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I: VVEDENIE. Oboznaqeni�:

• W – kompaktnoe mnogoobrazie, dimW = d , ∂W = ∅;

• R(W ) – prostranstvo vseh Rimanovyh metrik;

• “psc-metrika g” = “metrika g s polo�itel~no@i

skal�rno@i krivizno@i sg > 0”;

• Rpsc(W ) ⊂ R(W ) – podprostranstvo psc-metrik.

• Esli ∂W 6= ∅, togda

R(W ) := {g = h + dt2 okolo ∂W gde h ∈ R(∂W )} ⊃ Rpsc(W ).

Zameqanie: Esli M = ∂W , to imeem otobra�enie:

res : Rpsc(W )→ Rpsc(M), Rpsc(W )h := res−1(h), h ∈ Rpsc(M).

Teoremafiber bundle. (Chernysh, 2006, Ebert-Frenck, 2018)
Otobra�enie res : Rpsc(W )→ Rpsc(M) �vl�ets� rassloeniem

Serra.
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Suwestvovanie psc-metrik: My rassmatrivaem zdes~

odnosv�znye mnogoobrazi� razmernosti kak minimum p�t~.

V �tom klasse mnogoobrazi@i ime�ts� dva fundamental~nyh

rezul~tata:

Teoremanon−spin. (Gromov-Lawson, 1979) Esli W { zamknutoe

kompaktnoe nespinornoe i odnosv�znoe mnogoobrazie s

dimW ≥ 5, to Rpsc(W ) 6= ∅.

Napomn� qto gladkoe orientirovannoe mnogoobrazie W
spinorno esli vtoro@i klass Xtifel�-Uitni w2(W ) = 0.

Esli g ∈ R(W ), to imeets� kanoniqeskoe spinornoe
rassloenie Sg →W i operator Diraka Dg de@istvu�wi@i na

prostranstve seqeni@i L2(W ,Sg ).

TeoremaDirac. (Lichnerowicz 1960)

D2
g = ∆s

g + 1
4sg .

T.e. esli sg > 0, to operator Dg obratim.
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Dl� spinornogo mnogoobrazi� W imeem otobra�enie

(W , g) 7→ Dg√
D2
g + 1

∈ Fredd ,0,

gde Fredd ,0 { prostranstvo C`d -line@inyh Fredgol~movyh
operatorov, d = dimW .

Prostranstvo Fredd ,0 tak�e klassificiruet vewestvennu�

K -teori�, t.e.
πqFredd ,0 = KOd+q.

Poluqem otobra�enie indeksa:

α : (W , g) 7→ ind(Dg ) = [Dg ] ∈ π0Fredd ,0 = KOd .

Oqevidno indeks ind(Dg ) ne zavisit ot metriki g .

Teori� Indeksa daet gomomorfizm: α : ΩSpin
d −→ KOd , t.e.

α(W ) := ind(Dg ) �vl�ets� prep�tstviem k suwestvovani�

psc-metriki.
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Teoremanon−spin. (Gromov-Lawson, 1979) Esli W { zamknutoe

kompaktnoe nespinornoe i odnosv�znoe mnogoobrazie s

dimW ≥ 5, to Rpsc(W ) 6= ∅.

Teoremaspin.(Gromov-Lawson 1979, Stolz 1993) Esli W {

zamknutoe spinornoe odnosv�znoe mnogoobrazie s

d = dimW ≥ 5, to Rpsc(W ) 6= ∅ togda i tol~ko togda

α(W ) = 0 v gruppe KOd .

Lemmasurgery. (Gromov-Lawson, 1979) Esli g { metrika na W
s sg > 0, a W ′ { rezul~tat hirurgii na W korazmernosti kak

minimum tri, to suwestvuet metrika g ′ na W ′ s sg ′ > 0.

Teoremasurgery (Chernysh, 2006, Walsh, 2010) Pust~ W i W ′ {
odnosv�znye spinorno kobordantnye mnogoobrazi�, dim ≥ 5.
Togda

Rpsc(W ) ∼= Rpsc(W ′).

Esli ∂W = ∂W ′ 6= ∅, i h ∈ Rpsc(∂W ), to

Rpsc(W )h ∼= Rpsc(W ′)h.
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Primer. My poka�em qto Z ⊂ π0Rpsc(S7).

Rassmotrim mnogoobrazie Botta B, t.e. B { odnosv�znoe

spinornoe mnogoobrazie, dimB = 8, i α(B8) = Â(B) = 1.

B̄ := B \ (D8
1 t D8

2 )(S7, g0)
(S7, g1)

Takim obrazom, Z ⊂ π0Rpsc(S7).

Osnovno@i Vopros: Kakova topologi� prostranstva Rpsc(W )
dl� spinornogo mnogoobrazi� W ?

Qastiqno my otvetim na �tot vopros.



Primer. My poka�em qto Z ⊂ π0Rpsc(S7).

Rassmotrim mnogoobrazie Botta B, t.e. B { odnosv�znoe

spinornoe mnogoobrazie, dimB = 8, i α(B8) = Â(B) = 1.

B̄ := B \ (D8
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Takim obrazom, Z ⊂ π0Rpsc(S7).

Otkryta� Problema: Kakova topologi� prostranstva

Rpsc(W ) dl� ne spinornogo mnogoobrazi� W ?

Poka my znaem tol~ko qto Rpsc(W ) 6= ∅.



Otobra�enie “Index-difference” (N.Hitchin):

Fiksiruem metriku g0 ∈ Rpsc(W ) 6= ∅ (otmeqenna� toqka), i
voz~mem l�bu� metriku g ∈ Rpsc(W ).
Rassmotrim gt = (1− t)g0 + tg .

g

g0

R(W )

Rpsc(W )

Fredd,0

(Fredd,0)+
invertibe operators

@R

Fakt: Prostranstvo (Fredd ,0)+ st�givaemo.

Poluqaem otobra�enie: Ag0 : Rpsc(W ) −→ ΩFredd ,0 i,

sootvetstvenno, gomomorfizm v gomotopiqeskih gruppah:

(Ag0)∗ : πkRpsc(W ) −→ πkΩFredd ,0 = KOk+d+1
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Imeets� al~ternativna� konstrukci� otobra�eni�

“index-difference”:

Op�t~ g0 ∈ Rpsc(W ) 6= ∅ { otmeqenna� toqka, g ∈ Rpsc(W ) {
l�ba� metrika, i gt = (1− t)g0 + tg .

Poluqaem cilindr W × I s metriko@i ḡ = gt + dt2:

g0 gḡ = gt + dt2

W × I

Poluqaem operator Diraka Dḡ s APS (Atyiah-Patodi-Singer)
graniqnymi uslovi�mi. �ta konstrukci� opredel�et

vtoroe otobra�enie:

inddiffg0 : Rpsc(W )→ ΩFredd ,0, g 7→ Dḡ√
D2

ḡ+1
∈ Fredd+1,0 ∼ ΩFredd ,0.

Teori� Indeksa: inddiffg0 ∼ Ag0 .



Itak, rassmotrim otobra�enie “index-difference”:

Ag0 : Rpsc(W ) −→ ΩFredd ,0,

gde g0 ∈ Rpsc(W ) { \otmeqenna� toqka".

Teorema. (B, Ebert, Randal-Williams, 2014) Pust~ W {

spinornoe mnogoobrazie, dimW = d ≥ 6, i g0 ∈ Rpsc(W ).
Togda gomomorfizm

πkRpsc(W )
(Ag0 )∗
−−−−→ KOk+d+1 =


Z k + d + 1 ≡ 0, 4 (8)
Z2 k + d + 1 ≡ 1, 2 (8)
0 else

netrivialen kogda gruppa v obraze nenuleva�.

• Teorema verna kogda dimW = d ≥ 5 (Perlmutter 2017).

• �to vkl�qaet i obobwaet rannie rezul~taty (Hitchin,
1975), (Crowley-Schick 2012), (Hanke-Schick-Steimle 2013).

• Dal~ne@ixie obobweni� poluqeny dl� neodnosv�znyh

spinornyh mnogoobrazi@i. (Ebert, Randal-Williams, 2018,
2019)
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II: Idei dokazatel~stva. Opredelim klassificiru�wee

prostranstvo BDiff∂(W ). Dl� sv�znogo spinornogo
mnogoobrazi� W s granice@i ∂W 6= ∅ zafiksiruem vorotnik

∂W × (−ε0, 0] ↪→W i opredelim

Diff∂(W ) := {ϕ ∈ Diff(W ) | ϕ = Id near ∂W }.

Zafiksiruem vlo�enie ι∂ : ∂W × (−ε0, 0] ↪→ Rm i

rassmotrim sledu�wee prostranstvo vlo�eni@i:

Emb∂(W ,Rd+∞) = {ι : W ↪→ Rd+∞ | ι|∂W×(−ε0,0] = ι∂ }

Gruppa Diff∂(W ) de@istvuet svobodno na Emb∂(W ,Rd+∞)

reparametrizacie@i: (ϕ, ι) 7→ (W
ϕ→W

ι
↪→ Rd+∞). Togda

BDiff∂(W ) = Emb∂(W ,Rd+∞)/Diff∂(W ).

Zametim qto prostranstvo BDiff∂(W ) klassificiruet
gladkie rassloeni� so sloem W .
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Prostranstva module@i metrik. Pust~ W { sv�znoe

spinornoe mnogoobrazie s granice@i ∂W 6= ∅, h0 ∈ Rpsc(∂W ).
Napomnim:

R(W )h0 := {g ∈ R(W ) | g = h0 + dt2 okolo ∂W },

Diff∂(W ) := {ϕ ∈ Diff(W ) | ϕ = Id okolo ∂W }.

Gruppa Diff∂(W ) tak�e de@istvuet svobodno na R(W )h0 i

Rpsc(W )h0 :

M(W )h0 = R(W )h0/Diff∂(W ) = BDiff∂(W ),

Mpsc(W )h0 = Rpsc(W )h0/Diff∂(W ).

Rassmotrim otobra�enieMpsc(W )h0 → BDiff∂(W ) kak
rassloenie Serra:

Rpsc(W )h0 →M
psc(W )h0 → BDiff∂(W )
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Zameqanie: Hot� prostranstva psc-metrik gomotopiqeski
�kvivalentny dl� vseh odnosv�znyh spinornyh

mnogoobrazi@i (danno@i razmernosti), to prostransva

module@i psc-metrik mogut suwestvenno otliqat~s�.

Primer. W = Dd , i h0 { standartna� krugla� metrika na

sfere ∂Dd = Sd−1.

Teoremamoduli space. (Farrell, Hsiang, 1978)

πiBDiff∂(Dd)⊗Q =

{
Q if d odd, i = 4k ,
0 else.

for 0 < i << d.

Oboznaqim ι :Mpsc(Dd)h0 →M(Dd)h0 vlo�enie.

Teoremapcs−moduli space.(B, Hanke, Schick, Walsh, 2010)
Vlo�enie ι :Mpsc(Dd)h0 →M(Dd)h0 induciruet �pimorfizm

πiMpsc(Dd)h0 ⊗Q→ πiM(Dd)h0 ⊗Q for 0 < i << d.
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Pust~ g0 ∈ Rpsc(W )h0 { \otmeqenna� toqka".

Poluqaem rassloenie:

Esli ϕ : I → BDiff∂(W ) { petl�,

taka� qto ϕ(0) = ϕ(1) = g0, i

ϕ̃ : I →Mpsc(W )h0 { ee podn�tie.

Mpsc(W )h0

BDiff∂(W )

?
Rpsc(W )h0

g0

g0

ϕ̃(1)

ϕ̃(t)

Poluqaem otobra�enie golonomii e : ϕ 7→ ϕ̃(1), gde
ϕ̃(1) = ψ(g0) dl� nekotorogo ψ ∈ Diff∂(W ):

g0 e : ϕ 7→ ϕ̃(1) = ψ(g0)ḡ = ϕ̃(t) + dt2

W × I
ΩBDiff∂(W )

e−→ Rpsc(W )h0

inddiffg0−→ ΩFredd ,0
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Mpsc(W )h0

BDiff∂(W )

?
Rpsc(W )h0

g0

g0

ϕ̃(1)

ϕ̃(t)

Poluqaem otobra�enie golonomii e : ϕ 7→ ϕ̃(1), gde
ϕ̃(1) = ψ(g0) dl� nekotorogo ψ ∈ Diff∂(W ):

g0 e : ϕ 7→ ϕ̃(1) = ψ(g0)ḡ = ϕ̃(t) + dt2

W × I
ΩBDiff∂(W )

e−→ Rpsc(W )h0

inddiffg0−→ ΩFredd ,0



Pust~ dimW = d = 2n. Predpolo�im W { mnogoobrazie s

granice@i ∂W 6= ∅, i W ′ { rezul~tat dopustimo@i peresto@iki
na W . Primer:

W = D2n W ′ = D2n ∪ ((S2n−1 × I )#(Sn × Sn))

=⇒

Poluqaem gomotopiqesku� 
kvivalentnost~:

Rpsc(D2n)h0
∼= Rpsc(W ′)h0 ,

gde h0 { standartna� krugla� metrika na S2n−1.

Nabl�denie: Dostatoqno dokazat~ nax rezul~tat dl�

Rpsc(D2n)h0 ili l�bogo mnogoobrazi� poluqennogo iz D2n

dopustimymi perestro@ikami.



Rassmotrim sledu�wu� posledovatel~nost~ perestroek:

S2n−1 S2n−1 S2n−1 S2n−1 S2n−1

h0 h0 h0 h0 h0

(V0,g0) (V1,g1) (Vk−1,gk−1) (Vk ,gk)· · ·

Gde V0 = (Sn × Sn) \ D2n,

V1 = (Sn × Sn) \ (D2n
− t D2n

+ ), . . . ,Vk = (Sn × Sn) \ (D2n
− t D2n

+ ).

Togda Wk := V0 ∪ V1 ∪ · · · ∪ Vk = #k(Sn × Sn) \ D2n.

Vyberem psc-metriki gj na ka�dom mnogoobrazii Vj

kotorye da�t standartnu� metriku h0 na graniqnyh

sferah.



S2n−1 S2n−1 S2n−1 S2n−1 S2n−1

h0 h0 h0 h0 h0

(V0,g0) (V1,g1) (Vk−1,gk−1) (Vk ,gk)· · ·

A �
Wk−1

� A

Wk

Poluqaem otobra�enie kompozicii:

Rpsc(Wk−1)h0 ×R
psc(Vk)h0,h0 −→ R

psc(Wk)h0 .

Skleivanie metrik vdol~ granicy poro�daet otobra�enie:

m : Rpsc(Wk−1)h0 −→ R
psc(Wk)h0 , g 7→ g ∪ gk

Nopomn�: Otobra�enie m : Rpsc(Wk−1)h0 −→ Rpsc(Wk)h0

�vl�ets� gomotopiqesko@i �kvivalentnost~�.



S2n−1 S2n−1 S2n−1 S2n−1 S2n−1

h0 h0 h0 h0 h0

(V0,g0) (V1,g1) (Vk−1,gk−1) (Vk ,gk)· · ·

A �
Wk−1

� A

Wk

Oboznaqim s : Wk ↪→Wk+1 { estestvennoe otobra�enie.

Poluqaem otobra�eni�:

Diff∂(W0)→ · · · → Diff∂(Wk)→ Diff∂(Wk+1)→ · · ·

BDiff∂(W0)→ · · · → BDiff∂(Wk)→ BDiff∂(Wk+1)→ · · ·

Napomn�: My oto�destvl�em prostranstvo BDiff∂(Wk) s
prostranstom module@i vseh Rimanovyh metrik na Wk

kotorye sovpada�t s metriko@i h0 + dt2 okolo granicy ∂Wk .



S2n−1 S2n−1 S2n−1 S2n−1 S2n−1

h0 h0 h0 h0 h0

(V0,g0) (V1,g1) (Vk−1,gk−1) (Vk ,gk)· · ·

A �
Wk−1

� A

Wk

Oboznaqim s : Wk ↪→Wk+1 { estestvennoe otobra�enie.

Poluqaem otobra�eni�:

Diff∂(W0)→ · · · → Diff∂(Wk)→ Diff∂(Wk+1)→ · · ·

BDiff∂(W0)→ · · · → BDiff∂(Wk)→ BDiff∂(Wk+1)→ · · ·

Napomn�: My oto�destvl�em prostranstvo BDiff∂(Wk) s
prostranstom module@i vseh Rimanovyh metrik na Wk

kotorye sovpada�t s metriko@i h0 + dt2 okolo granicy ∂Wk .



S2n−1 S2n−1 S2n−1 S2n−1 S2n−1

h0 h0 h0 h0 h0

(V0,g0) (V1,g1) (Vk−1,gk−1) (Vk ,gk)· · ·

A �
Wk−1

� A

Wk

Oboznaqim s : Wk ↪→Wk+1 { estestvennoe otobra�enie.

Poluqaem diagrammu rassloennye prostranstv:

Mpsc(W0)h0 Mpsc(W1)h0 −→ · · ·−→M
psc(Wk)h0 −→ · · ·

BDiff∂(W0) BDiff∂(W1) −→ · · · −→ BDiff∂(Wk) −→ · · ·

-

?
Rpsc(W0)h0

?
Rpsc(W1)h0

?
Rpsc(Wk )h0

-

∼= -
∼= - ∼=-

s gomotopiqeski �kvivalentnymi slo�mi:

Rpsc(W0)h0
∼= · · · ∼= Rpsc(Wk)h0



My perehodim k predelu i poluqaem rassloenie:

Mpsc
∞

B∞
?Rpsc

∞ = lim
k→∞


Mpsc(Wk)h0

BDiff∂(Wk)

?Rpsc(Wk )h0


gde Rpsc

∞ gomotopiqeski �kvivalentno Rpsc(Wk)h0 .

Zameqanie. Poluqaem otobra�enie:

ΩB∞
e∞−→ Rpsc

∞
inddiff−→ ΩFredd ,0

kotoroe soglasovano s otobra�eni�mi:

ΩBDiff∂(Wk)
ek−→ Rpsc(Wk)h0

inddiffg0−→ ΩFredd ,0

Magi� Topologii: Okazyvaets� qto predel~noe

prostranstvo B∞ := lim
k→∞

BDiff∂(Wk) u�e horoxo izvestno.



V naqale 2000', Ib Madsen, Michael Weiss otkryli novu�
tehnologi�, imenno, hirurgi� kotora� zavisit ot

parametrov. �to pozvolilo opredelit~ i izuqit~

razliqnye

Prostranstva module@i mnogoobrazi@i.

Teorema. (S. Galatius, O. Randal-Williams) Imeets�
otobra�enie

B∞
η−→ Ω∞0 MTΘn

induciru�wee izomorfizm v gomologi�h.

Poluqaem rassloennye prostranstva:

Mpsc
∞ M̂psc

∞

B∞ Ω∞0 MTΘn

-

?Rpsc
∞ ?Rpsc

∞

-η

Poluqaem otobra�enie golonomii: e : ΩΩ∞0 MTΘn −→ Rpsc
∞



Prostranstvo Ω∞0 MTΘn { �to prostranstvo module@i

(n − 1)-sv�znyh 2n-mnogoobrazi@i.

V qastnosti, poluqaem otobra�enie (spinorna� orientaci�)

α̂ : Ω∞0 MTΘn −→ Fred2n,0

kotoroe otobra�aet mnogoobrazie W v sootvetsvu�wi@i

operator Diraka.

ΩΩ∞0 MTΘn ΩFred2n,0

Rpsc
∞

Q
QQse

-Ωα̂

�
��3

inddiff

D0 D1Dt

g0 ϕ̃1(g0)ϕ̃1(gt)

W × I

ΩBDiff∂(W )
e−→ Rpsc(W )h0

inddiffg0−→ ΩFredd ,0



Prostranstvo Ω∞0 MTΘn { �to prostranstvo module@i

(n − 1)-sv�znyh 2n-mnogoobrazi@i.

V qastnosti, poluqaem otobra�enie (spinorna� orientaci�)

α̂ : Ω∞0 MTΘn −→ Fred2n,0

kotoroe otobra�aet mnogoobrazie W v sootvetsvu�wi@i

operator Diraka.

ΩΩ∞0 MTΘn ΩFred2n,0

Rpsc
∞

Q
QQse

-Ωα̂

�
��3

inddiff

D0 D1Dt

g0 ϕ̃1(g0)ϕ̃1(gt)

W × I

ΩBDiff∂(W )
e−→ Rpsc(W )h0

inddiffg0−→ ΩFredd ,0



Prostranstvo Ω∞0 MTΘn { �to prostranstvo module@i

(n − 1)-sv�znyh 2n-mnogoobrazi@i.

V qastnosti, poluqaem otobra�enie (spinorna� orientaci�)

α̂ : Ω∞0 MTΘn −→ Fred2n,0

kotoroe otobra�aet mnogoobrazie W v sootvetsvu�wi@i

operator Diraka.

ΩΩ∞0 MTΘn ΩFred2n,0

Rpsc
∞

Q
QQse

-Ωα̂

�
��3

inddiff

Teori� Indeksa

daet nam kommutativnu�

diagrammu

ih
My ispol~zuem obyqnye metody algebraiqesko@i topologii

dl� vyqisleni� gomomorfizma

(Ωα̂)∗ : πk(ΩΩ∞0 MTΘn) −→ πk(ΩFred2n,0) = KOk+2n+1

i dokazyvaem qto �tot gomomorfizm netrivialen esli

gruppa v obraze netrivial~na.
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S blagodarnost~� vspomina� moih Uqitele@i:





SPASIBO ZA VNIMANIE!




