Problem Solving Session 1

Problem A

Let n be an integer greater than 4, and consider the action of the symmetric
group S, = Sym({1,...,n}) on the set

Q={{ijr 4,5 e{L,....n}, i # 7}
(i) Find the set R = {Ry, Ry, Ry} of all 2-orbits of this action.

(ii) Find all the intersection numbers pfj defined by

2
AiA; = prjAk’

h=0
where A, = A(Ry) for k=0, 1,2.
(iii) Find the minimal polynomial of Ay for £k =0,1,2.

(iv) Find the spectrum of Ay for k=0, 1,2.

Problem B

A t-(v,k, \) design is a pair (P, ), where P is a set of v elements, B is a
family of k-element subsets of P such that

VT C P with |T| =¢, {Be€B|TC B} =\

It is known that there exists a 4-(23,7,1) design called the Witt system
Was = (P, B), whose uniqueness was proved by E. Witt in 1938. In the
following, I and J denote disjoint subsets of P with |I| = ¢ and |J| = j.
Define

N ={BeB|ICB, JNnB =0}

(i) Show that, for all i < 4, )\? depends only on ¢, and is independent of the
choice of I. Denote these numbers by A; instead, and compute them
for ¢ < 4.

(i) Show that, for all 4, j with i + j < 4, A/ depends only on i and j, and
is independent of the choice of I and J. Denote these numbers by A/
instead, and compute them for ¢ 4+ j < 4.
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(iii) Assume [/ U J C B for some B € B. Show that, for all i,j with
5<i+j <7, )\ depends only on i and j, and is independent of the
choice of I and J. Denote these numbers by )\g instead, and compute
them for 5 <i+j < 7.

(iv) Deduce that for any distinct By, By € B,

‘BlﬂBgf =1or 3.
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Problem C

The Mathieu group Ms3, discovered by E. Mathieu in 1873 is a subgroup
of the symmetric group Sos satisfying the following property: for any two
ordered quadruples (z1,x2, 3, 24), (Y1, Y2, Y3, y4), each consisting of four dis-
tinct elements of P = {1,2,...,23}, there exists a permutation o € M3 such
that

(l“f, xg7 xg7 .Z'Z) = (yh Y2,Ys3, y4)

It is also known that Mss is the automorphism group of the Witt system
Was = (P, B). The 2-orbits of Mss on B are

Ry ={(B1,B1) | B, € B},
R} ={(By,B) | By, By € B, |B; N By| = 3},
Ry, ={(B),By) | B;,By € B, |By N By| = 1}.
Let
Q={{i,j}|i,je{1,...,23}, i # 5},
and consider the action (Mg, QU B).

i) Use Problem B(iii) to compute |R}| and |R}|.
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(ii) Show that there are at least three 2-orbits contained in 2 x B. Deduce
that there are at least twelve 2-orbits in this action.

(iii) Show that the dimension of the centralizer algebra Vi (Mag, Q@ U B) is
at most 12.

(iv) Deduce that the two permutation representations of Mz on €2 and B
are equivalent as representations.

(v) Compare (i) and Problem A(ii) to deduce that the two permutation
representations of Mss on €2 and B are not equivalent as permutation
representations.



