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In the talk we concern the recent progress in the study of
Steady Navier–Stokes System. The talk is based on some new
results obtained in our joint papers with Konstantin Pileckas
(University of Vilnius), Remigio Russo (Universita della
Campania L.Vanvitelli), and Xiao Ren (Fudan University).
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Sea waves
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Our results are related to the so-called Leray’s problems in
mathematical fluid mechanics, which remaine open for more
than 80 years (starting from the publication of the famous paper
of Jean Leray 1933 ).
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Two outstanding mathematicians of XX century: J. Leray
and S.L. Sobolev.
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Consider the Navier–Stokes problem

−ν∆u +
(
u · ∇

)
u +∇p = 0 in Ω,

div u = 0 in Ω,

u = a on ∂Ω,

lim
|x|→+∞

u(x) = u∞

(NS)

in the exterior domain Ω = R3 \
( N⋃

j=1
Ω̄j
)
, (*)

Leray Theorem 1933. Assume that Ω ⊂ R3 is an exterior
axially symmetric domain of type (∗) with C2-smooth boundary
∂Ω, u∞ ∈ R3, and suppose that the boundary data
a ∈ W3/2,2(∂Ω) satisfies the condition of zero fluxes

Fj =

∫
∂Ωj

a · n dS = 0 j = 1, . . . ,N.

Then (NS) admits at least one solution u
satisfying

∫
Ω |∇u|2 dx < +∞.
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Consider the Navier–Stokes problem

−ν∆u +
(
u · ∇

)
u +∇p = f in Ω,

div u = 0 in Ω,

u = a on ∂Ω,

lim
|x|→+∞

u(x) = u∞

(NS)

in the exterior domain Ω = R3 \
( N⋃

j=1
Ω̄j
)
, (*)

Theorem [KPR2018]. Assume that Ω ⊂ R3 is an exterior axially
symmetric domain of type (∗) with C2-smooth boundary ∂Ω,
and u∞ ∈ R3, f ∈ W1,2(Ω), a ∈ W3/2,2(∂Ω) are axially symmetric.
Then (NS) admits at least one axially symmetric solution u
satisfying

∫
Ω |∇u|2 dx < +∞.
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But the case of steady NS in exterior plane domain surprisingly
turns out to be much more difficult than in 3d case.
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Let

Ω = R2 \
N⋃

i=1

Ωi,

where Ωi are N pairwise disjoint smooth domains. The
boundary value problem for the Navier–Stokes equations in Ω is

ν∆u− u · ∇u−∇p = 0 in Ω,

div u = 0 in Ω,

u = a on ∂Ω,

(NS)

with the condition at infinity

lim
x→∞

u(x) = u∞, (ass)

where a and u∞ are an assigned field on ∂Ω and a constant
vector respectively.
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ν∆u− u · ∇u−∇p = 0 in Ω,

div u = 0 in Ω,

u = a on ∂Ω,

(NS)

lim
x→∞

u(x) = u∞. (ass)

From a pioneering paper by J. Leray [1933] it is now customary
to look for a solution to (NS) with finite Dirichlet integral∫

Ω

|∇u|2 < +∞, (1)

known also as D–solution. As is well known, it is analytic in Ω.
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The problem is particularly meaningful in view of the famous
Stokes paradox which asserts that the Stokes system

ν∆u−∇p = 0 in Ω,

div u = 0 in Ω,

u = 0 on ∂Ω,

lim
x→∞

u(x) = u∞,

(Stokes)

obtained by linearizing (NS) has no solutions if u∞ 6= 0.

Fudan University On Steady Navier-Stokes equations in 2D exterior domains



Stokes himself gave the following explanation: The pressure of
the cylinder on the fluid continuously tends to increase the
quantity of fluid which it carries with it, while the friction of the
fluid at a distance from the cylinder continually tends to
diminish it. In the case of a sphere, these two causes
eventually counteract each other, and the motion becomes
uniform. But in the case of a cylinder, the increase in the
quantity of the fluid carried continually gains on the decrease
due to the friction of the surrounding fluid, and the quantity
carried increases indefinitely as the cylinder moves on.
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The celebrated J.Leray’s paper [JMPA1933] can be considered
as a landmark point in the study of the nonlinear NS-problem.

The first page of the classical paper of Jean Leray 1933.
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The existence of a D–solution to (NS) have been established by
J. Leray [1933] by the so–called method of invading domains if
the fluxes through every ∂Ωi vanish

Fi =

∫
∂Ωi

a · n dS = 0, i = 1 . . . ,N. (VF)
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The existence of a D–solution to (NS) have been established by
J. Leray [1933] by the so–called method of invading domains if
the fluxes through every ∂Ωi vanish

Fi =

∫
∂Ωi

a · n dS = 0, i = 1 . . . ,N. (VF)

In particular, this method works for the physically most
important “Flow Past an Obstacle” problem, i.e., when a = 0.

Fudan University On Steady Navier-Stokes equations in 2D exterior domains



Flow Past an Obstacle problem
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Leray’s invading domains-method essentially consists in
showing that the solutions (uk, pk) to the sequence of problems

ν∆u− u · ∇u−∇p = 0 in Ωk,

div u = 0 in Ωk,

u = 0 on ∂Ω,

u = u∞ on ∂BRk ,

(NSk)

for Rk+1 > Rk →∞, satisfies the estimate
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Leray’s invading domains-method essentially consists in
showing that the solutions (uk, pk) to the sequence of problems

ν∆u− u · ∇u−∇p = 0 in Ωk,

div u = 0 in Ωk,

u = 0 on ∂Ω,

u = u∞ on ∂BRk ,

(NSk)

for Rk+1 > Rk →∞, satisfies the estimate∫
Ωk

|∇uk|2 ≤ c (est)

for some positive constant c independent of k.
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Leray’s invading domains-method essentially consists in
showing that the solutions (uk, pk) to the sequence of problems

ν∆u− u · ∇u−∇p = 0 in Ωk,

div u = 0 in Ωk,

u = 0 on ∂Ω,

u = u∞ on ∂BRk ,

(NSk)

for Rk+1 > Rk →∞, satisfies the estimate∫
Ωk

|∇uk|2 ≤ c (est)

for some positive constant c independent of k. Then of course

uk ⇀ uL,

where uL is a solution to (NS1−3), but the method is unable to
give any information about the asymptotic behavior of
uL(x) →

|x|→∞
???, e.g., u could be even unbounded (apriory).
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This achievement of Leray immediately raises two crucial
questions:
(1) Is the constructed solution uL nontrivial, i.e., can we exclude
the identity uL ≡ 0?
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This achievement of Leray immediately raises two crucial
questions:
(1) Is the constructed solution uL nontrivial, i.e., can we exclude
the identity uL ≡ 0?
This question is rather natural, since if we apply the Leray
“invading domains” method to the corresponding Stokes
system, then the limiting solution will be identically zero.
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This achievement of Leray immediately raises two crucial
questions:
(1) Is the constructed solution uL nontrivial, i.e., can we exclude
the identity uL ≡ 0?
This question is rather natural, since if we apply the Leray
“invading domains” method to the corresponding Stokes
system, then the limiting solution will be identically zero.

(2) If wL is nontrivial, what can we say about its behavior at
infinity? Namely, can we guarantee the desired convergence

uL(z)→ u∞ as |z| → ∞ ? (2)
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The result of Leray was rediscovered by H. Fujita [1961] by
means of a different technique. Nevertheless, due to a lack of a
uniqueness theorem, the two solutions could have different
behavior at infinity.
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H. Fujita (1961)
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The first existence theorem for (NS) satisfying the condition at
infinity

u(x)→ u∞ as x→∞ (Cond Inf )

is due to D.R. Smith and R. Finn [1967]: if 0 6= u∞ is sufficiently
small, then there is a D–solution to (NS) which converges
uniformly to u∞. This result is particularly meaningful in view of
above mentioned Stokes paradox which asserts that the
corresponding linear Stokes system has no solutions.
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R. Finn and V.Pukhnachev
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The “symmetric” question, whether the system

ν∆u− u · ∇u−∇p = 0 in Ω,

div u = 0 in Ω,

u = a on ∂Ω,

lim
x→∞

u(x) = 0,

(NS)

admits a solution constant on ∂Ω and zero at infinity has no
answer yet, also for small data!
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The “symmetric” question, whether the system

ν∆u− u · ∇u−∇p = 0 in Ω,

div u = 0 in Ω,

u = a on ∂Ω,

lim
x→∞

u(x) = 0,

(NS)

admits a solution constant on ∂Ω and zero at infinity has no
answer yet, also for small data!
The existence of such solutions (for non-constant boundary
data) was proved by [PileckasRusso2012] under symmetry
conditions with respect to both coordinate axis.
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The problem of the asymptotic behavior of an arbitrary
D–solution (u, p) to (NS) at infinity was tackled by D. Gilbarg &
H. Weinberger and C. Amick.
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David Gilbarg
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The problem of the asymptotic behavior of an arbitrary
D–solution (u, p) to (NS) at infinity was tackled by D. Gilbarg &
H. Weinberger. In [GW78] it is showed that

p(x)− p0 = o(1) as r = |x| → ∞,

i.e., pressure has a limit at infinity (one can choose, say, p→ 0 ).
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The problem of the asymptotic behavior of an arbitrary
D–solution (u, p) to (NS) at infinity was tackled by D. Gilbarg &
H. Weinberger. In [GW78] it is showed that

p(x)− p0 = o(1) as r = |x| → ∞,

i.e., pressure has a limit at infinity (one can choose, say,
p→ 0 ), and

u(x) = o(log1/2 r),

ω = o(r−3/4 log1/8 r),

∇u(x) = o(r−3/4 log9/8 r),

(3)

where
ω = ∂1u2 − ∂2u1

is the corresponding vorticity.
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Amick proved that if

u ≡ 0 on ∂Ω,

then u is bounded.
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Also, he proved that the solutions obtained by the Leray method
are nontrivial in case of symmetric domains with respect to the
x2–axis (say), i.e, (x1, x2) ∈ Ω⇒ (x1,−x2) ∈ Ω.
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Amick symmetry assumption (1984)
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Also, he proved that the solutions obtained by the Leray method
are nontrivial in case of symmetric domains with respect to the
x2–axis (say), i.e, (x1, x2) ∈ Ω⇒ (x1,−x2) ∈ Ω. This result is
remarkable in that it is the first step to exclude the non–linear
Stokes paradox for every ν, at least for axis–symmetric
domains.
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Furthermore, Amick proved that under these symmetry
assumptions any D-solution to the flow around the obstacle
problem converges uniformly to some constant vector u0 ∈ R2.
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Furthermore, Amick proved that under these symmetry
assumptions any D-solution to the flow around the obstacle
problem converges uniformly to some constant vector u0 ∈ R2.

u(x) ⇒ u0 as |x| → ∞.
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Under Amick’s symmetry assumptions with respect to one axis,
the existence theorem for arbitrary fluxes was proved in the
recent paper [KPR2014].
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Main results
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Main results
Theorem 1 [KPR2017]. Let u be a solution to the N–S system{

−ν∆u + u · ∇u +∇p = 0 in Ω,

div u = 0 in Ω
(NS)

in the exterior domain Ω ⊂ R2. Suppose that
∫
Ω

|∇u|2 <∞ (i.e.,

u is a D-solution). Then u is uniformly bounded in the
neighborhood of infinity, i.e.,

sup
|x|>R0

|u(x)| <∞, (4)

where BR0 = {x ∈ R2 : |x| < R0} ⊃ ∂Ω.
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Theorem 2 [KPR2017]. Let Ω be an exterior domain with
smooth compact boundary. Suppose that a ∈ W1/2,2(∂Ω) and
the identity

N∑
i=1

Fi = 0

holds, i.e., if the total flux is zero. Then there exists a D-solution
u to the Navier–Stokes system (NS) with boundary condition

u = a on ∂Ω.
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Theorem 3 [KPR2018]. Let u be a solution to the N–S system{
−ν∆u + u · ∇u +∇p = 0 in Ω,

div u = 0 in Ω
(NS)

in the exterior smooth domain Ω ⊂ R2. Suppose that∫
Ω

|∇u|2 <∞ (i.e., u is a D-solution). Then u has a uniform limit

at infinity, i.e.,
u(x) ⇒ u0 as |x| → ∞

for some u0 ∈ R2.
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Theorem 4 [KPR2018]. Leray solution of the flow around an
obstacle problem (when a = 0,u∞ 6= 0 ) is always nontrivial.
These solutions converges to some constant vector u0 when
|x| → ∞.
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Theorem 4 [KPR2018]. Leray solution of the flow around an
obstacle problem (when a = 0,u∞ 6= 0 ) is always nontrivial.
These solutions converges to some constant vector u0 when
|x| → ∞.

Open question: u0 = u∞?
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Finn and Smith, 1967: “We remark that for solutions in three
dimensions, the uniqueness of a small solution has been
proved in the class of all solutions which exhibit the same
qualitative asymptotic properties at infinity. We have been
unable to obtain a comparable result in the present case.”
G.P. Galdi, 2011: “Maybe uniqueness of generalized solutions
is a more complicated question than existence itself. Indeed it
represents a formidable problem that, for its resolution, requires
in my opinion the contribution of completely new ideas and
methods... Nevertheless, what is certainly true is that, if the
Reynolds number is ‘sufficiently’ large and the flux through the
wall is not zero, uniqueness of generalized solutions is lost, as
can be seen by means of simple examples.”
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J. Guillod and P. Wittwer, Proc. Amer. Math. Soc., 2018: “The
question of the uniqueness of weak solutions for small data is
even more open in two-dimensional exterior domains... For
two-dimensional exterior domains with nonempty boundary, we
would apriory also expect the existence of infinitely many weak
solutions parameterized by some parameter”.

Fudan University On Steady Navier-Stokes equations in 2D exterior domains



Theorem 5 [K,XiaoRen2020]. There exists a positive constant
λ0 depending only on the geometry of ∂Ω, such that, for
0 < |u∞| < λ0 and for arbitrary D-solution u to the exterior
problem

ν∆u− u · ∇u−∇p = 0 in Ω,

div u = 0 in Ω,

u = 0 on ∂Ω,

limx→∞ u(x) = u∞,

(NS)

the identity u(z) ≡ uFS(z) holds.
Here uFS(z) is the classical Finn-Smith solution constructed in
1967.
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Theorem 6 [K,XiaoRen2021]. There exists a positive constant
λ0 depending only on the geometry of ∂Ω, such that for
0 < |u∞| < λ0 the corresponding Leray solution u = uL

(obtained by the invading domain method) has the prescribed
limit at infinity, i.e., it satisfies all the required conditions:

ν∆u− u · ∇u−∇p = 0 in Ω,

div u = 0 in Ω,

u = 0 on ∂Ω,

limx→∞ u(x) = u∞.

(NS)
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Thus, despite the recent advances, there remain many
unsolved and attractive problems for steady NS system:
the Leray problem in a bounded three-dimensional domain in
the general case (without assumptions of axial symmetry),
the similar problem in exterior three-dimensional domains, and,
of course, the Leray problem in exterior two-dimensional
domains.
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There are also other very interesting problems, for example,
existence of a solution in a pipe with asymptotic as
the Poiseuille flow, Liouville type theorems for steady NS
system in the whole three-dimensional space, etc.
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太谢谢您了！！！ 

Fudan University On Steady Navier-Stokes equations in 2D exterior domains



Isaac Newton (1689, by Godfrey Kneller)
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