
A Penrose Coloring Formula for Non-Planar Graphs
and State Models in Graph Theory and Topology

Louis H. Kauffman
UIC & NSU











For each proper coloring, the 
product of the square roots of  
negative unity is equal to one.

We will prove this fact, after 
some discussion.





FourColorTheorem is Equivalent to 
Every Isthmus -Free Planar Cubic Graph has a 

Formation.



Proof.  The statement is equivalent to the 
FCT.





Every cubic map with no isthmus 
has a perfect matching.

D. A. Holton and J. Sheehan, The Petersen graph, 
Australian Mathematical Society,
Lecture Notes, vol. 7, Cambridge University Press, 
Cambridge, 1993. MR 1232658



Smoothing and Switching Local States

Third Color and 
Parallel or Permute.

Choose Perfect 
Matching.

Smooth the sites. 
Then SOME 

switched state is 
colorable.



FCT iff any disjoint collection of Jordan curves in 
plane with indicated smoothing sites has a colorable 

switched state.







A Logical Coloring Expansion, calculating K_33, and 
showing that Petersen is uncolorable.





The Penrose Formula



bounce

cross

cross





The Penrose Formula is based on regarding the 
graph as a contraction of assignments of the 

epsilon tensor to its nodes.



Secrets of  Vectors

A    B  = A     B

A x B = A      B = - (A     B)



= +-

The Epsilon Identity



A x (B x C) = A     B     C 

= A     B     C + A     B     C

= - A (B   C) + B(A    C)

-



The Map Theorem is equivalent to the statement
that two associated expressions in the vector cross product 

have evaluations using i,j,k that are non-zero and equal 
to one another.

For example 
A x( B x (C x D)) = (A x B) x ( C x D) is 

solved by (exercise!).

Because the quaternions are associative, it 
suffices to find a choice for i,j,k so that the 
left and right hand sides are both non-zero. 

Then they will be equal.



The Penrose Formula does not work, as 
it stands, for non-planar graphs.



Revising the Penrose Formula for Non-Planar Graphs

For a graph immersed in the plane, with circled 
immersed crossings, we modify the signs at these 

virtual crossings when they correspond to crossings 
of curves of different colors in a formation for the 

graph.



The Revised Penrose Formula









Summary
We have shown how smoothing states of a cubic 

graph are related to  edge colorings of the graph with 
three colors distinct at each node. And we have given 

two methods to obtain the number of all such 
colorings of an arbitrary graph. 

One method is a logical expansion and leads to 
structural insight. The other method is a 

generalization of the Penrose formula for plane 
graphs.

Both of these methods are related to the 
combinatorial topology of knots and knot 

diagrams. This will be the subject of subsequent 
discussion.



Bracket Polynomial is a Topological Analogue to 
Penrose Tensor Evaluations



Bracket 
States



Here we transfer to an exposition of 
Virtual Knot Theory.



Extend to Coloring Knot and Link Diagrams in a Virtual 
Context



Translation to Virtual Diagrams



Petersen Graph and Corresonding Virtual 
Shadow Diagram


