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@ Rationalizations of all spaces.



Rationalization of nilpotent groups:
Malcev completion.
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Rationalization of abelian groups

® G is rational (uniquely divisible) if
GG, grg"

is a bijection for any n = 1
® (rational abelian)=(vector space over Q)

® Rationalization for abelian groups:
A— AQQ

a—a®l
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Malcev completion

® Lower central series of G is

’7n+1(G) = [’Yn(G),G], G = 71(G) =) ’}/Q(G) 2 ...

G is nilpotent if ,,(G) = 1 for some n.

® The Malcev completion of a nilpotent group is the
universal map to a rational nilpotent group

G-GeQ.

¢ For nilpotent groups — ® Q is a very nice functor: it takes
exact sequences to exact sequences; and central extensions
to central extensions; commutes with filtered colimits...



Rationalizations of all groups:

Baumslag rationalization,
Q-completion,
HQ-localization
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Baumslag rationalization

® Baumslag rationalization is the universal map to a
rational group
G — Bau(QG).

® For a free group F
H*(BBU(F),Q) = H*(F7Q)

® Bau commutes with filtered colimits.
* |Bau(G)| = |G]

® For any central extension
1-A-FEF-G-1
the sequence
A®Q - Bau(F) -» Bau(G) —» 1

is exact.



® Farjoun conjectured that
Coker(G — Bau(G))

is abelian.
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Cokernel of Baumslag rationalization

® Farjoun conjectured that
Coker(G — Bau(@))

is abelian.

® For nilpotent N

Coker(N - N® Q) = Ny, ® (Q/Z)

® Theorem(’21) If F; is a free group of rank 2, the cokernel
Coker(F, — Bau(Fy))

contains a free non-abelian group.



Q-completion of groups



* Gy =1lim (G/1(G) @ Q)
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Q-completion

* Gg =lim (G/7,(G) ® Q)

® Theorem(- ,Mikhailov '17) For a free group F of rank > 2
the group Hy(Fg, Q) is uncountable.

® Open question: Hg(ﬁ@(@) Zo.



HQ-localization of groups



® A central extension
1-A-F->G-1

is called rational if A is rational.



H@Q-localization

® A central extension
1-A->F->G-1

is called rational if A is rational.

® The class of HQ-local groups is the minimal class of
groups containing the trivial group, closed under small
limits and rational central extensions.



H@Q-localization

® A central extension
1-A->F->G-1

is called rational if A is rational.

® The class of HQ-local groups is the minimal class of
groups containing the trivial group, closed under small
limits and rational central extensions.

° 5@ is HQ-local.



H@Q-localization

A central extension
1-A->F->G-1

is called rational if A is rational.

The class of HQ-local groups is the minimal class of
groups containing the trivial group, closed under small
limits and rational central extensions.

5@ is HQ-local.
HQ-localization is the universal map to an HQ-local

group:
G — l1o(G).



H@Q-localization

® A central extension
1-A->F->G-1

is called rational if A is rational.

® The class of HQ-local groups is the minimal class of
groups containing the trivial group, closed under small
limits and rational central extensions.

° 5@ is HQ-local.

® HQ-localization is the universal map to an HQ-local

group:
G — l1o(G).

o Hy(lug(F),Q) =0



H@Q-localization

® A central extension
1-A->F->G-1

is called rational if A is rational.

® The class of HQ-local groups is the minimal class of
groups containing the trivial group, closed under small
limits and rational central extensions.

° 5@ is HQ-local.
® HQ-localization is the universal map to an HQ-local

group:
G — l1o(G).

° HZ(EHQ(F)?Q) =0
® Open question: H3({po(F),Q) Zo.
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® There are natural transformations
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Comparison of rationalizations of groups

® There are natural transformations

Bau(G) — lpo(G) — 5@

If G is finitely generated, the map
lho(G) —» 5@

is epi.
® Theorem(-,Mikhailov’17) For a free group F of rank = 2
the groups /) and /¢ (F') are not isomorphic.
If N is nilpotent,

N ®Q = Bau(N) = (go(N) = Ny



Rationalization of nilpotent spaces



Nilpotent spaces

® A space X is nilpotent if
@ 7, (X) is nilpotent;
@ 7,(X) is nilpotent as a Z[m(X)]-module.

® X is nilpotent iff 71(X) X 7,(X) is nilpotent for any n.



Rationalization for nilpotent spaces

X, Y are nilpotent.
f: X — Y is rational homotopy equivalence
1
(X)) ®Q =7, (Y)® Q.
1
H,(X,Q) = Hi(Y,Q)
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Rationalization for nilpotent spaces
* X is rational < m,(X) is rational & H,(X,Z) is rational

® The rationalization Xg of X is a rational homotopy
equivalence to a rational space

X—>XQ

® This map is (1) the universal map to a rational space; (2)
the universal map among rational homotopy equivalences.

® Xg is uniquely defined (up to homotopy) and

W*(XQ)EW*(X)®@7 H*(XQ7Z)EH*(X7@)



Rationalizations of all spaces:

Bousfield-Kan Q-completion (1972)

Bousfield homology rationalization (1975)
Casacuberta-Peschke ()-rationalization (1993)
Goémez-Tato-Halperin—Tanré’s m-fiberwise rationalization
(2001)
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Bousfield-Kan Q-completion

® Ho(connected spaces) =~ Ho(simplicial groups)

® Bousfield-Kan Q-completion is the “derived functor” of
Q-completion of groups

(connected spaces) L} (connected spaces)

[
(simplicial groups) % (simplicial groups)

° f:X - Y is Q-homology equivalence & Qo X = QY is
homotopy equivalence.

® (Qw is not idempotent:

Qoo(Qoo(S' V' §1)) # Qoo(S' v 5).
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Homology rationalization

® Homology rationalization of X is the universal
(terminal) rational homology equivalence

® Homology rationalization has nice theoretical properties
but it is difficult to compute it for non-nilpotent spaces.

® Open question: wQ(LHQ(Sl v shy) Zo.
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()-rationalization

X is Q-rational

g

(=)" : QX - QX is homotopy equivalence for n > 1

m (X) X 7, (X) is rational for any n > 1.

® ()-rationalization of X is the universal map to an
Q-rational space:

* m(Log(X)) = Bau(m (X)).



(-rationalization and simplicial groups

Theorem (Bastardas-Casacuberta’2001). The diagram of
homotopy categories

L
(connected spaces) ————— (connected spaces)

L !

(simplicial groups) —————— (simplicial groups)

is commutative.



m1-fiberwise rationalization of spaces



mi-fiberwise rationalization

® A connected space is mj-fiberwise rational if its universal
cover is rational.
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mi-fiberwise rationalization

® A connected space is mj-fiberwise rational if its universal
cover is rational.

® 71-fiberwise rationalization is the universal map to a
m1-fiberwise rational space

X — Ly (X).
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mi-fiberwise rationalization

A connected space is mj-fiberwise rational if its universal
cover is rational.

m-fiberwise rationalization is the universal map to a
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mi-fiberwise rationalization

A connected space is mj-fiberwise rational if its universal
cover is rational.

m-fiberwise rationalization is the universal map to a
m1-fiberwise rational space

X — Ly (X).

m(Lg (X)) = m(X)
Wn(L&I(X)) = m,(X) ® Q for n = 2.

easy to compute, there is a version of minimal Sullivan
models but for nilpotent spaces L&l is “wrong”.



Comparison



Comparison

There are natural transformations:

L& — Log — Lrgp — Qo

w1 (LE (X)) = m(X)

m(Lag(X)) = Bau(m (X))

T1(Lug(X)) = lug(m (X)) .
If w1 (X) is finitely presented, m1(QooX) = 71 (X)g

Ly(s'vsh)y=8"vs!
Lag(S' v §') = K(Bau(F), 1)
Lpg(s' v s') =7

Qoo (S' v §") = K(Fp, 1)
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Equivalences

e for any functor F a morphism f is F-equivalence if F(f)
is iso.

{Q-homology equiv.} = {Qo,-equiv.} = {Lg-equiv.}

{Lg —equiv. = {f | m (f) isiso; m,(f) ® Q is iso., n = 2}

{Log-equiv.}="?



()-rational equivalences

® For any group G we set
R(G) = Z[Bau()][="'],
where

E={1+g+g2+~-+gn_1 | g € Bau(G),n = 1}.



()-rational equivalences

® For any group G we set
R(G) = Z[Bau(®)][=™'],
where
Y= {1+g+g2+~-+gn_1 | g € Bau(G),n = 1}.

® Theorem. (Casacuberta-Peschke’93)
A map f: X - Y is Q-rational equivalence iff
(1) Bau(m (X)) = Bau(my(V))
(2) H*(Y, A) = H*(X, A) for any local system of coefficients A
over R[m(Y))].
(or
(2) He(X,R[m(X)]) = Ho (Y, R[m(Y)]))



Integral homology of (2-rationalization

where T%(X) is a torsion group.
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