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El’s Nonlocal Kinetic Equation

El’s integro-differential kinetic equation for dense soliton gas (2003)

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

where f (η) = f (η, x , t) is a distribution function and s(η) = s(η, x , t) is
the associated transport velocity. Here the variable η is the spectral
parameter in the Lax pair; the function S(η) (free soliton velocity) and the
kernel G (µ, η) (phase shift due to pairwise soliton collisions) are
independent of x and t. The kernel G (µ, η) is assumed to be symmetric:
G (µ, η) = G (η, µ). This system describes the evolution of a dense soliton
gas and represents a broad generalisation of Zakharov’s kinetic equation
for rarefied soliton gas. In this case

S(η) = 4η2, G (µ, η) =
1

ηµ
log

∣∣∣∣η − µ

η + µ

∣∣∣∣ ,
the above system was derived by G. El as a thermodynamic limit of the
KdV Whitham equations.
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Hydrodynamic Reductions. Dirac Delta-Functional Ansatz

Under a delta-functional ansatz (an iso-spectral case, 2010, G.A. El, A.M.
Kamchatnov, MVP, S.A. Zykov),

f (η, x , t) =
N

∑
i=1
ui (x , t) δ(η − ηi ),

system

ft + (sf )x = 0,

s(η) = S(η) +
∫ ∞
0 G (µ, η)f (µ)[s(µ)− s(η)] dµ,

reduces to a N ×N quasilinear system for ui (x , t),

uit = (u
iv i )x ,

where v i can be recovered from the linear system (here ξ i = −S(ηi ))
v i = ξ i + ∑

m 6=i
εmium(vm − v i ), εki = G (ηk , ηi ), k 6= i .
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Integrability of Diagonalisable Hydrodynamic Type Systems

The algorithm for integrability of diagonalisable hydrodynamic type
systems

r it = µi (r)r ix .

1. Diagonal metric coeffi cients gkk (r) = H2k are determined by (here
∂k ≡ ∂/∂r k )

∂k lnHi =
∂kµi

µk − µi
, i 6= k .

2. Integrability condition

∂j
∂kµi

µk − µi
= ∂k

∂jµ
i

µj − µi
, i 6= j 6= k.

3. The linear system

∂k ζ i =
∂kµi

µk − µi
(ζk − ζ i ), i 6= k.

4. The Tsarev Generalised Hodograph Method

x + µi (r)t = ζ i (r).
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Parametrisation

Now we introduce the new variables r i by the formula

r i = − 1
ui

(
1+ ∑

m 6=i
εmium

)
.

In the dependent variables r i , the quasilinear system

uit = (u
iv i )x ,

reduces to a diagonal form
r it = v

i r ix ,

where velocities v i can be expressed in terms of Riemann invariants r k as
follows. Let us introduce the N ×N matrix ε̂ with diagonal entries
r1, . . . , rN (so that εii = r i ) and off-diagonal entries
εik = G (ηi , ηk ), k 6= i . Note that this matrix is symmetric due to the
symmetry of the kernel G .Define another symmetric matrix β̂ = −ε̂−1.
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Tsarev’s Generalised Hodograph Method

Denote βik the matrix elements of β̂ (indices i and k are allowed to
coincide). Then we obtain the following formulae for ui , v i :

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi .

Then the general solution of the diagonal system

r it = v
i r ix ,

is determined by

x + ξ i t = Pi (r
i )− r iP ′i (r i )− ∑

m 6=i
εmiP ′m(r

m), i = 1, 2, ...,N,

where Pi (r i ), i = 1, . . . ,N, are arbitrary functions.
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Tsarev’s Generalised Hodograph Method

Under the re-parametrization

P ′′k (ξ) = −
φk (ξ)

f (ξ)

the generalized hodograph solution

x + ξ i t = Pi (r
i )− r iP ′i (r i )− ∑

m 6=i
εmiP ′m(r

m), i = 1, 2, ...,N,

becomes

x + ξ i t =

r i∫
ξφi (ξ)

f (ξ)
dξ + ∑

m 6=i
εmi

rm∫
φm(ξ)

f (ξ)
dξ .
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Tsarev’s Generalised Hodograph Method

Now we consider the particular choice of f (ξ) defined as f (ξ) =
√
RK (ξ),

where

RK (ξ) =
K

∏
m=1

(ξ − Em) ,

and E1 < E2 < · · · < EK are real constants (K = 2g + 1 and K = 2g + 2
for odd and even cases, respectively, where g is a genus of this hyperelliptic
curve); and φk (ξ) being arbitrary polynomials in ξ of degrees less than g .

Then the generalized hodograph solution

x + ξ i t =

r i∫
ξφi (ξ)

f (ξ)
dξ + ∑

m 6=i
εmi

rm∫
φm(ξ)

f (ξ)
dξ ,

describes quasiperiodic solutions of the form

x + ξ i t =

r i∫
ξφi (ξ)dξ√
RK (ξ)

+ ∑
m 6=i

εmi
rm∫

φm(ξ)dξ√
RK (ξ)

, i = 1, 2, ...,N.
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Hydrodynamic Reductions. Dirac Delta-Functional Ansatz
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Block-Diagonal Hydrodynamic Type Systems

Introducing new field variables

r i = − 1
ui

(
1+ ∑

m 6=i
εmium

)
,

this 2N × 2N quasilinear system

uit = (u
iv i )x , ηit = v

iηix ,

can be rewritten in a block-diagonal form

r it = v
i r ix + p

iηix , ηit = v
iηix ,

where

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi , p
i =

1
ui

(
∑
m 6=i

εmi,ηi (v
m − v i )um + (ξ i )′

)
.
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Block-Diagonal Hydrodynamic Type Systems

Now we study integrability aspects of quasilinear systems

uit = V
i
k (u)u

k
x ,

whose matrix V consists of N Jordan blocks of size 2× 2:
r it = v

i r ix + p
iηix ,

ηit = v
iηix ,

i = 1, . . . ,N, where the coeffi cients v i (r , η) and pi (r , η) are functions of
the N dependent variables r = (r1, . . . , rN ) and N dependent variables
η = (η1, . . . , ηN ).

We are looking for commuting flows in the form (2021, E.V. Ferapontov,
MVP)

r iy = w
i r ix + q

iηix ,
ηiy = w

iηix .

Then unknown expressions w i (r, η), qi (r, η) can be found from the
compatibility conditions (r iy )t = (r

i
t )y , (η

i
y )t = (η

i
t )y , i = 1, 2, ...,N.
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Block-Diagonal Hydrodynamic Type Systems

Indeed, the compatibility conditions

(r iy )t = (r
i
t )y , (η

i
y )t = (η

i
t )y , i = 1, 2, ...,N

lead to the set of equations

w ir i = aiq
i , w iηi = biq

i + qir i ,

where we denote

ai =
v ir i
pi
, bi =

v i
ηi
− pir i
pi

.

w ir j = aij (w
j − w i ), w iηj = bij (w

j − w i ) + aijqj ,

qir j = cij (w
j − w i )− aijqi , qiηj = dij (w

j − w i ) + cijqj − bijqi ,
where we denote

aij =
v ir j

v j − v i , bij =
v i

ηj
− aijpj

v j − v i , cij =
pir j+aijp

i

v j − v i , dij =
pi

ηj
+bijpi − cijpj

v j − v i .

Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 11 October 2021 12 / 21



Block-Diagonal Hydrodynamic Type Systems

Indeed, the compatibility conditions

(r iy )t = (r
i
t )y , (η

i
y )t = (η

i
t )y , i = 1, 2, ...,N

lead to the set of equations

w ir i = aiq
i , w iηi = biq

i + qir i ,

where we denote

ai =
v ir i
pi
, bi =

v i
ηi
− pir i
pi

.

w ir j = aij (w
j − w i ), w iηj = bij (w

j − w i ) + aijqj ,

qir j = cij (w
j − w i )− aijqi , qiηj = dij (w

j − w i ) + cijqj − bijqi ,
where we denote

aij =
v ir j

v j − v i , bij =
v i

ηj
− aijpj

v j − v i , cij =
pir j+aijp

i

v j − v i , dij =
pi

ηj
+bijpi − cijpj

v j − v i .
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Integrability Conditions I

The list of integrability conditions for every pair of distinct indices is

ai ,r j = 0, aij ,r i = aijaji + aicij ;

ai ,ηj = 0, bij ,r i = bijaji + aijcji + aidij ;

bi ,r j = 2aijaji + 2aicij ,

aij ,ηi = aijbji − cijaji + bicij + cij ,r i ;
bi ,ηj = 2aijcji + 2bijaji + 2aidij ,

bij ,ηi = bijbji + aijdji − dijaji − cijcji + bidij + dij ,r i ;

aij ,r j = bjaij − ajbij − a2ij , aij ,ηj = bij ,r j ;

cij ,r j = bjcij − ajdij − 2aijcij , cij ,ηj = dij ,r j .
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Integrability Conditions II

The list of integrability conditions for every triad of distinct indices is

aij ,r k = aijajk + aikakj − aijaik .

aij ,ηk = aijbjk + aikckj + bikakj − aijbik ,
bij ,r k = bijajk + aikbkj + aijcjk − aikbij .

bij ,ηk = aijdjk + aikdkj + bijbjk + bikbkj − bijbik .

cij ,r k = cijajk + cikakj − cijaik − cikaij .

cij ,ηk = cijbjk + cikckj + dikakj − aijdik − cijbik ,
dij ,r k = dijajk + cijcjk + cikbkj − aikdij − cikbij .

dij ,ηk = cijdjk + cikdkj + dijbjk + dikbkj − bijdik − bikdij .
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Commuting Flows

The block-diagonal system

r it = v
i r ix + p

iηix , ηit = v
iηix ,

where

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi , p
i =

1
ui

(
∑
m 6=i

εmi,ηi (v
m − v i )um + (ξ i )′

)
,

possesses infinitely many commuting block-diagonal flows

r iy = w
i r ix + q

iηix , ηiy = w
iηix ,

where

w i =
1
ui

N

∑
m=1

ϕmβmi , qi =
1
ui

(
∑
m 6=i

εmi,ηi (w
m − w i )um − r iµi + ϕi,ηi

)
.

Here µi (ηi ) are N arbitrary functions of one variable and the functions
ϕi (η1, . . . , ηN ) satisfy the relations ∂ηk ϕi = εkiµk , k 6= i . The general
commuting flow depends on 2N arbitrary functions of one variable: N
functions µi (ηi ), plus extra N functions coming from ϕi .Maxim Pavlov (Lebedev Physical Institute The Talk is based on joint works with my friends and colleagues: E.V. Ferapontov, G.A. El, A.M. Kamchatnov, V.B. Taranov, S.P. Tsarev, S.A. Zykov)Quasilinear Systems 11 October 2021 15 / 21



Conservation Laws

Conservation laws ht = gx provide an alternative way to derive
integrability conditions for the block-diagonal system

r it = v
i r ix + p

iηix , ηit = v
iηix .

Their existence leads to a system of second-order linear PDEs

hr i r i = bihr i − aihηi , hr i ηj = ajihηj + cjihr j + bijhr i ,

hr i r j = aijhr i + ajihr j , hηi ηj = dijhr i + djihr j + bijhηi + bjihηj ,

where gr i = v
ihr i , gηi = p

ihr i + v
ihηi .

The general conservation law has the form (σi (ηi ) are arbitrary functions)(
N

∑
m=1

umψm(η) +
N

∑
m=1

σm(ηm)

)
t

=

(
N

∑
m=1

umvmψm(η) +
N

∑
m=1

τm(ηm)

)
x

,

where (τi )′ = (σi )′ξ i and ψi
,ηk
= (σj )′εik , k 6= i . This general

conservation law depends on 2N arbitrary functions of one variable: N
functions σi (ηi ), plus extra N functions coming from ψi .
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Tsarev’s Generalised Hodograph Method

If the hydrodynamic type system ut = V (u)ux has a commuting flow
uy = W (u)ux , where V (u) and W (u) are N ×N matrices (the
commutativity conditions uty = uyt impose differential constraints on V
and W ),

then the matrix relation

W (u) = I x + V (u) t,

where I is the N ×N identity matrix, defines an implicit solution u(x , t).
Note that, due to the commutativity conditions, only N out of the above
N2 relations will be functionally independent. For commuting
block-diagonal systems

r it = v
i r ix + p

iηix , ηit = v
iηix ,

r iy = w
i r ix + q

iηix , ηiy = w
iηix ,

the hodograph formula becomes

w i (r , η) = x + v i (r , η) t, qi (r , η) = pi (r , η) t,

which is a system of 2N implicit relations for the 2N dependent variables.
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Tsarev’s Generalised Hodograph Method

Denote βik the matrix elements of β̂ (indices i and k are allowed to
coincide). Then we obtain the following formulae for ui , v i and pi :

ui =
N

∑
m=1

βmi , v
i =

1
ui

N

∑
m=1

ξmβmi , p
i =

1
ui

(
∑
m 6=i

εmi,ηi (v
m − v i )um + (ξ i )′

)
.

Then the general solution of the block-diagonal system

r it = v
i r ix + p

iηix ,
ηit = v

iηix ,

is determined by

r i =
ϕi
,ηi
− (ξ i )′ t
µi

, ϕi (η1, . . . , ηN ) = x + ξ i (ηi ) t;

where µi (ηi ) are arbitrary functions of their arguments and the functions
ϕi (η1, . . . , ηN ) satisfy the relations ϕi

,ηk
= εki (ηi , ηk ) µk (ηk ), i 6= k. The

last N above equations define ηi (x , t) as implicit functions of x and t;
then the first N equations define r i (x , t) explicitly.
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Appendix. A Multi-Component Case. A Nijenhuis tensor

Recall that, given an affi nor V ik , its Haantjes tensor is defined by the
formula

H ijk = N
i
prV

p
j V

r
k −N

p
jrV

i
pV

r
k −N

p
rkV

i
pV

r
j +N

p
jkV

i
r V

r
p ,

where
N ijk = V

p
j ∂pV ik − V

p
k ∂pV ij − V ip(∂jV pk − ∂kV

p
j )

is a Nijenhuis tensor.

In a generic case all characteristic velocities µk are pairwise distinct. If all
components of a Nijenhuis tensor vanish, then corresponding
hydrodynamic type system

uit = V
i
k (u)u

k
x

can be reduced to the totally decoupled form

ũit = µi (ũi )ũix

by an appropriate invertible point transformation ũk (u).
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p
k ∂pV ij − V ip(∂jV pk − ∂kV

p
j ).

In a generic case all characteristic velocities µk are pairwise distinct. If all
components of a Haantjes tensor vanish, then corresponding hydrodynamic
type system

uit = V
i
k (u)u

k
x

can be diagonalised, i.e. rewritten in the Riemann invariants

r it = µi (r)r ix

by an appropriate invertible point transformation r k (u).
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