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Adjacency matrices
For every relation R;, define the adjacency matrix A; € RX*X:

1if (z,y) € Ry,
(Ad)ay = .
0 if ($7y) ¢ Ri>

Eigenspaces of Ag = I, A1,...,Ap:
R¥= Wed W& ... Wp

Ao Poo | Pon -~ | Pop
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Ap Ppo | Pp1 | ... Ppp
Orthogonal projections:
Ej: RY —» W,
D
Ai =) PyE,
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P-polynomial association schemes
An association scheme is called P-polynomial or metric if:
Ai = Ui(Al),

(with respect to some ordering of Ry, R1,...,Rp)
for some polynomials v;, ¢ = 0,1,..., D, of degree i.

This is equivalent to the triangle inequality:
pf”7 =0 whenever |i—j| >k or i+j <k,
in which case we can define the distance function 9 on X:
d(z,y) =i < (z,y) € R;.
and consider a graph defined on X with
r~y<Id(x,y) =1s (z,y) € Ry.

Such a graph is said to be distance-regular.
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(-polynomial association schemes

(Ao, Aq,...,Ap) = (Eo,E1,...,Ep)
For a P-polynomial association scheme:
Ai = Uy (Al)

By dualising the P-polynomiality, we say that an association
scheme is @-polynomial or cometric if

Ej = v (1X] - Ev),

(with respect to some ordering of E;’s)
where v} is a o-polynomial of degree j.

Q-polynomial association schemes were introduced by Delsarte
in "An Algebraic Approach to the Association Schemes of
Coding Theory (1973).
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D
Ai = PyEj,
j=0

i=0

D
A= pA, E,E; = 6;;E;,

N D

AioA; = ;A EioE; = ZQZEk
PZ’ qu (the Krein parameters)
P-polynomiality: Q- polynomiality

Ai = vi(A1) E; |X\ v; (1X] - Ey),

)

Triangle inequality holds for:

k k

bi; q;;
metric cometric
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P vs. (P&Q) vs. Q

(we consider only primitive schemes here)

P: many examples that are only P-polynomial (including
infinite families).

(P&Q): Many important examples are here: Hamming schemes,
Johnson schemes, Grassmann schemes...

Bannai’s Conjecture (early 1980s):
(1) If diameter D is large enough, then a P-polynomial
association scheme is Q-polynomial, and vice versa.

(2) All (P and Q)-polynomial association schemes are known.

Q: very few cometric association schemes are known
o only 7 examples in: W.J. Martin, H. Tanaka, “Commutative
association schemes” (Europ. J. Combin., 2009)
o nice examples were recently found by Gavin D. King (2018):
PSp(8,2)/S10, O~ (10,2)/S12, OF (3).2/07 (2).2, ...



(some

of known) @-Polynomial association schemes

the block scheme of the 4 — (11,5,1) Witt design, with

D =3, | X| = 66;

the block scheme of the 5 — (24,8,1) Witt design, with

D =3, |X|=T729;

a spherical design derived from the Leech lattice with

D =3, | X| = 2025;

the block scheme of a 4 — (47,11, 48) design arising from
codewords of weight 11 in a certain quadratic residue code
of length 47, with D = 3, |X| = 4324;

the “antipodal” quotient of the association scheme on
shortest vectors of the Leech lattice, with D = 3,

| X | = 98280;

a spherical design derived from the Leech lattice with
D=4, |X|="7128;

another derived spherical design arising among the shortest
vectors of the Leech lattice, with D =5, | X| = 47104.
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» have non-negative integral eigenvalue multiplicities,
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Table of feasible parameters

» Very few (primitive) cometric association schemes are
known.
» If we want to find new schemes, it is useful to have a list of
their feasible parameters, i.e., those that:
» have non-negative integral pfj,
» have non-negative integral eigenvalue multiplicities,
» satisfy the Krein conditions, the absolute bound, the
handshaking lemma...
This work was done by Jason Williford (in 2017, started
earlier by Bill Martin):

http://www.uwyo.edu/jwilliford /data/

» 3-class primitive Q-polynomial a.s. on up to 2800 vertices
(62 known examples, 359 open cases);

» 4-class Q-bipartite, but not Q-antipodal a.s. on up to 10000
vertices (19 known examples, 488 open cases);

» 5-class Q-bipartite, but not Q-antipodal a.s. on up to 50000
vertices (7 known examples, 16 open cases).
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Triple intersection numbers

Fix a triple of vertices u, v, w such that

(U,’U) € Rw, (u,w) € Ry, (an) € Ry.

v,
W/K\m
7~<[\] ‘

Denote a triple intersection number [¢, m, n|:

0, m,nlyvw={2: (u,2) € Ry, (v,2) € R, (w, 2) € Ry }|.

Unlike the intersection numbers, the triple intersection numbers
in general depend on the choice of u,v,w (not only on U, V, W).
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Basic equations

1B

Z[Zv m, n] = p%,n - [07 m, n]a [07 m, n] = 5m,W5n,V7

=1



Basic equations + Triangle inequality

We obtain 3D? linear Diophantine equations:

D
Z[Zv m, TL] = p%,n - [07 m, n]a [07 m, ’TL] = 6m,W6n,V7
i=1

D
Zw?j? n] :an - [E,O,n], [E,O,n] - 5€,W5n,U7
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D
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with D3 unknowns € Zx( (with respect to fixed triple u, v, w).



Basic equations + Triangle inequality

We obtain 3D? linear Diophantine equations:

D
Z[Zv m, TL] = p%,n - [07 m, n]a [07 m, ’TL] = 6m,W6n,V7
i=1

D
Zw?j? n] :an - [E,O,n], [gvoan] - 5€,W5n,U7
j=1

D
> [6,m,B) = pjly, — [€,;m,0], [£,m,0] = 60y 0mu.
h=1

with D3 unknowns € Zx( (with respect to fixed triple u, v, w).

Furthermore, we can use the triangle inequality:
pfj:(] whenever |i—j| >k or i+j<k

to conclude that certain triple intersection numbers must be 0.
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Vanishing of Krein parameters
Recall:

D
Ai =Y PyE;, Ej =) QA
i=0

Theorem (BCN, Thm 2.3.2)
Let (X,R) be an association scheme with Krein parameters qu
(0<i,5,k < D). Then qu = 0 implies qgk =0 and q,igj =0 and

D
q; =0+ Z QirQjsQrt[r, 8, tluww =0

r,s,t=0

for any triple u,v,w € X.
Recall:

Q-polynomiality < (qu =0 & |i—j|>k or i+j< k)



Basic equations+Triangle inequality+Krein condition
Applications:

» P. J. Cameron, J.-M. Goethals, J. J. Seidel. Strongly
regular graphs having strongly regular subconstituents //
J. Algebra 55(2):257-280, 1978.

> K. Coolsaet, A. Jurisi¢. Using equality in the Krein
conditions to prove nonexistence of certain distance-regular
graphs // J. Combin. Theory Ser. A, 115(6):1086-1095,
2008.

> A. Jurisi¢, J. Vidali. Extremal 1-codes in distance-regular
graphs of diameter 3 // Des. Codes Cryptogr.,
65(1-2):29-47, 2012.

» M. Urlep. Triple intersection numbers of Q-polynomial
distance-regular graphs // European J. Combin.,
33(6):1246-1252, 2012;
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> A. Jurisi¢, J. Vidali. Extremal 1-codes in distance-regular
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» M. Urlep. Triple intersection numbers of Q-polynomial
distance-regular graphs // European J. Combin.,
33(6):1246-1252, 2012;

» ()-polynomial but not P-polynomial association schemes?



Smallest open case

The smallest open case from Williford’s table is a putative
scheme on 91 points whose parameters were found by van Dam
(“Three-class association schemes” // J. Alg. Comb., 1999).

Parameters (3| v ml Krein Array ‘multiplicities valencies 2‘1;«1 P DRG SRG Ex Comm
<276> |1|27 |6 6,4,2; 1,2,3} 16,128 1,6,12,8 - 0123 B Hammin
356> [1[35 [6 [ {(6AYI0NE L2II0,72) 161414 112184 | - [0123,0312 <35,18,9.9> Y Johnson
=567> |1 [ 56 |7 [{7,256/508/25; 1,448/225,14/5) | 1,7,20,28 1153010 | - | o123 B Johnson
67> [1[64 [7 (765123 17,2135 121,357 [0231 [0123,0312 <64,351820>  |Y Halved’
649> [2i[ 64 [0 1963123 1,927,217 19,27,27 - [ o3 <64,27,10,12> Hamming H
<6421> [1[6d [21 (21,103 16,153 121,357 172135 |0312 0123,0231 <64,35,18,20> Folded”
=66.10> 56 [10 | (102420271155 Lo5R7 441 | LI0A&11 1302015 | - = <66,20,10,4> Y [ ML, Wit
<8aB> [1[84 [B {8,45/7,64/15; 1,40/21,12/5} 1,827,48 1,18,45,20 5 0123 {18,10,4;1,4,9} - Johnson
<01i2> |7 91 |12 [(12,338/35,39025; 1,312/175,395) | 1,12,65,13 1203040 | - E E Van Dam oper
<0610> |- |96 |19 {19,12,5; 1,4,15} 1,19,57,19 L1957,19 | - | 0123 {19,12,5;1,4,15} <96,57,36,30> 2SRG, C"[“Cl;
<0014> |?[ 99 [14 | {14,108/11,15/4; 1,24/11,45/4} 1,14,63,21 1,28,42,28 - - <09,42,21,15> Van Dam oper
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Smallest open case

It has the following parameters:

0 20 0 O
. 1 3 12 4
T — T —
(plc) T 0 8 4 8 (p2c>
0 2 6 2

o= OO

0 40

0
4 12 24
3

12 20

12 0 0

47/35  338/35 0 |

312/175 303/35 39/25 |
0 39/5  21/5

(q1.) =

oSO = O

1
0
. 0
(pBC) = 0
1 12 15 12

0
12
4
6

30 0
6 12
13 12
9 15



Smallest open case

It has the following parameters:

02 0 0 0 0 30 0
A 1 3 12 4 0 12 6 12
0 2 6 12 0 6 9 15
0 0 0 40
.o 4 12 2
)= 1o g 12 20
112 15 12
0 12 0 0
v |1 oames 33835 0 | o, L
(@) =1 319/175 303/35 39/25 | W= %1 ==
0 0 39/5  21/5

v

3 3
No integral solutions of the equations with respect to =



sage—-drg by Janos Vidali

Using symbolic computation
to prove nonexistence of distance-regular graphs

Janos Vidali
Faculty of Mathematics and Physics
University of Ljubljana, 1000 Ljubljana. Slovenia

janos.vidali@fmf .uni-1j.si

April 2, 2018
Mathematics Subject Classification: 05E30

Abstract

A package for the Sage computer algebra system is developed for checking fea-
sibility of a given intersection array for a distance-regular graph. We use this tool
to show that there is no distance-regular graph with intersection array

{(2r + 1)(4r + 1)(df — 1), 8r(drt — v+ 28), (r +£)(4r +1);
L(r+t)(dr+ 1), 4r(2r + )4t = 1)} (rt > 1),
{135,128,16;1,16,120}, {234,165,12;1,30,198} or {55,54,50,35,10;1,5,20,45,55}. In
all cases, the proofs rely on the equality in the Krein condition, from which triple
intersection numbers are determined. Further combinatorial arguments are then
used to derive nonexistence.

vl [math.CO] 28 Mar 2018
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Hi, Jano3, can you modify your
software in order to calculate
triple intersection numbers of
Q- but not P-polynomial a.s.?
~
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of a triangle inequality for
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Our results
From Williford’s tables:

» 3-class primitive Q-polynomial a.s. on up to 2800 vertices
(62 known examples, 359 open cases):
we ruled out 31 cases, of which 8 correspond to DRGs.

» 4-class Q-bipartite, but not Q-antipodal a.s. on up to
10000 vertices (19 known examples, 488 open cases):
we ruled out 92 cases.

» 5-class Q-bipartite, but not Q-antipodal a.s. on up to
50000 vertices (7 known examples, 16 open cases):
we ruled out 12 cases, of which 1 corresponds to a DRG.

Some of the nonexistence results can be extended to infinite
families of @-polynomial a.s. with the following Krein arrays:

> {272 —1,2r2 — 272 +1;1,2,7%2 — 1} (r odd);

> {33 =13 =3 =2+ 151,02 — 1,73} (r odd);

| S e | 2412  (r=1)(r2+1) ESES U (r=1(241) (7~+1)4(:2+1)1

2 2 0 2r(rfD)’ ar 27 2r(r+1)
1) (2 2 _
C=ne2ey) 21y (r = 3(mod 4)).




Quadruple intersection numbers
Sho Suda suggested to look at quadruple intersection numbers:

[& m,n, k]u,v,w,z

og
o~

[0, m,n, k]

of triply regular association schemes such as:
» some Taylor graphs (= spherical tight 5-design);
> some -bipartite Q-polynomial schemes with 4 classes
(spherical tight 7-designs);
> some (Q-antipodal ()-polynomial schemes with 3-classes
with qh = 0 (= linked systems of symmetric designs).



Quadruple intersection numbers

Theorem
Let (X,R) be an association scheme with Krein parameters qu
(0<i,j,k < D). Then

D

> " Rank(E;)ql;qpy, = 0
(=0

holds for some indices 1, j, h, k if and only if

D
Z QierthtQkp[Tv S, tap]u,v,w,z =0
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for any quadruple u,v,w,z € X.
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for any quadruple u,v,w,z € X.

This condition is satisfied when a scheme is Q)-bipartite and

i+ j and h + k have different parity, however, we didn’t find
any example where the systems of equations w.r.t. to quadruple
intersection numbers would not have an integral solution.
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Further results: tight 4-designs in H(n, q)

Suda also suggested to look at some Q-antipodal a.s. (which are
not in Williford’s tables).

An orthogonal array OA(N,n,q,t) is an N x n matrix M
with entries 1,2,...,q such that in any N X t submatrix of M
all possible row vectors of length ¢ occur equally often.

Given t (the strength of OA), we are interested in the smallest
possible number N.

For t = 2e, the lower bound on N was given by Rao (1947):

N>Z<>q—1

An orthogonal array is said to be tight if it attains this bound.
For e > 3, ¢ > 3, there are no tight OA’s (Hong, 1986).



Further results: tight 4-designs in H(n, q)

Theorem (Noda, 1979)
If a tight OA(N,n,q,4) exists, then one of the following holds:
» (N,n,q) = (16,5,2);
> (N,n,q) = (243,11, 3);
> (N,n,q) = (3a*(9a* — 1), %(9(12 +1),6) where
a = 0(mod 3), a = £1(mod 5), and a = 5(mod 16).

(For the first two cases, there exist unique OA’s.)
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» (N,n,q) = (16,5,2);
> (N,n,q) = (243,11, 3);
> (N,n,q) = (3a*(9a* — 1), %(9(12 +1),6) where
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(For the first two cases, there exist unique OA’s.)

A tight OA(N,n,q,4)

4
A tight 4-design in H(n,q)

4
A 4-class Q-antipodal a.s.

Its existence is ruled out by using triple intersection numbers.



Thank you!



