=u" Z QijAiu

= QmUTU + Quu' A= cQo1 + c(c — 1)@y
P11

=cm(l+(c—1)— ;A ),

k
c<1+ !

min

where 6, = smallest eigenvalue of A;.

A1



For a commutative association scheme R, the adjacency algebra
C[R] has two canonical bases {A;} and {E;}, and they are related by
the first and second eigenmatrices P, Q:

(Ao, ..., Aq) = (Eo,...,Ed)P,

(Eo,...,Eq) = |Q|(Ao,...,Ad)Q,
Qy P
= D0 A = k.
rank E; ki’ J J

The structure constants for the algebra C[R] are
AA = ZPkAk (intersection numbers),

EE; = @ Z qu‘-Ek (Krein parameters).
k
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