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Association Schemes
Let X be a finite set of v elements, and R be a partition of
X ×X into D + 1 symmetric binary relations R0, R1, ..., RD.

(X,R) is a symmetric association scheme if:
I one of the relations, say R0, is the identity;
I ∀i, j, k: for (x, y) ∈ Rk, the number of elements z ∈ X s.t.

(x, z) ∈ Ri and (y, z) ∈ Rj

is a constant denoted by pkij = pkji, which does not depend
on the particular choice of (x, y) ∈ Rk.

The intersection number pkij :
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Adjacency matrices
For every relation Ri, define the adjacency matrix Ai ∈ RX×X :

(Ai)x,y :=

{
1 if (x, y) ∈ Ri,

0 if (x, y) /∈ Ri,

Eigenspaces of A0 = I,A1, . . . ,AD:

RX = W0⊕ W1⊕ . . .⊕ WD

A0 P00 P01 . . . P0D

A1 P10 P11 . . . P1D

. . . . . . . . . Pij . . .
AD PD0 PD1 . . . PDD

Orthogonal projections:

Ej : RX 7→Wj

Ai =

D∑
j=0

PijEj
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Two bases of the Bose-Mesner algebra

〈A0,A1, . . . ,AD〉 = 〈E0,E1, . . . ,ED〉

Ai =

D∑
j=0

PijEj , Ej =

D∑
i=0

QjiAi

(Qji — dual eigenvalues)

with respect to the standard matrix multiplication:

AiAj =

D∑
k=0

pkijAk, EiEj = δijEi

with respect to the entry-wise multiplication ◦:

Ai ◦ Aj = δijAi Ei ◦ Ej =
D∑

k=0

qkijEk

pkij qkij (the Krein parameters)
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P -polynomial association schemes

An association scheme is called P -polynomial or metric if:

Ai = vi(A1),

(with respect to some ordering of R0, R1, . . . , RD)
for some polynomials vi, i = 0, 1, . . . , D, of degree i.

This is equivalent to the triangle inequality:

pkij = 0 whenever |i− j| > k or i+ j < k,

in which case we can define the distance function ∂ on X:

∂(x, y) = i⇔ (x, y) ∈ Ri.

and consider a graph defined on X with

x ∼ y ⇔ ∂(x, y) = 1⇔ (x, y) ∈ R1.

Such a graph is said to be distance-regular.
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Q-polynomial association schemes

〈A0,A1, . . . ,AD〉 = 〈E0,E1, . . . ,ED〉

For a P -polynomial association scheme:

Ai = vi(A1)

By dualising the P -polynomiality, we say that an association
scheme is Q-polynomial or cometric if

Ej = 1
|X|v

∗
j (|X| · E1),

(with respect to some ordering of Ej ’s)
where v∗j is a ◦-polynomial of degree j.

Q-polynomial association schemes were introduced by Delsarte
in ’An Algebraic Approach to the Association Schemes of
Coding Theory’ (1973).
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Ai =

D∑
j=0

PijEj , Ej =
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i=0

QjiAi,

AiAj =

D∑
k=0

pkijAk, EiEj = δijEi,

Ai ◦ Aj = δijAi, Ei ◦ Ej =

D∑
k=0

qkijEk,

pkij qkij (the Krein parameters)

P -polynomiality: Q-polynomiality:
Ai = vi(A1) Ej = 1

|X|v
∗
j (|X| · E1),

m m
Triangle inequality holds for:
pkij qkij

metric cometric
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P vs. (P&Q) vs. Q

(we consider only primitive schemes here)

P : many examples that are only P -polynomial (including
infinite families).

(P&Q): Many important examples are here: Hamming schemes,
Johnson schemes, Grassmann schemes...

Bannai’s Conjecture (early 1980s):

(1) If diameter D is large enough, then a P -polynomial
association scheme is Q-polynomial, and vice versa.

(2) All (P and Q)-polynomial association schemes are known.

Q: very few cometric association schemes are known

◦ only 7 examples in: W.J. Martin, H. Tanaka, “Commutative
association schemes” (Europ. J. Combin., 2009)

◦ nice examples were recently found by Gavin D. King (2018):
PSp(8, 2)/S10, O−(10, 2)/S12, O+

8 (3).2/O+
8 (2).2, . . .
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(some of known) Q-Polynomial association schemes

I the block scheme of the 4− (11, 5, 1) Witt design, with
D = 3, |X| = 66;

I the block scheme of the 5− (24, 8, 1) Witt design, with
D = 3, |X| = 729;

I a spherical design derived from the Leech lattice with
D = 3, |X| = 2025;

I the block scheme of a 4− (47, 11, 48) design arising from
codewords of weight 11 in a certain quadratic residue code
of length 47, with D = 3, |X| = 4324;

I the “antipodal” quotient of the association scheme on
shortest vectors of the Leech lattice, with D = 3,
|X| = 98280;

I a spherical design derived from the Leech lattice with
D = 4, |X| = 7128;

I another derived spherical design arising among the shortest
vectors of the Leech lattice, with D = 5, |X| = 47104.



Table of feasible parameters

I Very few (primitive) cometric association schemes are
known.

I If we want to find new schemes, it is useful to have a list of
their feasible parameters, i.e., those that:
I have non-negative integral pkij ,
I have non-negative integral eigenvalue multiplicities,
I satisfy the Krein conditions, the absolute bound, the

handshaking lemma...

This work was done by Jason Williford (in 2017, started
earlier by Bill Martin):

http://www.uwyo.edu/jwilliford/data/

I 3-class primitive Q-polynomial a.s. on up to 2800 vertices
(62 known examples, 359 open cases);

I 4-class Q-bipartite, but not Q-antipodal a.s. on up to 10000
vertices (19 known examples, 488 open cases);

I 5-class Q-bipartite, but not Q-antipodal a.s. on up to 50000
vertices (7 known examples, 16 open cases).
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The intersection numbers
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Triple intersection numbers

Fix a triple of vertices u, v, w such that

(u, v) ∈ RW , (u,w) ∈ RV , (v, w) ∈ RU .

u

W

v

V
w

U
` [`,m, n]

m

n

Denote a triple intersection number [`,m, n]:

[`,m, n]u,v,w = |{z : (u, z) ∈ R`, (v, z) ∈ Rm, (w, z) ∈ Rn}|.

Unlike the intersection numbers, the triple intersection numbers
in general depend on the choice of u, v, w (not only on U, V,W ).
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i=1

[i,m, n] = pUm,n − [0,m, n], [0,m, n] = δm,W δn,V ,
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Basic equations + Triangle inequality
We obtain 3D2 linear Diophantine equations:

D∑
i=1

[i,m, n] = pUm,n − [0,m, n], [0,m, n] = δm,W δn,V ,

D∑
j=1

[`, j, n] = pV`,n − [`, 0, n], [`, 0, n] = δ`,W δn,U ,

D∑
h=1

[`,m, h] = pW`,m − [`,m, 0], [`,m, 0] = δ`,V δm,U .

with D3 unknowns ∈ Z≥0 (with respect to fixed triple u, v, w).

Furthermore, we can use the triangle inequality:

pkij = 0 whenever |i− j| > k or i+ j < k

to conclude that certain triple intersection numbers must be 0.
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Vanishing of Krein parameters
Recall:

Ai =

D∑
j=0

PijEj , Ej =

D∑
i=0

QjiAi,

Theorem (BCN, Thm 2.3.2)

Let (X,R) be an association scheme with Krein parameters qkij
(0 ≤ i, j, k ≤ D). Then qkij = 0 implies qjik = 0 and qikj = 0 and

qkij = 0⇔
D∑

r,s,t=0

QirQjsQkt[r, s, t]u,v,w = 0

for any triple u, v, w ∈ X.

Recall:

Q-polynomiality ⇔
(
qkij = 0 ⇔ |i− j| > k or i+ j < k

)
.
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Basic equations+Triangle inequality+Krein condition
Applications:

I P. J. Cameron, J.-M. Goethals, J. J. Seidel. Strongly
regular graphs having strongly regular subconstituents //
J. Algebra 55(2):257-280, 1978.

I K. Coolsaet, A. Jurǐsić. Using equality in the Krein
conditions to prove nonexistence of certain distance-regular
graphs // J. Combin. Theory Ser. A, 115(6):1086-1095,
2008.

I A. Jurǐsić, J. Vidali. Extremal 1-codes in distance-regular
graphs of diameter 3 // Des. Codes Cryptogr.,
65(1-2):29-47, 2012.

I M. Urlep. Triple intersection numbers of Q-polynomial
distance-regular graphs // European J. Combin.,
33(6):1246-1252, 2012;

I Q-polynomial but not P -polynomial association schemes?
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Smallest open case

The smallest open case from Williford’s table is a putative
scheme on 91 points whose parameters were found by van Dam
(“Three-class association schemes” // J. Alg. Comb., 1999).



Smallest open case

It has the following parameters:

(pr1c) :=


0 20 0 0
1 3 12 4
0 8 4 8
0 2 6 12

 (pr2c) :=


0 0 30 0
0 12 6 12
1 4 13 12
0 6 9 15


(pr3c) :=


0 0 0 40
0 4 12 24
0 8 12 20
1 12 15 12



(qr1c) :=


0 12 0 0
1 47/35 338/35 0
0 312/175 303/35 39/25
0 0 39/5 21/5

; q311 = q131 = q113 = 0

No integral solutions of the equations with respect to
u 3

v

3 w
3
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sage-drg by Janoš Vidali





Our results
From Williford’s tables:

I 3-class primitive Q-polynomial a.s. on up to 2800 vertices
(62 known examples, 359 open cases):

we ruled out 31 cases, of which 8 correspond to DRGs.

I 4-class Q-bipartite, but not Q-antipodal a.s. on up to
10000 vertices (19 known examples, 488 open cases):

we ruled out 92 cases.

I 5-class Q-bipartite, but not Q-antipodal a.s. on up to
50000 vertices (7 known examples, 16 open cases):

we ruled out 12 cases, of which 1 corresponds to a DRG.

Some of the nonexistence results can be extended to infinite
families of Q-polynomial a.s. with the following Krein arrays:

I {2r2 − 1, 2r2 − 2, r2 + 1; 1, 2, r2 − 1} (r odd);

I {r3, r3 − 1, r3 − r, r3 − r2 + 1; 1, r, r2 − 1, r3} (r odd);

I { r2+1
2

, r2−1
2

,
(r2+1)2

2r(r+1)
,
(r−1)(r2+1)

4r
, r2+1

2r
; 1,

(r−1)(r2+1)
2r(r+1)

,
(r+1)(r2+1)

4r
,

(r−1)(r2+1)
2r

, r2+1
2

} (r ≡ 3(mod 4)).
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Quadruple intersection numbers
Sho Suda suggested to look at quadruple intersection numbers:

[`,m, n, k]u,v,w,z

u

v

w

z

` [`,m, n, k]

m

n
k

of triply regular association schemes such as:

I some Taylor graphs (= spherical tight 5-design);

I some Q-bipartite Q-polynomial schemes with 4 classes
(spherical tight 7-designs);

I some Q-antipodal Q-polynomial schemes with 3-classes
with q111 = 0 (= linked systems of symmetric designs).



Quadruple intersection numbers

Theorem
Let (X,R) be an association scheme with Krein parameters qkij
(0 ≤ i, j, k ≤ D). Then

D∑
`=0

Rank(E`)q
`
ijq

`
hk = 0

holds for some indices i, j, h, k if and only if

D∑
r,s,t,p=0

QirQjsQhtQkp[r, s, t, p]u,v,w,z = 0

for any quadruple u, v, w, z ∈ X.

This condition is satisfied when a scheme is Q-bipartite and
i+ j and h+ k have different parity, however, we didn’t find
any example where the systems of equations w.r.t. to quadruple
intersection numbers would not have an integral solution.
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Further results: tight 4-designs in H(n, q)

Suda also suggested to look at some Q-antipodal a.s. (which are
not in Williford’s tables).

An orthogonal array OA(N,n, q, t) is an N × n matrix M
with entries 1, 2, . . . , q such that in any N × t submatrix of M
all possible row vectors of length t occur equally often.

Given t (the strength of OA), we are interested in the smallest
possible number N .

For t = 2e, the lower bound on N was given by Rao (1947):

N ≥
e∑

k=0

(
n

k

)
(q − 1)k.

An orthogonal array is said to be tight if it attains this bound.

For e ≥ 3, q ≥ 3, there are no tight OA’s (Hong, 1986).
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Further results: tight 4-designs in H(n, q)

Theorem (Noda, 1979)

If a tight OA(N,n, q, 4) exists, then one of the following holds:

I (N,n, q) = (16, 5, 2);

I (N,n, q) = (243, 11, 3);

I (N,n, q) = (92a
2(9a2 − 1), 15(9a2 + 1), 6) where

a ≡ 0(mod 3), a ≡ ±1(mod 5), and a ≡ 5(mod 16).

(For the first two cases, there exist unique OA’s.)

A tight OA(N,n, q, 4)
⇓

A tight 4-design in H(n, q)
⇓

A 4-class Q-antipodal a.s.

Its existence is ruled out by using triple intersection numbers.
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Thank you!


