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Definition of self-similar sets

Definition

Let 8§ ={51,5,,...,Sm} be a system of
contraction maps on the complete metric
space (X, d). A nonempty compact set
KCX is called the attractor of the system

s, if K = L) Si(K).
i=1

v

The maps S; € 8 are supposed to be
similarities and X = R2.
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Definition of self-similar sets

Definition

Let 8§ ={51,5,,...,Sm} be a system of
contraction maps on the complete metric
space (X, d). A nonempty compact set
KCX is called the attractor of the system

s, if K = L) Si(K).
i=1

v

In our case the maps S; € § are similarities
and X = R2.
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Definition of self-similar sets

Definition

Let 8§ ={51,5,,...,Sn} be a system of
contraction maps on (X,d). A nonempty
compact set KCX is called the attractor of

the system 8, if K = |J Si(K).
i=1

In our case the maps S; € § are similarities
and the set X = R.

Kl?

Kll
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Some pictures of self-similar denrites

Definition
A dendrite is a locally connected continuum containing no simple
closed curve.

The aim of our study are self-similar dendrites.
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Some pictures of self-similar denrites
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Some pictures of self-similar denrites
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Contractible P-polygonal system of similarities

Let PCR? be a polygon homeomorphic to a disc
Vp = {A1,...,An. } its vertices with angles Q(P, A;).

. . e . | & S &
Let a system of similarities 8 = {S1,..., Sy}, which 3,)2 o X!
defines polygons P; = S;(P) satisfy: ! i;“i‘ 3’2&‘3{2 ”t?%* .
(D1) For any i€ [, P; liesin P; Y%

P ot P
Bt

Tetenov Topological dendrites generated by m-sprouts



Contractible P-polygonal system of similarities

Let PCR? be a polygon homeomorphic to a disc
Vp = {A1,...,An. } its vertices with angles Q(P, A;).

.. . . A <

Let a system of similarities 8 = {S1,..., Sy}, which 3,)“ 8 Y

. _ ST R oY
defines polygons P; = S;(P) satisfy: ‘ %;{gm. Bordle o

. o #, SR ¥4

(D1) For any i€ [, P; liesin P; W Y%
(D2) Foranyi#j, i,jel, PinP;jis either 3y
empty, or is a common vertex of P; and Pj; M, y{& k9
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Contractible P-polygonal system of similarities

Let PCR? be a polygon homeomorphic to a disc
Vp = {A1,...,An. } its vertices with angles Q(P, A;).

Pt Wy
. " . | 4 = <
Let a system of similarities 8 = {S1,..., Sy}, which 3,)2 o X!
| — H . Kl’\ni 5 & % {‘g
defines polygons P; = S;(P) satisfy: k‘%&%ﬁ A’L‘% o
: W

(D1) Foranyie€l, P;liesin P;

(D2) Forany i#j, i,j€l, PinP;is either
empty, or is a common vertex of P; and P;; L
(D3) Each vertex of P is a vertex of some Pj;

&3

P ot P
Bt

Tetenov Topological dendrites generated by m-sprouts



Contractible P-polygonal system of similarities

Let PCR? be a polygon homeomorphic to a disc
Vp = {A1,...,An. } its vertices with angles Q(P, A;).

Let a system of similarities 8§ = {S1,...,Sn}, which
defines polygons P; = S;(P) satisfy:

(D1) Foranyie€l, P;liesin P;

(D2) Forany i#j, i,j€l, PinP;is either
empty, or is a common vertex of P; and Pj;
(D3) Each vertex of P is a vertex of some P,,
(D4) The union P of all P; '
is contractible.
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Applying the iterations of Hutchinson’s

m
operator T(A) = |J Si(A), we get the s
=1 H
refining system of subpolygons. 7>
\\;é‘)}
7]
[
— i
g —
Ol 3
et Sy S ) 5
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Hata's tree-like set.

Famous Hata's tree like set is also a polygonal dendrite generated
by 7-gons.

As = 51(A4)

A7 = 51(A2)/

v

Ay = S(Aﬁ) Az = 52(A5)
Here the maps are $1(z) = (1+1)zZ/2, S»(z) =(z+1)/2.
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Hata's tree-like set.

Second refinement of the polygonal system for Hata's tree-like set.
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Attractors are dendrites

Theorem (Samuel, Tetenov,2016)

Let 8 be a P-polygonal system of similarities, and K its attractor.
Then K is a dendrite.
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In the dendrite K for any A;, A; € Vp there is unique Jordan arc

7 CK connecting A;, A;. Connecting them all, we get the main
tree of the dendrite K.

Definition

The tree 4 = | vjj is called the main tree of the dendrite K.
i#j

The ramification points of 4 are called the main ramification

points of K.
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Main tree and its ramification points: where they can be

In other words, the main tree is a minimal topological tree
contained in K which connects all the vertices of the polygon P.
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Cut points of K and their order

The set of cut points is a countable union of the images of the
main tree.

Theorem (Tetenov,Samuel,2016)

(i) CP(K)CGs(%);
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Cut points of K and their order

For each cut point y, which is not an image of some vertex, there is
an image Sj(%) of the main tree for which the order of y in 5(%)
and in K are the same.

Theorem (Tetenov,Samuel,2016)

(i) CP(K)CGs(%),
(ii) Ify & Gs(Vp), then there are j € I*, x € CP(%),
such that y = Sj(x) and Ord(y, K) = Ord(x,%) < np.
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Cut points of K and their order

Theorem (Tetenov,Samuel,2016)

(i) CP(K)CGs(9);

(ii) Ify ¢ Gs(Vp), then there are j € I*, x € CP(%),

such that y = 5j(x) and Ord(y,K) = Ord(x,%) < np.

(i) If y € Gg(Vp), then

Ord(y,K) = > Ord(A/k”AY) <(np—1) <{ O —‘ — 1), where O
k=1

emin

is the measure of full angle in RY.
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Order of cut points:Some examples
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Order of cut points:Some examples
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Dimension of cut points and bounded turning

Theorem (Dimensions)

Let (P,8) be a contractible P-polyhedral system and K be its attractor.
(i) dimy(CP(K)) = dimy(¥) < dimy EP(K) = dimy(K);
(ii) dimy(CP(K)) = dimy(K) iff K is a Jordan arc.

| A\

Theorem (Bounded Turning)

diam 7,y e diam P diam P
d(x,y) — (rsin(a/2)) n '

For any x,y € K,
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Example of combinatorial equivalence

There are non-homeomorphic polygonal systems, which are
combinatorically equivalent

L)

4532

Ag A
5 3
2 4/ S
f 2 4 2
5 S
1 o3 1 > 3 1 3

A1 A3
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and therefore generate homeomorphic self-similar dendrites:
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Definition of m-sprout

Suppose we have:
I ={1,...,m} — the index set;
= (V,E) — a tree;

R1: Visdivided into 2 parts V = BU W, ECB x W where #B > m
and the set of endpoints Bfr lies in B.

R2: Injective function v : | — B, which assigns indices to some of
black vertices,

and the edge coloring function ¢ : E — 1, injective on E(w)?

for any w € W.

Definition
Atree [ =T (B, W, E,v, ), satisfying R1,R2, is a m-sprout.

IT(v) = (N(v), E(v)) is a neigbourhood of v € V. in I
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Examples of m-sprouts

Definition

Atree [ =T(B, W, E,v, ), satisfying R1,R2, is a m-sprout.
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Definition of Index diagram.

Each m-sprout has its INDEX DIAGRAM, built the following way:

The map v assigns to each k € [ a vertex b = v(k) € By.
Each e € Ep, has the index ¢(e) and a vertex w € Ny (b).
A digraph G, = (/, &), has vertices from [, and each edge ¢, € €

corresponds to some e € |J Ep so that if b=v(k), and e € Ep, then
bev(l)
€e is directed from k to ¢(e)and is marked by w € W, where w = w(e).

The digraph G, = (/, €) is called the index diagram of m-sprout I'

283 3
1 12 31 a 1 . ]
2 2

The digraph G; may be defined by its INCIDENCE MATRIX.
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m-sprouts and their index diagrams

b
3 /a0 0 5 (2 000
5 1 Do o 5 b 0 0 0
2o b |b b o b o0 o0
'\. 0 b O a1 p
2 —>ee«—e92 \0 2 b 0

Sprouts I (top), their index diagrams G, and matrices (bottom).
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Topological space associated with a sprout

Definition

The space X = (V, ), where T is a topology generated by
{N(b), b € B} is a topological space associated with m-sprout I .

The properties of topology 7:

(i)All {w} are open and Vb € B, {b} is closed.

(i) All N(w) are closed.

(i) B and W are discrete subspaces of X.

(iv) Any two v, v/ € V are connected by unique simple bw-chain
(vi) X is connected, and Vx € V\Bg, X\{x} is disconnected.

(

vii) X — is a quasicompact connected Kolmogorov space.

3 4
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Semigroups Gy, and Gg; Inv(u)

For w € W, define?® ¢, : 1 — 9 by
(k) = o(e) if v(k) € N(w) and e = (w, v(k))
" 0 if (k) ¢ N(w) or k =0

Let Gy be the semigroup, generated by {¢, : w € W}

For w € W, define ¢, : | — | by:
dw(k) = ¢(e) if e € E(w) separates w from v(k).
Let G, be the semigroup, generated by {¢,, : w € W}.

For u € Gy or u € Gy, define Inv(u) = max{l'Cl : u(l') = 1"}

21°={o0,1,...,m}
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Composition of m-sprouts

To make the graph refinements, we define an operation of pasting
the copies of second sprout into white vertices of first sprout.

Let rl(B]_, VV]_7 El» v, (pl), rz(Bz, Wz, E27 7, (p2) be m-sprouts. Define
the composition (B, W, E,v,¢) =T1 %[ by :

W:W1><W2,E:W1XE2
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Composition of m-sprouts

To make the graph refinements, we define an operation of pasting
the copies of second sprout into white vertices of first sprout.

Let rl(B]_, VV]_7 El» v, (pl), rz(Bz, Wz, E27 7, (p2) be m-sprouts. Define
the composition (B, W, E,v,¢) =T1 %[ by :

W=W xW,, E=W; x E and B:(Wl X BQUBl)/R,
where the equivalence R is generated by identifications

wiby ~ by, iff by € (1) and v(p(bywy)) = by

Define v(k) = 11(k) and @(biez) = pa(es).
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Composition of m-sprouts

To make the graph refinements, we define an operation of pasting
the copies of second sprout into white vertices of first sprout.

Let [1(By, Wi, Er,v1,01), Ta(Ba, Wa, Bz, v, p2) be m-sprouts. Define
the composition (B, W, E,v,¢) =Ty x5 by :

W=W x W, E=W, xEand B=(W; x B,UB)/R,
where the equivalence R is generated by identifications

wiby ~ by, iff by € v(I) and v(p(biwi)) = by

Define v(k) = 11(k) and @(bies) = pa(es).
Proposition

=Ty %I, is an m-sprout.

Composition 'y % ['5 is associative.
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Composition of m-sprouts

To make the graph refinements, we define an operation of pasting
the copies of second sprout into white vertices of first sprout.

Let [1(By, Wi, E1,v1,01), T2(Ba, Wa, Bz, 12, p2) be m-sprouts. Define
the composition I'(B, W, E, v, ) =T1 %[5 by :

W=W x W, E=W; x E; and B:(W1XBQU81)/R,
where the equivalence R is generated by identifications

wiby ~ by, iff by € v(I) and v(p(biwy)) = bo

Define v(k) = zZ(\k/) and p(bre) = va(e).

m-sprouts form a semigroup with m-pod as the unity.
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Composition of m-sprouts:step 1

Look how we paste the sprout into itelf:
2@ 3
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Composition of m-sprouts: step 2
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The maps f,, for I

Each w € W, defines an embedding of > to T

For each wy € Wj define f, by : To — T :
fun (b2) = wibz, f, (W) = wiwa, i, (€2) = wie.

1. fu, : T2 — T is an isomorphic embedding,

2. T= U fu(2)
we Wy

3w, w € Wi, w #w, f,(M2) N £ (T2) = N(w) N N(w').

We also define the embedding J of B; to B by J(b1) = by 3

3py is a class of by with respect to R
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The maps f,, for X

Consider the restrictions of f,, to topological space Xi

1.fy, : Xo — X are homeomorphic embeddings, and

2. X= U fu(X2),
we Wy

3.ifw,w' € Wi, w # w, then £,(X2) N1, (X2) = N(w) N N(w).

We define the natural projection m: X — X7 by:

If J(b1) = by and m(x) = {[V)Vll :i iifjv(léf;z.)\J(Bl);

Then mo J = Id|g,
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Projection of X to Xj (black points from Bj)

Black points from J(B;) are identically mapped to themselves,
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Projection of X to X; (all other points)

While all the other points go to respective wi-s.
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Diagrams for triple product

We need the following commutative diagrams for topological spaces
associated with different products of '1, > and I'3:

Let I'1,T2, '3 be m-sprouts, denote I';*; =T, Ty *x Mo %3 = IM23.
Let Xj;, X123 be resp. topology spaces,

let 7'("] for i C j be a projection of Xj to X;, and

J; be the embedding of B; to B;.

Let w € Wy. Consider £, : Xo — X132 and £, : Xo3 — Xi23. Then
the diagrams:

Tl'23 J2
X2 # X23 Bg i> 523
A AP
m15° I3
X2 X123 Bio —— Bi23

are commutative
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Sequences " and X,

Let T =T(B,W,E,v,¢) be a m-sprout. Define " = % ...x[
—_————

n times

Let X1, X5, ..., X,, ... be respective topological spaces, so

X, = B, U W,.

For all parts of the entries of the sequence Xi, Xo, ..., X,, ... we
define f,,, J and ™ maps:

Tnk - Xn+k — Xna Jn,k . Bn — Bn—i—ka fw . Xn — Xn+1

VneN, weW, Xpi1 = | fu(Xn)
weWw

for w,w' € W,w # w, £,,(Xp) N (Xn) = N(w) N N(w')
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Diagrams for X,

The following diagrams are commutative:

X1 1,1 X2 2,1 X3 L T Th—1,1 Xn Th,1
o e e e
X2 ™1 X3 31 X4 Tl T Xn+1 m
X1 ™1 X2 ™1 X3 m31 T Mn—1,1 Xn Tn,1
o 4 J
S b1 J31 Jn-1,1 In1
B B Bs —— ...... B,
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Inverse limit X = lim X,

Let X = Iim X,.
Then the maps f, : X — X, J, : B, — X and 7, : X — X, are
well-defined so that:

1. fy, : X = X are homeomorphic embeddings, and X = va fw (X)),
weW,

2.if w,w' € Wi, w # w/, then £,(X) N i, (X) = NY(w) N N(w').

3. The following diagrams are commutative

X, +—=— X Xp +5— X

lfw lfw U] UT
Th+1 Jn

Xny1 —— X B, —— B
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The simple chains C,(x, y) and chain equations.

1.For any x,y € X and n € N, there is unique simple bw-chain
Cn(x,y)CXp, connecting my(x) and m,(y).

2. Forany n,k € N, Tnk(Cork(x,y)) = Calx, y)

3. For any x,y € X there is a sequence of continuous functions
fn 0 [0,1] — Cu(x,y) such that 7, 4 o foip = f,

4. For any b, b’ € v(I) there are unique s and s-tuples ji, ..., js,
ki,...,ks and I, ..., Is so that for any n, we have the CHAIN
EQUATIONS:

S

Car1(b, ') = | fuw, (Cal(bx;: 1)
i=1
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The semigroup G, defines whether X is Hausdorff.

X is a Hausdorff space IFF for any u € Gy, #Inv(u) < 1.

If #Inv(u) < 1, for any x, y there is unique simple path
Yy : [0,1] = X with endpoints x and y.
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X is a dendrite IFF for any u € Gy, #Inv(u) < 1.

Proposition

For any b, b’ € v(l) we have the MAIN TREE EQUATIONS:

Vbb' = U ka b,
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X has finite ramification order.

Theorem (Tetenov,2017)

If the index diagram of ' does not contain cyclic vertices with
outgoing ramification order > 2, then the ramification order for the
point of X is bounded.

For any wj = w;,j,. .. the fixed point of fw, has ramification order
in X is equal to #Inv(¢y,).
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8 possible types of 3-sprouts with #W =2

Al. 283 A5. 283
1 2.3 2 3.3
1 1 1 1
2 2
A2 193 A6. 193
1 2.3 2 3.3
1 2 1 2
2 2
A3. 193 A7. 393
1 2.2 2 3.2
1 3 1 1
2 2
A4 383 A8. 193
1 2.2 2 3.2
1 1 1 3
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dz=c dp=1d3=q
S.p.metrics equations:

p+qc=1

5 p+qg°=c
_1—q3_ C_1+q2

P=11q 14g
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dz=c, d2=1d3 =g
S.p.metrics equations:

3 p+qc=c

1 p+q°=1

L e 2% 3 y A LD
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diz=1,di=c dz=gq
S.p.metrics equations:

3 pc+qgc=1
1 pc+qg*>=c
_1-4¢
P11 g
14+ ¢

C =
1+g¢

3
2
1 ) 2
4 A 2 2 3
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Type A4 — a Jordan zipper

dip =1, diz =c; d3 = qc
S.p.metrics equations:

pt+q=1
p+qg?c=c
p=1-gq
c=1/(1+q)
5.3
2 2 )
2
~3 1%
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Type A5, self-affine only

diz=a;dp=1,d3=gq

3 S.p.metrics equations:

2 pg+q*=a

pg+ga=1

1— q3 1+ q2

q(1+q) l+gq

a1 <o <o

1 3 and the sides are non-equal

\<b\>b
&
a 2 £
g5 h,
J¢y2w S‘ LB 25 1
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diz=a;dp=1,d3=gq
S.p.metrics equations:

pg+aq=a
pg+q*=1
a=1+gq
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Type AT- self-affine only

diz=1,dp=a d3z=gq

S.p.metrics equations:
pg+aq=a
pa+q’=1

——a=1+4gq
q
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dz=1dp=a d3z=gq
S.p.metrics equations:
pg+ag=1;pg+q*=a

1-¢° , 1+4q°
. q(1+q) l+q
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Type A8, self-affine

diz=1,dp=a d3z=gq
S.p.metrics equations:

53 patag=1ipg+q=a
: _ 1_q3- _1+q2

p=—r—=; a=
q(1+q) l+q

1 "«1.,}- o TS A
J 7 e N o,
A B %3 5~ v TN
2 % % L5 3 \
L~ @ S=\F o ff,‘xﬁ? 73
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Infinitely ramified self-affine dendrite

dip = pdb3; das = qdy2,
so there is no self-similar

2 3202 1
1 3 short path metrics on K
by is cyclic point with outgoing order

2 in Gy, so by has infinite order in K
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TO BE CONTINUED
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