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Digraphs and skew-adjacency matrices

.
Definition 1
..

......

A digraph is a pair D = (V,A) s.t. V is a finite set and
A ⊂ {(x, y) ∈ V × V |x ̸= y}.

Assume x → y denotes (x, y) ∈ A.

.
Definition 2
..

......

For a digraph D, the skew-adjacency matrix S(D) is defined as

S(D)xy =


1 if x → y

−1 if y → x

0 otherwise
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Skew energy

.
Definition 3
..

......

Let S be a skew-adjacency matrix and λi (i = 1, . . . , n) be the
eigenvalues of S. Then the skew energy, denoted by ε(S), is defined
as

ε(S) =
n∑

i=1

|λi|.

The α-skew energy, denoted by εα(S), is defined as

εα(S) =
n∑

i=1

|λi|α.

Note that ε(S) = ε1(S).
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Tournaments
.
Definition 4
..

......

A tournament is a digraph s.t. either x → y or y → x holds for all
x, y ∈ V (x ̸= y).

A tournament U :
x

z

y

w

The skew-adjacency matrix S(U):
x y z w

x 0 1 −1 1
y −1 0 1 1
z 1 −1 0 1
w −1 −1 −1 0


ϕU(x) = x4 + 6x2 + 9

Spec(S(U)) = {
√
−3,

√
−3,−

√
−3,−

√
−3}

⇒ε(S(U)) = 4
√
3
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Properties of skew-adjacency matrices

Sn : The set of skew-adjacency matrices of all tournaments of order n
Properties of S ∈ Sn

▶ S is skew-symmetric and SST = −S2.

▶ ∀i = 1, . . . , n, λi ∈
√
−1R.

▶ λ is an eigenvalue of S =⇒ −λ is also an eigenvalue of S.

▶ n is even =⇒ All eigenvalues of SST are positive.

▶ ∀i = 1, . . . , n, (−S2)ii = n− 1.
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Results

Maximum Skew energy α-skew energy

(0 ≤ α ≤ 2)

n ≡ 0 (mod 4) n
√
n− 1 n(n− 1)

α
2

n ≡ 1 (mod 4)

n ≡ 2 (mod 4)

2
√
2n− 3 2(2n− 3)

α
2

+(n− 2)
√
n− 3 +(n− 2)(n− 3)

α
2

n ≡ 3 (mod 4) (n− 1)
√
n

Note In skew energy, the equivalence conditions that equality holds
are determined for n ≡ 0, 3 (mod 4).
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Comparison of α-skew energy
.
Lemma 5 (Efroymson-Swartz-Wendroff(1980))
..

......

Let xk, yk ∈ R≥0 (k = 1, . . . , n). If ei(x1, . . . , xn) ≤ ei(y1, . . . , yn)
for all i = 1, . . . , n, then

xα
1 + · · ·+ xα

n ≤ yα1 + · · ·+ yαn (0 ≤ α ≤ 1),
where ei is the elementary symmetric polynomial of degree i.

For A ∈ Mn(C), let A[k1, . . . , ki] be the principal submatrix of A
indexed by {k1, . . . , ki} ⊂ {1, . . . , n}.
.
Lemma 6
..

......

Let S, T ∈ Sn. For ∀i = 0, 1, . . . , n,∑
1≤k1<···<ki≤n

detSST [k1, . . . , ki] ≤
∑

1≤k1<···<ki≤n

detTT T [k1, . . . , ki]

=⇒ εα(S) ≤ εα(T ) (0 ≤ α ≤ 2).
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Maximum α-skew energy for n ≡ 2 (mod 4)

.
Theorem 7 (I.)
..

......

Let n ≡ 2 (mod 4). For ∀S ∈ Sn and 0 ≤ α ≤ 2,

εα(S) ≤ 2(2n− 3)
α
2 + (n− 2)(n− 3)

α
2 .

If M ∈ Sn satisfies MMT =

(
L(n

2
) 0

0 L(n
2
)

)
, then equality holds

for M , where L(k) = (n− 3)Ik + 2Jk.

The spectrum of

(
L(n

2
) 0

0 L(n
2
)

)
is {2n− 3(2), n− 3(n−2)}.
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Maximum α-skew energy for n ≡ 2 (mod 4)
.
Lemma 8 (Fischer’s inequality)
..

......

Let M =

[
A B
BT C

]
be a positive definite symmetric matrix and

A,C (̸= 0) be square matrices. Then detM ≤ detA detC.
Equality holds ⇔ B = 0.

.
Lemma 9 (Wojtas(1964))
..

......

Let A = [aij] be a positive definite symmetric matrix of order n with
aii = m for ∀i and a = mini,j |aij|.Then

detA ≤ det((m− a)In + aJn).

Equality holds ⇔ A ∈ {D1((m− a)In + aJn)D2 | D1, D2 ∈ Dn},
where Dn is the set of {±1}-diagonal matrices of order n.
Moreover det((m− a)In + aJn) = (m+ na− a)(m− a)n−1.
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Maximum α-skew energy for n ≡ 2 (mod 4)

.
Lemma 10
..

......

Let n ≡ 2 (mod 4) and A = [aij] = SST for S ∈ Sn. axy ≡ 0
(mod 4) for some (x, y) (x ̸= y),

⇒ ∃P ∈ Pn s.t. P TAP =

[
B C
CT B′

]
,

where Pn is the set of all permutation matrices of order n,
Bxy, B

′
xy ≡ 2 (mod 4) for ∀x, y (x ̸= y) and Cxy ≡ 0 (mod 4) for

∀x, y.
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.
Theorem 7 (Recall)
..

......

Let n ≡ 2 (mod 4). For ∀S ∈ Sn and 0 ≤ α ≤ 2,

εα(S) ≤ 2(2n− 3)
α
2 + (n− 2)(n− 3)

α
2 .

If M ∈ Sn satisfies MMT =

(
L(n

2
) 0

0 L(n
2
)

)
, then equality holds,

where L(k) = (n− 3)Ik + 2Jk.

Proof. If (SST )xy ̸= 0 for ∀x, y (x ̸= y) =⇒ minx,y |(SST )xy| = 2.
For ∀i = 1, . . . , n and ∀{k1, . . . , ki} ⊂ {1, . . . , n},

detSST [k1, . . . , k1] ≤ det((n− 3)In + 2Jn)[k1, . . . , ki]

= det((n− 3)Ii + 2Ji) ≤ detN [k1, . . . , ki],

where

N =

(
L(n/2) 0

0 L(n/2)

)
.
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If (SST )xy = 0 for some x, y (x ̸= y), then we can assume h ≤ n/2
and SST is partitioned into

SST =


n/2︷︸︸︷ n/2−h︷︸︸︷ h︷︸︸︷
B1 C D1

CT B2 D2

DT
1 DT

2 B3

,

where
(Bk)xy ≡ 2 (mod 4) for ∀x, y (x ̸= y) (k = 1, 2, 3),

Cxy ≡ 2 (mod 4) for ∀x, y,
(Dk)xy ≡ 0 (mod 4) for ∀x, y (k = 1, 2)

.

Let

K1 ⊂ {1, . . . , n/2}, K2 ⊂ {n/2, . . . , n−h}, K3 ⊂ {n−h+1, . . . , n}

and |Kj| = mj (j = 1, 2, 3) s.t. m1 +m2 +m3 = i.
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For any triad of subsets (K1, K2, K3),

detSST [K1, K2,K3] =


m1︷︸︸︷ m2︷︸︸︷ m3︷︸︸︷

B1[K1] C ′ D′
1

C ′T B2[K2] D′
2

D′T
1 D′T

2 B3[K3]



≤ det


m1︷︸︸︷ m2︷︸︸︷

B1[K1] C ′

C ′T B2[K2]

 detB3[K3]

≤ detL(m1 +m2) detL(m3).

= detN ′[K1, K2, K3],

where

N ′ =

(
L(n− h) 0

0 L(h)

)
.
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By direct calculation,∑
detN ′[K1, K2, K3] ≤

∑
detN [K1, K2, K3]

holds.

=⇒
∑

detSST [K1, K2, K3] ≤
∑

detN [K1, K2, K3].

By Spec(N) = {2n− 3(2), n− 3(n−2)} and Lemma 6,

εα(S) ≤ 2(2n− 3)
α
2 + (n− 2)(n− 3)

α
2 .

Thank you for your attention.
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