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De�nitions

Let G be a �nite group.

Z (G ) be its center.

x ∈ G , xG denotes the conjugacy class in G containing x .

CG (x) denotes the centralizer of x in G

N(G ) the set of orders of conjugacy classes of G .
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Examples

N(Alt5) = {1, 12, 15, 20}.

N(PSL2(7)) = {1, 21, 24, 42, 56}.
N(Alt9) = {1, 105, 112, 210, 1120,
1260, 1344, 1680, 2520, 2880, 3360}.
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De�nitions

Let p be a prime, n be a natural number

np be the greatest power of p dividing n.

For a set of primes π we will denote nπ =
∏

p∈π |n|p.

|G ||p be a number pn such that N(G ) contains α multiple of pn

and avoids the multiple of pn+1.

For a set of primes π put |G ||π =
∏

p∈π |G ||p.

Ilya Gorshkov On a connection between the order of a �nite group and the set of conjugacy classes size



De�nitions

Let p be a prime, n be a natural number

np be the greatest power of p dividing n.

For a set of primes π we will denote nπ =
∏

p∈π |n|p.

|G ||p be a number pn such that N(G ) contains α multiple of pn

and avoids the multiple of pn+1.

For a set of primes π put |G ||π =
∏

p∈π |G ||p.

Ilya Gorshkov On a connection between the order of a �nite group and the set of conjugacy classes size



De�nitions

Let p be a prime, n be a natural number

np be the greatest power of p dividing n.

For a set of primes π we will denote nπ =
∏

p∈π |n|p.

|G ||p be a number pn such that N(G ) contains α multiple of pn

and avoids the multiple of pn+1.

For a set of primes π put |G ||π =
∏

p∈π |G ||p.

Ilya Gorshkov On a connection between the order of a �nite group and the set of conjugacy classes size



De�nitions

Let p be a prime, n be a natural number

np be the greatest power of p dividing n.

For a set of primes π we will denote nπ =
∏

p∈π |n|p.

|G ||p be a number pn such that N(G ) contains α multiple of pn

and avoids the multiple of pn+1.

For a set of primes π put |G ||π =
∏

p∈π |G ||p.

Ilya Gorshkov On a connection between the order of a �nite group and the set of conjugacy classes size



De�nitions

Let p be a prime, n be a natural number

np be the greatest power of p dividing n.

For a set of primes π we will denote nπ =
∏

p∈π |n|p.

|G ||p be a number pn such that N(G ) contains α multiple of pn

and avoids the multiple of pn+1.

For a set of primes π put |G ||π =
∏

p∈π |G ||p.

Ilya Gorshkov On a connection between the order of a �nite group and the set of conjugacy classes size



De�nitions

De�nitions

Let p and q be distinct numbers. Say that a group G satis�es the

condition {p, q}∗ and write G ∈ {p, q}∗ if we have

α{p,q} ∈ {|G ||p, |G ||q, |G ||{p,q}} for every α ∈ N(G ) \ {1}.

Ilya Gorshkov On a connection between the order of a �nite group and the set of conjugacy classes size



Examples

Alt5 ∈ {2, 5}∗,Alt5 ∈ {2, 3}∗,Alt5 ∈ {3, 5}∗.

PSL2(7) ∈ {3, 7}∗.
Sym9 6∈ {p, q}∗ for any p, q ∈ π(Sym9).
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results

A. Camina, 1972

Let G be a �nite group such that N(G ) = {1, pa, qb, paqb}, where
p and q are distinct primes and a and b are integers. Then G is

nilpotent.

A. Beltram and M.J. Filipe, 2006

Let G be a �nite soluble group whose conjugacy class sizes are

{1, n,m, nm}, where n and m are coprime positive integers; then G
is nilpotent and the integers n and m are prime-power numbers
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results

A. Beltram and M.J. Filipe, 2012

Let G be a �nite group whose conjugacy class sizes are

{1, n,m, nm}, where m, n are positive integers which do not divide

each other, then G is up to central factors a {p, q}-group. In
particular, G is solvable.

Q. Kong and X. Guo, 2010

Let G be a �nite group and assume that the conjugacy classes sizes

of elements of primary and biprimary orders of G are exactly

{1, pa, n, pan} with (p, n) = 1, where p is a prime and a and n are

positive integers. If there is a p-element in G whose index is

precisely pa, then G is nilpotent and n = qb for some prime q 6= p.
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main result

Theorem I.G. 2018

If G ∈ {p, q}∗ is a group with trivial center, where p, q ∈ π(G ) and
p > q > 5, then |G |{p,q} = |G ||{p,q}.

Corollary

In the hypotheses of the theorem, CG (g) ∩ CG (h) = 1 for every

p-element g and every q-element h.
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