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Definition. A (orientable) map M with an underlying connected graph I is a
triple
M= (r: Ra L)’

where R (rotation) is a permutation of the arc set A(T"), whose orbits are the
sets of arcs initiated from the same vertex;

L (dart-reversing involution) is an involution of A(I"), whose orbits are the pairs
of arcs based on the same edge.
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Regular maps

Definition. An isomorphism ¢: My — My is a bijection ¢: A(T'1) — A('2)
such that
Rip = ¢Rz and Lyp = pLo.

Definition. An (orientation preserving) automorphism of a map M = (T'; R, L)
is an automorphism ¢ of I' whose action on A(I') induces an automorphism of
M.

Fact. For a map M = (T'; R, L), the automorphism group Aut(M) acts
semiregularly on A(I), therefore, | Aut(M)| < |A(T)].

Definition. A map M is (orientably) regular if | Aut(M)| = |A(T)].
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Cayley maps

Definition. Let X be a subset of agroup G, 1 ¢ X, X = X' and (X) = G.
The Cayley graph Cay(G, X) with connection set X is the graph (V, E) such
that

V=Gand E={{g,9x} | g€ G, xe X }.
Definition. Let ' = Cay(G, X) and p be a cyclic permutation of S. The Cayley
map CM(G, X, p) is the map M = (T'; R, L), where R is defined by

R:(9,9x) — (9,9p(x)), g € G, x € X.

Fact. If M = CM(G, X, p), then L(G) < Aut(M), where L(G) = {Ly : g € G},
and Ly is the left translation: Ly(x) = gx, x € G.
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Regular Cayley maps and skew-morphisms

Suppose that M = CM(G, X, p) is regular and |X| = d.

Then, Aut(M) = L(G)(p), where ¢ is a generator of the stabilizer of the vertex
1in Aut(M).

Forany g € G,
plg = L™, forsome (g) € {0,1,...,d —1}.
And so for any h, g € G,

©(gh) = ¢(9)¢™9 (h).

Since Ry = »A, in the action of  on the arcs of Cay(G, X), it follows that the
restriction of ¢ to X is equal to p' for some i,gcd(i,d) = 1.
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Regular Cayley maps and skew-morphisms

Definition (Jajcay, Siran, 2002). A skew-morphism of a group G is a
permutation ¢ of G such that there exists a function =: G — {0,1,...,d — 1}
(power function), where d is the order of ¢, such that

@ p(1)=1,
@ o(gh) = ¢(g)e™9)(h) forall g, h c G.

Note that, skew-morphisms are generalization of group automorphisms.
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Regular Cayley maps and skew-morphisms

Theorem (Jajcay, Siran, 2002)

A Cayley map CM(G, X, p) is regular if and only if there exists a skew-mor-
phism ¢ of G such that

p(x) = p(x) forevery x € X.

The skew-morphism given in the above theorem is unique, and it is called
skew-morphism associated with M.

An arbitrary skew-morphism of G is associated with a regular Cayley map for
G if and only if there exists a G-orbit X such that (X) = Gand X = X~ '.
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Regular Cayley maps and skew-morphisms

Definition. The kernel of a skew-morphism ¢ of G is defined by
ker(¢) ={x € G:n(x) =1}.

Properties.
@ ker(y) is a subgroup of G.

@ Theindex |G : ker(y)| < d, where d is the order of ¢, and 7(g) = w(h) if
and only if g and h are in the same right coset of ker(y).

@ For any g, h € G and any positive integer j,
(gh) = P(g)p=io " @) (p).
e Forany g.he G, n(gh) = S50 n(¢/(h)).

The index |G : ker(y)| is called the skew type of ¢, the skew type of a regular
Cayley map is defined to be the skew type of the associated skew-morphism.
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Regular Cayley maps and skew-morphisms

Question 1
Classify the regular Cayley maps for a given family of groups. J

Solved for cyclic groups (Conder and Tucker, 2014) and simple groups
(Bachraty, Conder and Verret). Several papers on dihedral groups (Feng, K,
Kwak, Kwon, Marusi¢, Muzychuk, Wang, Zhang).

The goal of this talk is to present the solution for dihedral groups.

Question 2
Classify the skew-morphisms of a given family of groups. J

Motivation. Skew-morphisms of are related with complementary factoriza-
tions: G = AB, where AN B =1 and B is cyclic. Completely solved for
dihedral groups (Kan and Kwon).
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Regular Cayley maps and skew-morphisms

Definition. Two Cayley maps M; = CM(G, Xi, pi), i = 1,2, are equivalent if
there exists an automorphism o € Aut(G) such that

o(Xi) =Xz and o®p; = pc™,
where % is the restriction of o to X;.

Notation: My = Mos.

The automorphism ¢ induces an isomorphism from My to M», and thus
equivalent Cayley maps are also isomorphic as maps.
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Construction 1: t-balanced regular Cayley maps

Definition. A regular Cayley map M = CM(G, X, p) is t-balanced for a positive
integer tif p(x)~! = p!(x~") for all x € X. In particular, if t = 1, then we say

that M is balanced.

Theorem (Conder, Jajcay and Tucker, 2006)

Let M = CM(G, X, p) be a regular Cayley map with skew-morphism ¢ and
power-function .

@ M is balanced if and only if p is an automorphism of G.

@ M is t-balanced for t > 1 if and only if t* = 1(mod | X|), 7 takes on only

two values: 1 and t, in particular,
|G : ker(p)| = 2.

Furthermore, ¢ maps ker(y) to itself, and its restriction to ker(y) is an
automorphism.
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Construction 1: t-balanced regular Cayley maps

We set D, = (a,b|a" = b> = 1,bab = a '), A, = (a) (A-type elements),
B, = D, \ A, (B-type elements).

Theorem (Wang and Feng, 2005)
The balanced regular Cayley maps for D, are equivalent to the Cayley maps
M;q(n, t) := CM(Dp, X, p),

p=(b,ab,a*'b,... at++"p),

{ is a positive integer such that gcd(¢, n) = 1, and k is the smallest positive
integer that1 4 ¢ + - - - + ¢k = 0(mod n)

The skew-morphism: ¢(a') = a*’ and (a'b) = a*+'b.
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Construction 1: t-balanced regular Cayley maps

Theorem (Kwak, Kwon and Feng, 2006)

The t-balanced regular Cayley maps for D, with t > 1 are equivalent to the
Cayley maps M(n, ¢, k) := CM(Dp, X, p),

p _ (b’ a, 32kb7 a€7 32k(1 +Z)b7 a£27 o a2k(1+e+.‘.+eM(€)*2)b’ a@ZM(Z)*1 )7

n >4 js even and ¢ and k are positive integers such that M(¢) is even,
MO/2 = —1(mod n) and 2k2(L + - - - + £M(D)/2) = 1 — ¢(mod n).

M(¢) is the smallest positive integer i that ¢/ = 1(mod n).
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Construction 1: t-balanced regular Cayley maps

M(n, 0. k) := CM(Dp, X, p),

p=(b,a &b, a, @ +0p g . g2k(+tt+MO72)p MO

has skew-morphism

: a’ if2]i . g+t if2]i
w(a')Z{ | it @(a'b)Z{ | |

ai-rtup if 241, ai-rtuttp if24 i

where r = —k({ + (2 + --- 4+ (M(9)/2) and u = 2k.
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Construction 2: regular Cayley maps of skew-type 3

Let n be a positive integer divisible by 3.

N = <,Ublueaﬂred> = Zg-
N is normalized by L(D), let G= N x L(D).
Gi = (Lp pviue), and so Ly ppjue is @ skew-morphism of D,.

This induces the regular Cayley map

Ms(n,1) :== CM(D,, X, p), p=(a,a”',ab,a 'b).
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Construction 2: regular Cayley maps of skew-type 3

Let o € Aut(D,) such that o(b) = b and o(a) = a* with M(¢) is odd

¢ = 1(mod 3), showing that N is centralized by o, 1 et G = (N x L(Dp)) x (o).

Gt = (Lo pwie, ) = (0 Lb ptiue), and so oL puiue is @ skew-morphism of Dj,.

This induces the regular Cayley map

4 _ M) -1

Ms(n,0) == CM(Dn, X, p), p=(a,a*,a"b,a*b,a",....a b).

M;3(n, ¢) is not t-balanced and it has skew type 3.
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Construction 2: regular Cayley maps of skew-type 3

Theorem (K, Marusi¢, Muzychuk, 2013)

The regular non-balanced Cayley maps for D, with n odd are equivalent to
Cayley maps Msz(n, ().

Theorem (Zhang, 2015)

The regular Cayley maps of skew type 3 are equivalent to the Cayley maps
Mas(n,?), or

M(Ds, X, p), p=(b,a, ab,a, a*b,a).
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Construction 2: regular Cayley maps of skew-type 3

Definition. For B < A, the core of Bin Ais the largest normal subgroup of A

contained in B; and if this is trivial, then B is said to be core-free in A.

Theorem (K, Marusi¢ and Muzychuk, 2011)

LetT = Cay(Dp, X) be a connected, G-arc-regular graph such that

L((Dn) < G, and L(A,) is core-free in G. Then one of the following holds.
O n=1,T=2KandG=S,,

1) n=2,T =2 Ky and G = Ay,

(i) N=3, T = Koo and G = Sy,

iv) n=4,T = Q3 and G = S,

(v) n=2m, mis an odd number, I = K, , and G = (D, x D) x (o), where o

is an automorphism of D, x Dy, interchanging the coordinates.

vy
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Construction 3: regular Cayley maps of skew-type n/2

Lemma
Forn > 2, nis even, the Cayley map Ms(n,1,2) := CM(D,, X, p),

p= (b aahb,a, ab,... a"2ba""

is regular. The associated skew-morphism is

- gt if2 )i ; att  if2|i
/ !
= ) b) = .
w(@) {a’“b if241i, w(@b) {a—’b if2+i;

it is of skew-type n/2, and ker(y) = (a"/?,a='b).
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Construction 3: regular Cayley maps of skew-type n/2

Lemma

Forn > 2, n is divisible by 8, the Cayley map Ms(n,n/4 +1,n/2+2) :=

CM(DI'I7X7p)a n
p=(b,aa?*?b,a® a'b,...,a? %b,a" ")

is regular. The associated skew-morphism is

(g if2 | i . A4 o
/ /

it is of skew-type n/2, and ker(y) = (a"/?,a~'b).

ali=Dip if2+4;
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Construction 3: regular Cayley maps of skew-type n/2

Theorem (K and Kwon, 2016)
Letn> 2, and M = CM(D,, X, p) be a regular Cayley map with associated
skew-morphism ¢ and power function . Then

@ ker(y) is not contained in Ap.

@ M is either the embedding of the octahedron into the sphere and
|ker(p)| = 2, or | ker(p)| > 4.

The kernel of every skew-morphism of D, is not contained in A,.

Conjecture (Conder, 2014) J

The conjecture fails (Du and Zhang, 2016).
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Construction 3: regular Cayley maps of skew-type n/2

Theorem (K and Kwon, 2016)

Let M be a regular Cayley map for D, of skew-type n/2. Then exactly one of
the following holds:

(i) M =CM(D,,{a, b, ab},(a, b, ab)).

(ii)) M = CM(D4,{a,a',b},(a b,a)).
(iii) M =CM(De, X,) p=(a,a',ab,a 'b).
(iv) M= Ms(n,1,2)

(v) M= Ms(n,n/4+1,n/2+2).
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Construction 3: regular Cayley maps of skew-type n/2

Proposition (K and Kwon, 2016)

Let M be a regular Cayley map for D, such that the cyclic subgroup L(A;) is
core-free in Aut(M). Then M is equivalent to one of the following Cayley
maps:

(i) My =CM(Dy, {b}, (b))
(i) Mo = CM(D., {b, ab, a}, (b, ab, a));
(iii) M3 = CM(Ds,{a" ', a,b,a®b},(a" ', a, b, &b));
(iv) Mg = CM(Dy,{b,a,a '}, (b,a,a"));
(v) Ms(n,1,2) with n = 2(mod 4).
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Construction 4: Mixing

Let n > 4 be even. For positive integers r, s, u, v such that gcd(r,n/2) =
gcd(s,n/2) =1, uis even and v is odd, define the permutation

N 33i if 2 | i
orsuv(@) = ai-rtup if2 ti

a+! if2]i

orsuv(@b) = {asii+Vb if 211

The skew-morphism of M(n, ¢, k) (t-balanced map) is equal to o 1y u+1-

The skew-morphisms of Ms(n,1,2) and Ms(n,n/4 +1,n/2 + 2) (maps of
skew-type n/2) are equal to 01, 12,2 and op/4+1,n/4—1,n/242,n/2—1, FESP.

We constrcut new skew-morphisms (hence new regular Cayley maps) mixing
these.
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Construction 4: Mixing

a if2]i

orsuv(@) = {aﬂ"“’b if2¢i

' g+ if 2 i
orsuv(@b) = {asi—i+vb if 211,

It follows that o/ s u,v permutes the Ay-cosets for every Ay < A2, Ag = (a"/9).

The permutation of D, 4 induced by or s u,v IS 0 s v/, Where
r=r,s=s,u=v and v = v/(mod n/d).
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Construction 4: Mixing

Let n=2%ny, ny is 0odd, and suppose there exist positive integers r, s, u and v
satisfying the following conidtions:

(cl) There are even integers k and / such that
ur(1+r2+ ...+ rk=2) = —2(mod n).
(c2) There exsits a factorization ny = mym. such that gcd(my, mz) = 1 and

(-s=r=1and —v+1=u=2(mod2*m)) or
(r=2""2my +1, s=2""2my =1

—v+1=u=2"""m, + 2(mod 2*my) + 2 with 0423) and
r=s, v=u+1, rP=ur+1 and r®™ = —1(mod 2m).

By (02), Or,s,uyv = 01,—1,2,—1 or O'n//4+1’n//471’n//2+27n//2,1 (mod 2"‘m1 ), where
n' =2*my,and o yus1 = Orru,u+1(mod 2my).
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Construction 4: Mixing

Lemma

Let n=2%ny, ny is odd, and suppose there exist positive integers r, s, u and v
satisfying conidtions (c1) and (c2). Then o, s, iS @ skew-morphism of D,.

By the Chinese reminder theorem, s and v are determined by r and u.
Denote by Ms(n, r, u) the regular Cayley map induced by o/ s y.v-

The regular Cayley maps Ms(n, r, u) include both the t-balanced and the
regular Cayley maps of skew type n/2.

Istvan Kovacs Regular Cayley maps for dihedral groups 27/35



Construction 4: Mixing

Example. n=30, my =3, my=5r=7,s=2, u=14, v =5.
gcd(r,15) = ged(s, 15) = 1.
(c1): ru(1 +r?+ -+ rk=2) = —2(mod 30) holds for k = 10

(c2): —s=r=1(mod 3), u = 2(mod 6), v = —1(mod 6);
r = s(mod5), v=u+ 1(mod 10),
(ru+1) = —1(mod 10) holds for j = 1 and r? = ru + 1(mod 10).

M5(30,7,14) is the regular map R61.2 in Marston Conder’s database of
regular maps. It is neither f-balanced nor of skew type 15.
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Regular Cayley maps for D,

Theorem (K and Kwon, 2018+)

Up to equivalence, the regular Caylay map for D, are the following:
(i) Mq(n,£) (balanced maps).

(i) Ma(n, r) = CM(Dp, X, p) (of skew type 2 non-t-balanced)
p=(a,b, afz_r+n/2b, afs7 ar“_rb7 ar5_r+n/2b’ . a,M(f)*1_r+n/2b)’

n = 2(mod 4), 6 | M(r) and rM(/2 = —1(mod n).
(iii) M3(n,¢) (of skew type 3)
(iv) May(n,r) = CM(D,, X, p) (of skew type 4)

n 2_ 1 3 4, n 3M(r)—3 3M(r)—2_, n
p=(b,a,atz,a " ba,a tz,.. . & a t2),

n = 4(mod 8), 3+ M(r) and (/2 = 2 — 1(mod n).
(v) Ms(n,r,u).
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Sketch of proof

Proposition

Let M = CM(G, X, p) be a regular Cayley map with associated
skew-morphism ¢, and let N < G be a normal subgroup such that G/N is a
block system for Aut(M). Then

(i) M/N := CM(G/N, X/N,pC/N) is a regular Cayley map.
(ii) Aut(M/N) = Aut(M)C/N,
(iii) The skew-morphisms associated with M /N is equal to ©¢/N.

M/N is called the quotient of M by N.
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Sketch of proof

We look for quotients by subgroups of A, = (a).

Theorem (K and Kwon, 2016)

Let M be a regular Cayley map for D, such that cyclic subgroup L(A,) is
core-free in Aut(M). Then M is equivalent to one of the following Cayley
maps:

(i) My = CM(D, {b}, (b))
(11) MZ - M(D 7{b7 ab7 a}v(ba ab7 a));
(iii) M3 = CM(Ds,{a" ', a,b,a®b},(a" ', a, b, 8b));
(iv) My = M(D4,{b7 a, a_1}’(b7 a, 3_1));
(v) Ms(n,1,2) with n = 2(mod 4).

This implies that, if no quotient by non-trivial subgroups of A, then
M=M,;, i=1,2,3,40r Ms:= M5(2,1,2) = CM(D», {a, b}, (a,b)).
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Sketch of proof

Let N < A, be the largest subgroup such that D,/Ay is a block system for
Aut(M).

It follows that M /N = M, fori=1,2,3,4 or 5.

o If M/N = M;, then M is balanced, M = M;(¢) by earlier result.

e If M/N = Mo, then we prove that ¢ is of skew-type 2, find values of =,
and derive that M = Moy(n, 1).

e If M/N = Mgs, then we prove that M is of skew type 3, and
M = Ms(nt) by earlier result.

@ If M/N = My, then we prove that M is of skew type 4, find values of r,
and derive that M = Mu(n, ?).

@ If M/N = Ms, then we prove that M = Ms(n, r, u).
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Sketch of proof: case M /N = M5

We reduce the problem for the case when nis a prime-power.

Lemma

If M/N = Ms, then ©? is a skew-morphism of D,,, which normalizes the
group (L, Lp).

Let +) be the restriction of ¢ to A, /2. v is a skew-morphism of A, > for which
Y2 € Aut(A,)2) by the lemma.

Lemma

Let p be a skew-morphism of a cyclic group G such that ©? is an
automorphism of G. Then every subgroup H < G is a block for L(G){y).

Let n/2 = p{" - pg*. Then D/A, 55 = Dy, and the above lemma allows us
to define M/An/(pr)-
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Sketch of proof: case M /N = M5

M/An2p i @regular Cayley map for D, such that

(M/An)2010)/(N/Apj2py) = Ms.

Lemma

IfM/N = Ms and n = 2q°¢ for some prime q. Then
(i) M is (d/2 + 1)-balanced, or

(i) M = Ms(n,1,2), or

(i) g=2,e>3 and M = Ms(n,n/4 +1,n/2 + 2).
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Thank you for your attention.
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