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Íàïîìèíàíèå

Îáîçíà÷èì Gρ(z ; w) - ôóíêöèÿ Ãðèíà íà ãèïåðáîëè÷åñêîé ïëîñêîñòè
H2 (ñòðîèòñÿ êàê èíòåãðàëüíîå ÿäðî ðåçîëüâåíòû îïåðàòîðà

Áåëüòðàìè - Ëàïëàñà).

k(z ,w) - áèèíâàðèàíòíàÿ ôóíêöèÿ Ñåëüáåðãà ñ óñëîâèÿìè
K1 k(gz , gw) = k(z ,w) äëÿ ëþáîãî ýëåìåíòà g ∈ H è ëþáûõ

ýëåìåíòîâ z ,w ∈ H2;

K2 k(z ,w) = k(w , z) äëÿ z 6= w , z ,w ∈ H2;

k(z ,w) =
∫
R

Gρ(z ,w)ρh(ρ)dρ,

ãäå h - ¾õîðîøàÿ¿ ôóíêöèÿ.

Ëàïøòàåâ Ìàêñèì (ÍÃÓ) Ôîðìóëà ñëåäà Ñåëüáåðãà. ×àñòü 2 13.12.2021 2 / 38



Îïðåäåëåíèå 2. Ôóíêöèÿ h : C→ C ÿâëÿåòñÿ ¾õîðîøåé¿, åñëè îíà

óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì

H1 h àíàëèòè÷íà äëÿ |Im x | ≤ σ, ãäå σ > 1/2;
H2 h(x) = h(−x);
H3 ∃ δ > 0 ∀ x â ïîëîñå |Im x | ≤ 1/2 |h(x)| << (1 + |Re x |)−2−δ;

H3∗ |h(x)| <<N (1 + |Re x |)−N äëÿ ëþáîãî ôèêñèðîâàííîãî N > 1,
ðàâíîìåðíî äëÿ âñåõ x â ïîëîñå |Im x | ≤ σ.

Òàêæå

ĥ(t) = 1
2π

∞∫
−∞

h(x)e−ixtdx

- ïðåîáðàçîâàíèå Ôóðüå ¾õîðîøåé¿ ôóíêöèè h è

Φ(2(ch τ − 1)) = k(τ),

Q(2(ch t − 1)) = g(t).
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Îñîáåííîñòü áèèíâàðèàíòíîé ôóíêöèè Ñåëüáåðãà

Ïðè z = w ôóíêöèÿ Ãðèíà èìååò ëîãàðèôìè÷åñêóþ ðàñõîäèìîñòü,

à áèèíâàðèàíòíàÿ ôóíêöèÿ Ñåëüáåðãà k(z ,w) íåò.
Äåéñòâèòåëüíî,

k(z , z) = − 1
π
√

2

∞∫
0

g ′(t)√
ch t − 1

dt =

= 1
4π2

∞∫
−∞

(∫ ∞
0

sin ρt
sh(t/2)dt

)
ρh(ρ)dρ.

Òàêæå äëÿ |Im ρ| < 1/2 ìû çíàåì, ÷òî∫ ∞
0

sin ρt
sh(t/2)dt = π th(πρ)
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Ïîëó÷àåì, ÷òî

k(z , z) = 1
4π

∞∫
−∞

th(πρ)ρh(ρ)dρ.

Íàïîìíèì, ÷òî ýëåìåíò ãðóïïû γ ∈ Γ íàçûâàåòñÿ ñòðîãî

ãèïåðáîëè÷åñêèì, åñëè äëèíà ãåîäåçè÷åñêîé íà ðèìàíîâîé

ïîâåðõíîñòè

`γ = inf
z∈H2

d(γz , z) > 0.
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Ãèïåðáîëè÷åñêèå ïîâåðõíîñòè

Ïóñòü Isom(H) - ãðóïïà èçîìåòðèé ïëîñêîñòè Ëîáà÷åâñêîãî H

Îïðåäåëåíèå 1. Ïîäãðóïïà Γ ãðóïïû Isom(H) íàçûâàåòñÿ
äèñêðåòíîé, åñëè èíäóöèðîâàííàÿ òîïîëîãèÿ íà Γ ÿâëÿåòñÿ

äèñêðåòíîé, ò.å. Γ ÿâëÿåòñÿ äèñêðåòíûì ìíîæåñòâîì â

òîïîëîãè÷åñêîì ïðîñòðàíñòâå Isom(HH).

Îïðåäåëåíèå 2. Äèñêðåòíàÿ ïîäãðóïïà ãðóïïû Isom(H) íàçûâàåòñÿ
ôóêñîâîé ãðóïïîé, åñëè îíà ñîñòîèò èç ïðåîáðàçîâàíèé,

ñîõðàíÿþùèõ îðèåíòàöèþ; äðóãèìè ñëîâàìè ôóêñîâû ïîäãðóïïû -

ýòî äèñêðåòíûå ïîäãðóïïû ãðóïïû PSL2(R)
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Òàê êàê ôóêñîâà ïîäãðóïïà Γ äåéñòâóåò íà H2, òî îáîçíà÷èì Γ \H2

ïðîñòðàíñòâî îðáèò è FΓ - ôóíäàìåíòàëüíóþ îáëàñòü.

Ñîãëàñíî òåîðåìå î óíèôîðìèçàöèè ëþáóþ ðèìàíîâó ïîâåðõíîñòü

ìîæíî ïðåäñòàâèòü â âèäå Γ \H2.
Îïðåäåëèì ïðîñòðàíñòâî C∞(Γ \H2) è ãèëüáåðòîâî ïðîñòðàíñòâî
L2(Γ \H2) ñî ñêàëÿðíûì ïðîèçâåäåíèåì

〈f1, f2〉 =
∫
FΓ

f1f 2dµ.

äëÿ ëþáûõ f1, f2 ∈ L2(Γ \H2).
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Ïóñòü ∆ - îïåðàòîð Ëàïëàñà íà ðèìàíîâîé ïîâåðõíîñòè Γ \H2 è
Gρ(z ,w) - åãî ôóíêöèÿ Ãðèíà. Ïóñòü h : R→ C - ¾õîðîøàÿ¿

ôóíêöèÿ.

Ââåäåì áèèíâàðèàíòíóþ ôóíêöèþ

k(z ,w) = 1
πi

∞∫
−∞

Gρ(z ,w)ρh(ρ)dρ.

Ââåäåì ôóíêöèþ

kΓ(z ,w) =
∑
γ∈Γ

k(γz ,w).

Ïîêàæåì, ÷òî äàííàÿ ôóíêöèÿ - ýòî áèèíâàðèàíòíàÿ ôóíêöèÿ

Ñåëüáåðãà ïîäãðóïïû Γ.
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Ëåììà 5. ∀ δ > 0 ∃ êîíñòàíòà Cδ, ÷òî âåðíî íåðàâåíñòâî∑
γ∈Γ

e−(1+δ)d(γz,w) ≤ Cδ ∀ (z ,w) ∈ H2 ×H2.

Äîêàçàòåëüñòâî. 1) Âîçüìåì ÷èñëî r òàêîå, ÷òî

r < 1
2 min
γ∈Γ\{id}

`γ ,

ãäå `γ - ãèïåðáîëè÷åñêàÿ äëèíà. Îáîçíà÷èì

Dγ(r) = {z ′ ∈ H2 |d(γz , z ′) ≤ r}

è µ(Dγ(r)) = Area(r).
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Äëÿ ëþáîãî z ′ ∈ Dγ(r) è ëþáîé ïàðû (z ,w) ∈ H2 ×H2 âåðíî
íåðàâåíñòâî òðåóãîëüíèêà

d(w , z ′) ≤ d(w , γz) + (.γz , z ′) ≤ r + d(w , γz).

Ïåðåïèøåì íåðàâåíñòâî â áîëåå óäîáíîì âèäå

d(w , z ′)− r ≤ d(w , γz).

Äîìíàæàåì íåðàâåíñòâî íà −(1 + δ) è ïðèìåíÿÿ ê îáîèì ÷àñòÿì

îïåðàöèþ, îáðàòíóþ ëîãàðèôìèðîâàíèþ (îáå îïåðàöèè ìîíîòîííû),

ïîëó÷àåì

e(1+δ)(r−d(w ,z ′)) ≥ e−(1+δ)d(w ,γz).
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2) Èíòåãðèðóåì (ïî ïåðåìåííîé z ′) íåðàâåíñòâî ïî Dγ(r) è
ïîëó÷àåì íåðàâåíñòâî

e−(1+δ)d(w ,γz) ≤ e(1+δ)r

Area(r)

∫
Dγ(r)

e−(1+δ)(d(w ,z ′))dµ(z ′).

Ñóììèðóÿ ïî γ ∈ Γ, ïîëó÷àåì

∑
γ∈Γ

e−(1+δ)d(w ,γz) ≤ e(1+δ)r

Area(r)
∑
γ∈Γ

∫
Dγ(r)

e−(1+δ)(d(w ,z ′))dµ(z ′),

ãäå ∑
γ∈Γ

∫
Dγ(r)

e−(1+δ)(d(w ,z ′))dµ(z ′) =
∫
H2

e−(1+δ)(d(w ,z ′))dµ(z ′).
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Â ñâîþ î÷åðåäü

∫
H2

e−(1+δ)(d(w ,z ′))dµ(z ′) = 2π
∞∫

0

e−(1+δ)τ sh τdτ

Îòêóäà è ïîëó÷àåì êîíñòàíòó Cδ

Cδ = 2πer(1+δ)

Area(r)

(1
δ

+ 1
2 + δ

)
�
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Ïðåäëîæåíèå 4. Åñëè h óäîâëåòâîðÿåò óñëîâèÿì (H1), (H2) è (H3),
òî ÿäðî kΓ(z ,w) ∈ C∞(Γ \H2 × Γ \H2) è kΓ(z ,w) = kΓ(w , z).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ëåììó 5 (ìû ïîëîæèì

δ = σ − 1
2 − ε > 0) è ïðèìåíèâ ïðåäëîæåíèå 3, ìû ïîëó÷àåì, ÷òî

kΓ(z ,w) ∈ C∞(H2 ×H2).
Òàêæå ∀ γ ∈ Γ

kΓ(γz ,w) = kΓ(z ,w).

À çíà÷èò kΓ ôóíêöèÿ íà Γ \H2 îò ïåðâîãî àðãóìåíòà

kΓ(z ,w) =
∑
γ′∈Γ

k(γ′z ,w) =
∑
γ′∈Γ

k(w , γ′z) =
∑
γ′∈Γ

k(γ′−1w , γ′−1γ′z) =

=
∑
γ′∈Γ

k(γ′−1w , z) = kΓ(w , z).

À çíà÷èò kΓ ∈ C∞(Γ \H2 × Γ \H2) �

Ëàïøòàåâ Ìàêñèì (ÍÃÓ) Ôîðìóëà ñëåäà Ñåëüáåðãà. ×àñòü 2 13.12.2021 13 / 38



Ïðåäëîæåíèå 5. Ïîëîæèì, ÷òî f : C2(Γ \H2) ðåøåíèå óðàâíåíèÿ(
∆ + ρ2 + 1

4

)
f = 0,

ãäå |Im ρ| ≤ σ, è |f (z)| ≤ Aeαd(z,0) ñ êîíñòàíòàìè A > 0 è

0 ≤ α < σ − 1/2. Åñëè h óäîâëåòâîðÿåò óñëîâèÿ (H1), (H2) è (H3), òî
âåðíî

[Lf ](z) = h(ρ)f (z).
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Ôîðìóëà ñëåäà äëÿ ãèïåðáîëè÷åñêîãî öèëèíäðà

Çàôèêñèðóåì ýëåìåíò γ ∈ Isom+(H2), ãäå `γ è ïîëîæèì Γ = Υ, ãäå

Υ = {γn |n ∈ N}.

Çàïèøåì ïðåîáðàçîâàíèå γ â êîîðäèíàòàõ âåðõíåé ïîëóïëîñêîñòè
(` := `γ)

γ =
(

e`/2 0
0 e−`/2

)

Îïðåäåëåíèå 3. Ðèìàíîâà ïîâåðõíîñòü Υ \H2 íàçûâàåòñÿ
ãèïåðáîëè÷åñêèì öèëèíäðîì. Ôóíäàìåíòàëüíàÿ îáëàñòü èìååò âèä

FΥ = {z ∈ H2|1 ≤ y ≤ e`},

ãäå z = x + iy .
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Ââåäåì êîîðäèíàòû (s, u) ∈ R2: x = ues , y = es ñ îáúåìîì dµ = dsdu.
Òîãäà

FΥ = {(s, u) ∈ R2|0 ≤ s ≤ `}.

Çàìåòèì, ÷òî

ch(d(γnz , z)) = 1 + |e
n`z − z |2
2en`y2 = 1 + 2 sh2(n`/2)(1 + u2).
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kΥ(z , z) = k(z , z)+
∑
n 6=0

k(γnz , z) = k(z , z)+2
∞∑

n=1
Φ
(

4 sh2(n`/2)(u2 + 1)
)
.

Ïðåäëîæåíèå 6. Åñëè h óäîâëåòâîðÿåò óñëîâèÿì (H1), (H2) è (H3),
òî ∫

Υ\H2

(kΥ(z , z)− k(z , z)) dµ(z) =
∞∑

n=1

`ĥ(n`)
sh(n`/2) .

Äîêàçàòåëüñòâî. Ìû ìîæåì ïðîèíòåãðèðîâàòü ðÿä (ò.ê. îí ñõîäèòñÿ

àáñîëþòíî è ðàâíîìåðíî)

2
∞∑

n=1

∫
R

`∫
0

Φ
(

4 sh2(n`/2)(u2 + 1)
)

dsdu =
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= 2
∞∑

n=1

`

2 sh(n`/2)

∫
R

Φ
(

4 sh2(n`/2)(u2 + 1)
)

du =

= 2
∞∑

n=1

`

2 sh(n`/2)Q(4 sh2(n`/2)) =
∞∑

n=1

`ĥ(n`)
sh(n`/2) �
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Ïðåäëîæåíèå 7. Åñëè h óäîâëåòâîðÿåò óñëîâèÿì (H1), (H2) è (H3),
òî ∫

Υ\H2

(kΥ(z , z)− k(z , z)) dµ(z) =
∫
R

h(ρ)nΥ(ρ)dρ,

ãäå

nΥ(ρ) = `

π

∞∑
m=0

1
exp(`(m + 1/2 + iρ))− 1

- ìåðîìîðôíàÿ ôóíêöèÿ ñ ïðîñòûìè ïîëþñàìè â òî÷êàõ

ρνm = ν

2π` + i(m + 1/2), ν ∈ Z

è âû÷åòàìè

resρνmnΥ = 1
πi .
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Ïðîèçâîëüíûå ãèïåðáîëè÷åñêèå ðèìàíîâû

ïîâåðõíîñòè

Ïóñòü Γ - ôóêñîâà ïîäãðóïïà (ïîíèìàåòñÿ, ÷òî îíà ñîñòîèò èç

ñòðîãî ãèïåðáîëè÷åñêèõ ýëåìåíòîâ) è Γ \H2- ðèìàíîâà ïîâåðõíîñòü.

Îïðåäåëåíèå 4. Êëàññ ñîïðÿæåííîñòè ïðîèçâîëüíîãî ýëåìåíòà γ ∈ Γ
íàçûâàåòñÿ ìíîæåñòâî

{γ} = {γ |γ = gγg−1}.

`γ = inf
z∈H2

d(gγg−1z , z) = inf
z∈H2

d(γz , z) = `γ .

Öåíòðàëèçàòîð Υ = {g ∈ Γ |gγ = γg}.
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Ëåììà 7. Öåíòðàëèçàòîð ýëåìåíòà γ ∈ Γ Υγ - ýòî öèêëè÷åñêàÿ

ïîäãðóïïà ãðóïïû Γ, ò.å. ∃ m ∈ N, ÷òî ∀ γ∗ ∈ Υγ

γm
∗ = γ.

Äîêàçàòåëüñòâî. Âîçüìåì ïðåäñòàâëåíèå ýëåìåíòà γ â âèäå ìàòðèöû

γ =
(

e`γ/2 0
0 e−`γ/2

)
,

ãäå `γ . Òîãäà öåíòðàëèçàòîð ñîñòîèò èç ìàòðèö, êîììóòèðóþùèõ ñ
γ: (

e`γ/2 0
0 e−`γ/2

)(
a b
c d

)
=
(

a b
c d

)(
e`γ/2 0

0 e−`γ/2

)
Ïîëó÷àåì, ÷òî b = c è d = a−1. Çíà÷èò Υγ - ïîäãðóïïà

äèàãîíàëüíûõ ìàòðèö â äèñêðåòíîé ãðóïïå. À çíà÷èò òîæå

äèñêðåòíà. À äèñêðåòíàÿ ïîäãðóïïà - öèêëè÷åñêàÿ �
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Áèèíâàðèàíòíàÿ ôóíêöèÿ Ñåëüáåðãà öèêëè÷åñêîé

ãðóïïû

Îáîçíà÷èì H - ìíîæåñòâî, ñîäåðæàùåå ïî îäíîìó ïðåäñòàâèòåëþ

êëàññà ñîïðÿæåííîñòè {γ}.∑
γ∈Γ

k(γz ,w) = k(z ,w) +
∑
γ∈H

∑
g∈Υγ\Γ

k(g−1γgz ,w) =

= k(z ,w) +
∑
γ∈H

∑
g∈Υγ\Γ

k(γgz , gw)

Ïóñòü H∗ ⊂ H - ïîäìíîæåñòâî ïðèìèòèâíûõ ýëåìåíòîâ.
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k(z ,w) +
∑
γ∈H

∑
g∈Υγ\Γ

k(γgz , gw) = k(z ,w) +
∑
γ∈H∗

∑
g∈Υγ\Γ

∞∑
n=1

k(γngz , gw).

Îòêóäà

kΓ(z ,w)− k(z ,w) = 1
2
∑
γ∈H∗

∑
g∈Υγ\Γ

(
kΥγ (gz , gw)− k(gz , gw)

)
.

Ïîëó÷àåì, ÷òî

kΥγ =
∑
n∈Z

k(γnz ,w).
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Ñïåêòð êîìïàêòíîé ïîâåðõíîñòè

Îïåðàòîð −∆ íà êîìïàêòíîì ìíîãîîáðàçèè èìååò íåîòðèöàòåëüíûé

äèñêðåòíûé ñðåêòð

0 = λ0 < λ1 ≤ ... ≤ λn ≤ ...

ñ ñîáñòâåííûìè ôóíêöèÿìè ϕ0 = const, ϕ1, ϕ2, ... ∈ C∞(Γ \H2).
(∆ + λj)ϕj = 0 è {ϕj}∞j=0 îáðàçóþò îðòîíîðìèðîâàííûé áàçèñ

Øàóäåðà â L2(Γ \H2).
Ïîëîæèì

ρj =
√
λj − 1/4, −π2 ≤ arg ρj <

π

2 .
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Åñëè f ∈ C2(Γ \H2), òî ðÿä

f (z) =
∞∑

j=0
cjϕj(z), cj = 〈f , ϕj〉

ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî.
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Ïðåäëîæåíèå 8. Åñëè h óäîâëåòâîðÿåò âñåì óñëîâèÿ ¾õîðîøåé¿

ôóíêöèè (H1), (H2), (H3∗), òî

Lϕj(z) = h(ρj)ϕj(z).

Ïðåäëîæåíèå 9. Åñëè h óäîâëåòâîðÿåò âñåì óñëîâèÿ ¾õîðîøåé¿

ôóíêöèè (H1), (H2), (H3∗), òî áèèíâàðèàíòíóþ ôóíêöèþ ïîäãðóïïû

Γ ìîæíî ïðåäñòàâèòü â âèäå ðÿäà

kΓ(z ,w) =
∞∑

j=0
h(ρj)ϕj(w)ϕj(z),

êîòîðûé ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî.
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Ïðåäñëåäîâàÿ ôîðìóëà Ñåëüáåðãà

Òåîðåìà 3. Åñëè h óäîâëåòâîðÿåò âñåì óñëîâèÿ ¾õîðîøåé¿ ôóíêöèè

(H1), (H2), (H3∗), òî

∞∑
j=0

h(ρj)|ϕj(z)|2 = 1
4π

∞∫
−∞

h(ρ)ρ th(πρ)dρ+
∑

Γ\{id}
k(γz , z).

Äîêàçàòåëüñòâî. Òàê êàê ïî ïðåäëîæåíèþ 9

kΓ(z , z) =
∞∑

j=0
h(ρj)|ϕj(z)|2,

è èñïîëüçóþ ôîðìóëó ïðè z = w , ìû ïîëó÷àåì
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1
4π

∞∫
−∞

th(πρ)ρh(ρ)dρ+
∑

Γ\{id}
k(γz , z) =

∞∑
j=0

h(ρj)|ϕj(z)|2 �
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Ôîðìóëà ñëåäà Ñåëüáåðãà

Òåîðåìà 4. Åñëè h óäîâëåòâîðÿåò âñåì óñëîâèÿ ¾õîðîøåé¿ ôóíêöèè

(H1), (H2), (H3∗), òî

∞∑
j=0

h(ρj) = Area(Γ \H2)
4π

∞∫
−∞

h(ρ)ρ th(ρ)dρ+
∑
γ∈H∗

∞∑
n=1

`γ ĥ(n`γ)
2 sh(n`γ/2) ,

ãäå ðÿä ñõîäèòñÿ àáñîëþòíî.

Äîêàçàòåëüñòâî. 1) Ïðîèíòåãðèðóåì ïðåñëåäîâóþ ôîðìóëó

Ñåëüáåðãà ïî z íàä Γ \H2

∞∑
j=1

h(ρj)
∫

Γ\H2

|ϕj(z)|2dµ(z) = Area(Γ \H2)
4π

∞∫
−∞

h(ρ)ρ th(ρ)dρ+
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+
∫

Γ\H2

∑
Γ\{id}

k(γz , z)dµ(z).

2) Âñïîìíèì, ÷òî

∑
Γ\{id}

k(γz , z) = 1
2
∑
γ∈H∗

∑
g∈Υγ\Γ

(
kΥγ (gz , gz)− k(gz , gz)

)
è ∑

g∈Υγ\Γ

∫
Γ\H2

f (gz)dµ(z) =
∫

Υγ\H2

f (z)dµ(z).

Èíòåãðàë è ñóììó ìîæíî ìåíÿòü ìåñòàìè.
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Òîãäà∫
Γ\H2

∑
Γ\{id}

k(γz , z)dµ(z) = 1
2
∑
γ∈H∗

∫
Υγ\H2

(
kΥγ (gz , gz)− k(gz , gz)

)
dµ(z).

Äàëåå ∫
Υγ\H2

(
kΥγ (gz , gz)− k(gz , gz)

)
dµ(z) =

∞∑
n=1

`γ ĥ(n`γ)
sh(n`γ/2)

è ∫
Γ\H2

∑
Γ\{id}

k(γz , z)dµ(z) =
∑
γ∈H∗

∞∑
n=1

`γ ĥ(n`γ)
sh(n`γ/2) .

Ðÿä
∞∑

j=0
h(ρj) ñõîäèòñÿ àáñîëþòíî.
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Äåéñòâèòåëüíî, ∣∣∣∣∣∣
∞∫
−∞

h(ρ)ρ th(ρ)dρ

∣∣∣∣∣∣ << 1
δ(1 + δ)

è ,èñïîëüçóÿ íåðàâåíñòâî |g(t)| << e−σ|t| ∀ t ∈ R, ïîëó÷àåì

∑
γ∈H∗

∞∑
n=1

`γ |ĥ(n`γ)|
sh(n`γ/2) <<

∑
γ∈H∗

∞∑
n=1

`γe−n`γ(σ+1/2)

1− e−n`γ/2 <<

<<
Cσ−1/2

1− e`min(σ+1/2) ,

ãäå `min = min
γ∈H∗

`γ è ìû âîñïîëüçîâàëèñü ëåììîé 5 �
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Çàêîí Âåéëÿ

Óçíàåì àñèìïòîòèêó êîëè÷åñòâà ñîáñòâåííûõ ÷èñåë îïåðàòîðà

Áåëüòðàìè - Ëàïëàñà íà ðèìàíîâûõ ïîâåðõíîñòÿõ. Ïóñòü

N(λ) = ]{j |λj ≤ λ}

- ñ÷èòàþùàÿ ìåðà. Íàéäåì àñèìïòîòèêó ìåðû N. Ôèêñèðóåì λ è

îáîçíà÷èì A = [0, λ]. Ïðîèíòåãðèðóåì ôóíêöèþ e−βx , ãäå βλ ≈ 0 ïî

ìíîæåñòâó A ∫
A

e−βxdN(x) =
∞∑

j=0
e−βλjχA(λj),

ãäå χA - õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà A.
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Òîãäà ïîëó÷àåì

e−βλN(λ) ≤
∞∑

j=0
e−βλjχA(λj).

èëè

N(λ) ≤ eβλ
∞∑

j=0
e−βλjχA(λj).

Ìû ìîæåì ïîëîæèòü eβλ = 1 + βλ+ O(1) è ïîëó÷àåì îöåíêó

N(λ) ≤
∞∑

j=0
e−βλj + O(1).

Îòêóäà âèäíî, ÷òî ìîæíî ïðèìåíèòü ôîðìóëó ñëåäà Ñåëüáåðãà.
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Òåîðåìà (Çàêîí Ã.Âåéëÿ).

N(λ) ∼ Area(M)
4π λ+ O(1).

Äîêîçàòåëüñòâî. Äëÿ β > 0 âîçüìåì ¾õîðîøóþ¿ ôóíêöèþ

h(ρ) = e−βρ2
.

Ïðåîîáðàçîâàíèå Ôóðüå

ĥ(t) = e−
t2
2β

√
4πβ

.

Òàêæå íàïîìíèì, ÷òî λj = ρ2
j + 1/4.

Ëàïøòàåâ Ìàêñèì (ÍÃÓ) Ôîðìóëà ñëåäà Ñåëüáåðãà. ×àñòü 2 13.12.2021 35 / 38



∞∑
j=0

e−βλj = Area(M)
4π

∞∫
−∞

e−β(ρ2+1/4)ρ th(πρ)dρ+

+ e−β/4
√

4πβ
∑
γ∈H∗

∞∑
n=1

`γe−n2`2
γ/2β

2 sh(n`γ/2) .

Ïîñëå âñåõ âû÷èñëåíèé ïîëó÷àåì, ÷òî

∞∑
j=0

e−βλj = Area(M)
4πβ + O(1).
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Âñïîìíèì òåîðåìó Òàóáåðà:

Òåîðåìà Òàóáåðà. Ïóñòü L(t) - ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ íà
áåñêîíå÷íîñòè, U - ìåðà íà [0,∞], à ω(z) - Ïðåîáðàçîâàíèå Ëàïëàñà
ìåðû N. Ïîëîæèì z = t−1. Ïðè ρ ≥ 0 êàæäîå èç ñîîòíîøåíèé

ω(z) ∼ 1
z L(1/z), z → 0+,

è

U(t) ∼ 1
Γ(1 + ρ) tρL(t), t →∞,

âëå÷åò äðóãîå. Â ÷àñòíîñòè

ω(z) ∼ Γ(1 + ρ)U(t).

Âåðíåìñÿ ê äîêàçàòåëüñòâó. Çàìå÷èì, ÷òî èíòåãðàë

ω(β) =
∞∫

0

e−βxdN(x)

ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ëàïëàñà ñ÷èòàþùåé ìåðû N.
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Îáîçíà÷èì L(β) =
∞∑

j=0
e−βλj . Ïîëàãàÿ ρ = 0 â òåîðåìå Òàóáåðà è

ïîëîæèâ β = 1/λ (óñëîâèå,÷òî β = o(1/λ) ìîæíî îïóñòèòü), òî
ïîëó÷àåì òðåáóåìîå óòâåðæäåíèå �
Ñëåäñòâèå. Ìîæíî çàìåíèòü (H3∗) íà (H3) â òåîðåìå î ñëåäå
Ñåëüáåðãà.
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