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Metric generators (and strong ones)

Metric generators

(Slater 1975, Harary and Melter 1976)

Metric generator for a graph G : an ordered subset S of vertices in G , such that
every vertices of G have distinct vectors of distances to the vertices in S .

Each vertex of G is uniquely recognized by distances from a metric generator.

(0, 3) (3, 0)

(1, 2) (2, 1)

(2, 3) (3, 2)

(3, 3)

dim(G), Metric dimension of G : minimum cardinality of any metric generator.
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Metric generators (and strong ones)

Problem (Sebö and Tannier, 2004)

Nonisomorphic graphs with the same vectors of distances.

(0, 3) (3, 0)

(1, 2) (2, 1)

(2, 3) (3, 2)

(3, 3)

(0, 3) (3, 0)

(1, 2) (2, 1)

(2, 3) (3, 2)

(3, 3)

Distinguish all vertices in the graph.

Does not distinguish graphs.
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Metric generators (and strong ones)

Strong metric generators

(Sebö and Tannier, 2004)

w ∈ V (G) strongly resolves u, v ∈ V (G):

• dG (w , u) = dG (w , v) + dG (v , u) or
• dG (w , v) = dG (w , u) + dG (u, v)

(there exists some shortest w − u path containing
v or some shortest w − v path containing u).

Strong metric generator for a connected graph G :
a set S of vertices in G such that any two vertices
of G are strongly resolved by a vertex of S .

Strong metric basis of G : a strong metric generator
of minimum cardinality in G .

Strong metric dimension of G , dims(G):
the cardinality of a strong metric basis of G .

G :

v1

v2

v3 v4

v5

v6

v7v8

v9

dims(G) = 4

IGYero Graphs and metrics: the partition case August 08, 2018 8 / 39



Metric generators (and strong ones)

Strong metric generators
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Partitions like generators

Resolving partitions

(Chartrand, Salehi and Zhang 2000)

resolving partition for G : an ordered partition Π of V (G), such that every
vertices of G have distinct vectors of distances to the sets in Π.

Each vertex is uniquely recognized by distances from sets of the resolving
partition – d(v ,A) = min{d(v ,w) : w ∈ A}.

(0, 2, 2) (2, 2, 0)

(0, 1, 1) (1, 1, 0)

(1, 0, 2) (2, 0, 1)

(2, 0, 2)

pd(G), partition dimension of G : minimum cardinality of any resolving partition.
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Partitions like generators

Strong resolving partitions

(IGYERO 2014)

W ⊂ V (G) strongly resolves u, v /∈W :
dG (u,W ) = dG (u, v) + dG (v ,W ) or
dG (v ,W ) = dG (v , u) + dG (u,W ).

A shortest w − u path containing v or a shortest
w − v path containing u, w ∈W is a closest vertex
from W .

Strong resolving partition for a connected graph G :
vertex partition Π of G such that any two vertices
of G are strongly resolved by a set of Π.

Strong partition dimension of G , pds(G): minimum
cardinality of a strong resolving partition.

v1

v2

v3 v4

v5

v6

v7v8

v9

pds(G) ≤ 4
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Partitions like generators

(Strong) Metric dimension versus (strong) partition dimension

The existence partition

If S = {v1, v2, ..., vk} is a (strong) metric generator, then

Π = {{v1}, {v2}, ..., {vk},A},

with A = V − S , is a (strong) resolving partition.

The first basic relationships

For any connected graph G = (V ,E),

pd(G) ≤ dim(G) + 1 and pds(G) ≤ dims(G) + 1.
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Results on resolving partitions Trees

[Chartrand, 2000]

A vertex of degree at least 3 in a tree T is called a major vertex of T .

Any leaf u of T is said to be a terminal vertex of a major vertex v of T if
d(u, v) < d(u,w) for every other major vertex w of T .

The terminal degree of a major vertex v is the number of terminal vertices
of v .

A major vertex v of T is an exterior major vertex of T if it has positive
terminal degree.
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Results on resolving partitions Trees

Metric dimension of trees

[Chartrand, 2000] For every tree T , which is not a path, with n1(T ) leaves and ex(T )
exterior major vertices,

dim(T ) = n1(T )− ex(T )

n1(T ) = 9 and ex(T ) = 4
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Results on resolving partitions Trees

Metric dimension of trees

[Chartrand, 2000-2] For every tree T , which is not a path, with n1(T ) leaves and ex(T )
exterior major vertices,

dim(T ) = n1(T )− ex(T )
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Results on resolving partitions Trees

Partition dimension of trees

pd(T ) ≤ dim(T ) + 1 = n1(T )− ex(T ) + 1

The above bound is (in general) not so close to the real value.

The problem of finding the partition dimension of a tree is a hard problem.

A conjecture

Finding the partition dimension of a tree is an NP-hard problem.
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Results on resolving partitions Cartesian product graphs

Cartesian product of two graphs G and H

Graph G�H: V (G�H) = V (G)× V (H)

(a, b) ∼ (c, d) in G�H ⇔
{

a = c and bd ∈ E(H), or
ac ∈ E(G) and b = d .

C5�K2 : K1,3�P3 :
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Results on resolving partitions Cartesian product graphs

Results, [Pelayo et al. - 2007]

For any connected graphs G and H of order n1 and n2, respectively.

dim(G�H) ≥ max{dim(G), dim(H)},

dim(G�H) ≤ min{dim(G) + n2, dim(H) + n1} − 1.

dim(G) ≤ dim(G�K2) ≤ dim(G) + 1.

dim(G) ≤ dim(G�Pn) ≤ dim(G) + 1.

dim(G�Kn) ≤ dim(G) + n − 2 if n ≥ 3.

dim(Qn) ≤ n.

dim(Pm�Pn) = 2.
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Results on resolving partitions Cartesian product graphs

For any connected graphs G and H,

pd(G�H) ≤ pd(G) + pd(H).

Π1 = {A1, ...,Ak}, Π2 = {B1, ...,Bt}, resolving partitions of G , H.
Π = {A1 × B1,A1 × B2, ...,A1 × Bt ,A2 × B1,A3 × B1, ...,Ak × B1,C}

(a, b), (c, d) ∈ V1 × V2.
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Π = {A1 × B1,A1 × B2, ...,A1 × Bt ,A2 × B1,A3 × B1, ...,Ak × B1,C}

(a, b), (c, d) ∈ V1 × V2.

If a = c,

then there exist Bi ∈ Π2 such
that dH(b,Bi ) 6= dH(d ,Bi ) and we use
A1 × Bi .
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If a 6= c, then there are some cases:

a, c ∈ Ai ,

there exist Ai ∈ Π1 such that
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Results on resolving partitions Cartesian product graphs

For any connected graphs G and H,

pd(G�H) ≤ pd(G) + pd(H).

Π1 = {A1, ...,Ak}, Π2 = {B1, ...,Bt}, resolving partitions of G , H.
Π = {A1 × B1,A1 × B2, ...,A1 × Bt ,A2 × B1,A3 × B1, ...,Ak × B1,C}

(a, b), (c, d) ∈ V1 × V2.

Then, r((a, b)|Π) 6= r((c, d)|Π).

Π is a resolving partition of G�H.
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Results on resolving partitions Cartesian product graphs

WE HAVE NOT BEEN ABLE TO FIND ANY LOWER BOUND!!!
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Results on strong resolving partitions

Outline

1 Introduction

2 Metric generators (and strong ones)

3 Partitions like generators

4 Results on resolving partitions

5 Results on strong resolving partitions
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Results on strong resolving partitions

Some exact values

For any integer n, pds(Pn) = 2 and pds(Cn) = 3. Moreover, pds(G) = 2 if
and only if G is a path.

For any positive integer n, pds(Kn) = n. Moreover, pds(G) = n if and only
if G is Kn.

pds(G) = n − 1 if and only if G ∼= P3, G ∼= C4, G ∼= Kn − e or
G ∼= K1 +

⋃
i Kni , i > 1, ni ≥ 1 for every i and

∑
i ni = n − 1.

For any tree T with l(T ) leaves, pds(T ) = l(T ).

Other exact values

For any wheel graph W1,r , r ≥ 4, pds(W1,r ) =

{
3, if r = 4,⌈
r
2

⌉
, if r ≥ 5.

For any fan graph F1,r , r ≥ 3, pds(F1,r ) =

{
3, if r = 3, 4,⌈
r
2

⌉
, if r ≥ 5.
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Results on strong resolving partitions

Cartesian product of two graphs G and H

Graph G�H: V (G�H) = V (G)× V (H)

(a, b) ∼ (c, d) in G�H ⇔
{

a = c and bd ∈ E(H), or
ac ∈ E(G) and b = d .

C5�K2 : K1,3�P3 :
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Results on strong resolving partitions

Bounding pds(G�H)

For any connected graphs G and H,

min{ω(GSR), ω(HSR)} ≤ pds(G�H) ≤ min{α(GSR)|∂(H)|, |∂(G)|α(HSR)}+ 1.

For any connected graphs G and H or orders n1 and n2, respectively,

pds(G�H) ≤ min{dims(G) + n2, dims(H) + n1}.

Are the upper bounds above comparable?

First upper bound Second upper bound
Pm�Pn 3 m + 1
Cm�Pn m + 1 min{m + 1, n + dm/2e}
Km�Pn m + 1 m + 1

Cm�Cn (m ≤ n) m dn/2e+ 1 m + dn/2e
Cm�Kn n dm/2e+ 1 n + dm/2e

Km�Kn (m ≤ n) n(m − 1) + 1 m + n − 1
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For any connected graphs G and H,

min{ω(GSR), ω(HSR)} ≤ pds(G�H) ≤ min{α(GSR)|∂(H)|, |∂(G)|α(HSR)}+ 1.

For any connected graphs G and H or orders n1 and n2, respectively,

pds(G�H) ≤ min{dims(G) + n2, dims(H) + n1}.

Are the upper bounds above comparable?
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Results on strong resolving partitions

Bounding pds(G�H) for some specific cases

For any integers m ≥ 4 and n ≥ 2,

pds(Cm�Pn) ≤ 4.

Figure: The partition Π of C6 � P4 and C7 � P4. Vertex labeled by ij represents the
vertex (ui , vj ). Edges of the graphs have not been drawn.
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Results on strong resolving partitions

Bounding pds(G�H) for some specific cases

For any integers m, n ≥ 4,
pds(Cm�Cn) ≤ 6.

Figure: The partition Π of C6 � C4 and C7 � C5. Vertex labeled by ij represents the
vertex (ui , vj ). Edges of the graphs have not been drawn.
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Results on strong resolving partitions

An equality and a conjecture

For any grid graph Pm�Pn with m, n ≥ 2, pds(Pm�Pn) = 3.

A conjecture

For any integers m, n ≥ 4,
pds(Cm�Pn) = 4

and
pds(Cm�Cn) = 6.
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THANKS !
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