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General definitions

@ F" is the vector space of dimension n over the Galois field
GF(2) equipped with the Hamming metric.
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General definitions
@ F" is the vector space of dimension n over the Galois field
GF(2) equipped with the Hamming metric.
@ Any subset of F" is called a binary code of length n.
o C is called a perfect binary single-error-correcting code (briefly
perfect ) if for any vector x € F" there exists exactly one
vector y € C such that d(x,y) < 1.
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General definitions
@ F" is the vector space of dimension n over the Galois field
GF(2) equipped with the Hamming metric.

@ Any subset of F" is called a binary code of length n.

o C is called a perfect binary single-error-correcting code (briefly
perfect ) if for any vector x € F" there exists exactly one
vector y € C such that d(x,y) < 1.

@ A perfect linear code is called the Hamming code.
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Definition (Isometry)

Isometries of F:
Aut(F")=F" XS, ={(v,m) | veEF",meS,},

where X\ denotes a semidirect product, S, is the group of
symmetry of order n.
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Definition (Isometry)

Isometries of F:
Aut(F")=F" XS, ={(v,m) | veEF",meS,},

where X\ denotes a semidirect product, S, is the group of
symmetry of order n.

Definition (Automorphism group)

The automorphism group Aut(C) — all the isometries of F” that
transform the code into itself:

Aut(C) ={(v,7) | v+ n(C) = C}.
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Definition (Equivalent partitions)

We call two partitions equivalent if there exists an isometry of the
space F" that transforms one partition into another one.
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Definition (Equivalent partitions)
We call two partitions equivalent if there exists an isometry of the
space F" that transforms one partition into another one.

Definition (Automorphism group of a partition)

The automorphism group of any partition P" = {Cy, Gy, ..., Cn}
of F" is the group of isometries of F" that transform the set P"
into itself such that for any i € M = {0,1,..., m} there exists
JEM,veF" meS§,satisfying v+ 7(C) = C.
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General definitions
Isorr

Automorphism groups
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Definition (Transitive family of codes)
A family of codes P" is transitive if its automorphism group acts
transitively on the elements (the codes) of the family.
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General definitions
Isometries
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Definition (2-transitive family of codes)

A family of codes P" = {(Cp, Cy,...,C,} of F" is called
2-transitive, if for any two subsets {1, i} and {j1,j2} of
{0,1,..., n}, there exists an automorphism o from Aut(P") such
that 0(C,) = C;,, t € {1,2}.
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General definitions
Isometries
Automorphism groups
Transitivity

Definition (2-transitive family of codes)

A family of codes P" = {(Cp, Cy,...,C,} of F" is called
2-transitive, if for any two subsets {i1, i} and {ji,jo} of
{0,1,..., n}, there exists an automorphism o from Aut(P") such
that 0(C,) = C;,, t € {1,2}.

Definition (uniform partition)

A partition P" = {Ho, H1 + e1, ..., H, + en} of F" into cosets of
Hamming codes Hy, Hi, ..., H, of length n is called uniform if any
two Hamming codes H;, H;, i,j € I, satisfy n, = |H; (| Hj| = const.
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Motivation

The connection of the classification problem of all partitions with
analogous problem for perfect binary codes.

It is known that the limit for the relation of double logarithms of
the numbers of different perfect binary codes and different
partitions equals 1, although the number of nonequivalent
partitions significantly exceed the number of nonequivalent codes.
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Motivation

The connection of the classification problem of all partitions with
analogous problem for perfect binary codes.

It is known that the limit for the relation of double logarithms of
the numbers of different perfect binary codes and different
partitions equals 1, although the number of nonequivalent
partitions significantly exceed the number of nonequivalent codes.
There are also tight connections between partitions of F" into
Hamming codes and Reed — Muller codes of order 1 related to
these Hamming codes. An intersection of two Hamming codes
often gives a good cyclic code.
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Motivation

Some other motivations to construct and study partitions of F”
into codes (not necessarily perfect) can be given by the following
connection of partitions with vertex coloring problems in the space
Fm.
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Some other motivations to construct and study partitions of F”
into codes (not necessarily perfect) can be given by the following
connection of partitions with vertex coloring problems in the space
Fm.

a partition of F” into codes induces colorings associated with fibre
optic nets,
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Motivation

Some other motivations to construct and study partitions of F”
into codes (not necessarily perfect) can be given by the following
connection of partitions with vertex coloring problems in the space
Fm.

a partition of F” into codes induces colorings associated with fibre
optic nets,

with perfect colorings called also regular codes, partition designs or
equitable partitions.
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Short overview

Short overview

Applying some switching or concatenation approaches it is possible
to construct partitions of F” into perfect codes and investigate
some properties of the partitions.
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Short overview

Short overview

Applying some switching or concatenation approaches it is possible
to construct partitions of F” into perfect codes and investigate
some properties of the partitions.

A good survey of some known results till 1998 how to use
partitions to construct g-ary perfect codes can be found in

Cohen G., Honkala I., Lobstein A., Litsyn S.

Covering codes, Elsevier, 1998.
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Short overview

Short overview

Applying some switching or concatenation approaches it is possible
to construct partitions of F” into perfect codes and investigate
some properties of the partitions.

A good survey of some known results till 1998 how to use
partitions to construct g-ary perfect codes can be found in

Cohen G., Honkala I., Lobstein A., Litsyn S.

Covering codes, Elsevier, 1998.

A survey concerning some recent results on partitions and all other
necessary definitions and notions can be found in

Survey on perfect codes, Mathematical Problems of Cybernetics,
V. 18, 2013.
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Short overview

Short overview

S., 1981: two methods of constructing partitions of F” into perfect
binary codes are given:
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Short overview

S., 1981: two methods of constructing partitions of F” into perfect
binary codes are given:

first one is done using the concatenation construction (S. 1981) for
perfect binary codes,
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Short overview

Short overview

S., 1981: two methods of constructing partitions of F” into perfect
binary codes are given:

first one is done using the concatenation construction (S. 1981) for
perfect binary codes,

another one is done using the well known Vasil'ev switching
construction 1962 for perfect binary codes.
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Short overview

Short overview

The lower bound of different partitions M, constructed by using
the Vasil'ev's construction (1981 by S.) satisfies the lower bound

(n—1)
Mn Z 22 ° M n—1

2

for every admissible n > 31.
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Short overview

Short overview

The lower bound of different partitions M, constructed by using
the Vasil'ev's construction (1981 by S.) satisfies the lower bound

(n—1)
Mn Z 22 ° M n—1

2

for every admissible n > 31.

In 2000 Phelps classified partitions of F’ into perfect codes of
length 7. Despite of the fact that a Hamming code is unique (up
to equivalence) there are 11 such nonequivalent partitions, two of
them are uniform.
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Short overview

Short overview

S. and Gus'kov, 2009, proved that the number of different

partitions of F" into perfect codes of length n satisfies the lower
bound
(n—1) (n—3)
22 2 . 22 4

forevery n=2" -1 m>3.
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Transitive partitions Construction B

Lemma (S. and Gus'kov, 2009)

Among 11 nonequivalent partitions of F’ into the cosets of
Hamming codes there are seven transitive partitions, two of them
are 2-transitive and uniform.
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Transitive partitions Construction B

Lemma (S. and Gus'kov, 2009)

Among 11 nonequivalent partitions of F’ into the cosets of
Hamming codes there are seven transitive partitions, two of them
are 2-transitive and uniform.

Using the Vasil’ev's construction 1962 and also the Mollard's
construction 1986 it is possible to construct the large classes of
transitive partitions of F” into transitive binary codes (not
necessarily into the cosets of Hamming codes).
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Transitive partitions Construction B

The Mollard’s construction

Let C* and D™ be any two binary codes of lengths t and m
respectively with code distances not less than 3. Let

tm
X = (X11,X12,...,le,le,...,XQm,...,th,...,Xtm) e F'm.

The generalized parity-check functions p;(x) and pz(x) are defined
by p1(x) = (01,02,...,0¢) € F', pa(x) = (0],05,...,00,) € F™,
where g; = > x;j and o} = St xij. The set

C"={(x,y + p1(x),z + p2(x)) | x€ F*M,y € C',z€ D™}

is a binary Mollard code of length n = tm + t + m correcting single
errors.

Faina |. Solov'eva On uniform transitive partitions of F” into Hamming codes



Transitive partitions Construction B

Theorem 1, Construction B (S. 2009)

Let Pt ={C3,Cf,...,Cl} and P" = {D§",Dy", ..., D'} be any
transitive families of the codes of length t and m respectively
correcting single errors. Then the family of the codes

P" = {C(?O? C(?l? ooy Ci.?m}

is transitive family of codes of length n = tm + t 4+ m, correcting
single errors, where

7 ={(cy + pi(x).z + pa(x)) | x € F™,y € Cf.z€ DfT}

is a Mollard code, i =0,1,...,¢t; j=0,1,..., m.
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Transitive partitions Construction B

Theorem 2 (S. and Gus'kov, 2009)

If Pt and P™ are 2-transitive partitions, then the family P",
n = tm+ t + m of the perfect codes of length n, given by
Construction B from the partitions Pt and P™, is 2-transitive.
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2-transitive uniform partitions into Hamming codes

Uniform partitions of F” into cosets of Hamming codes with the
smallest possible size of 7, were constructed for length n =7 by
Phelps in 2000 and for any n = 2" — 1 for odd m > 3, using the
Gold function by Krotov in 2014.
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2-transitive uniform partitions into Hamming codes

Uniform partitions of F” into cosets of Hamming codes with the
smallest possible size of 7, were constructed for length n =7 by
Phelps in 2000 and for any n = 2" — 1 for odd m > 3, using the
Gold function by Krotov in 2014.

Exploiting Lemma, the construction B, theorems 1-2 and uniform
partitions presented by Phelps and Krotov we give the recursive
construction of the class of 2-transitive uniform partitions into
Hamming codes.
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2-transitive uniform partitions into Hamming codes

Let e; be a binary vector in F" of weight 1 with one in the ith
coordinate position.
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2-transitive uniform partitions into Hamming codes

Let e; be a binary vector in F" of weight 1 with one in the ith
coordinate position.

Theorem 3 (S. 2018)

Forany n=2"—-1, m>2and e=1,2,...,[(m+1)/2], with the
exception m = 4, e = 1, there exists a 2-transitive uniform
partition P" = {Ho, H1 + e1,..., H, + ey} of F" into cosets of
Hamming codes Hyp, Hi, ..., H, of length n for n, satisfying

logy 17n = logs(|Hi N Hj[) = n —2m + 2e — 6(m),

where §(m) = { 0 for m = 0(mod 2).
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2-transitive uniform partitions into Hamming codes

Corollary (S. 2018)

For any n =2™ — 1, m > 2 there exist at least [(m + 1)/2]
nonequivalent 2-transitive uniform partitions of F" into cosets of
Hamming codes of length n.
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Open Problems

Open Problems

@ It should be noted that this theorem covers a half of possible
values of the numbers 7,. Another part is still open.
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Open Problems

Open Problems

@ It should be noted that this theorem covers a half of possible
values of the numbers 7,. Another part is still open.

@ Find the description of all nonequivalent uniform partitions of
F" into cosets of Hamming codes of length n.
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Open Problems

Open Problems

@ It should be noted that this theorem covers a half of possible
values of the numbers 7,. Another part is still open.

@ Find the description of all nonequivalent uniform partitions of
F" into cosets of Hamming codes of length n.

@ Find the classification of all nonequivalent partitions into
perfect codes in n-dimensional vector space FJ over GF(q),
g=p",p=2,m2=>2.
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Open Problems

Open Problems

It should be noted that this theorem covers a half of possible
values of the numbers 7,. Another part is still open.

Find the description of all nonequivalent uniform partitions of
F" into cosets of Hamming codes of length n.

Find the classification of all nonequivalent partitions into
perfect codes in n-dimensional vector space FJ over GF(q),
g=p",p=2,m2=>2.

Find the classification of all nonequivalent partitions into
perfect codes in F1° (into extended perfect codes in F1°).
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Conclusion

Conclusion

@ The problem of the existence of uniform partitions of the set
F" of all binary vectors of length n into cosets of Hamming
codes is discussed.
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Conclusion

Conclusion

@ The problem of the existence of uniform partitions of the set
F" of all binary vectors of length n into cosets of Hamming
codes is discussed.

@ It is proved that for any n =2m — 1, m > 2 there exist at
least [(m + 1)/2] nonequivalent 2-transitive uniform partitions
of F" into cosets of Hamming codes of length n.
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Thank you for your attention!
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