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Chapter 1

Introduction

81 General characteristic of the paper

After announcement on the classification of finite simple groups investigation of known
simple groups becomes one of the most important problem in finite group theory. In
particular, subgroups structure of known finite simple group is of interest. The most
important subgroups are maximal subgroups, maximal soluble subgroups, maximal nilpo-
tent subgroups, and maximal abelian subgroups. This paper is devoted to abelian and
nilpotent subgroups of maximal order of finite simple groups.

The main part of known finite simple groups consists of finite simple groups of Lie
type. This groups are divided into 16 classes. Six classes are so-called classical groups and
ten classes are so-called exceptional groups. Since the subgroups structure of this groups
is the most complicated, the most part of the paper dedicated to these groups. Because
of closed relation between finite groups of Lie type and simple linear algebraic groups
defined over algebraically closed field of positive characteristic we obtain some auxiliary
results for algebraic groups.

Recall some known results on structure and orders of some special subgroups of finite
simple groups of Lie type. The structure of Sylow p-subgroups, where p is the charac-
teristic of base field, is found by Chevalley. So finite groups of Lie type are often called
Chevalley groups. Carter, Weir, and Wong in [13], [42], and [47] find structure of Sylow
r-subgroups, where r does not equal to the characteristic of base field. In 60-s many au-
thors investigate structure and orders of maximal tory in finite Chevalley groups. In 1972
Carter [11] find simple and clear way to finding orders of maximal tory in all split finite
Chevalley groups. From 1979 till 1982 some papers written by Barry and Wong (3], [4],
[45], and [46] are published. They find p-ranks, Thompson subgroups and abelian unipo-
tent subgroups of maximal order in all finite classical groups. The analogous problem for
exceptional groups remains open. This problem, in particular may be found in [28].

In the work we find orders, structure and classes of abelian and nilpotent subgroups
of maximal order in almost all finite simple groups. More over, we find abelian and
nilpotent subgroups of maximal order in symmetric groups and finite groups of Lie type
(not necessary simple). We find abelian unipotent subgroups of maximal order, p-ranks,
and Thompson subgroup in all maximal unipotent subgroups of finite Chevalley groups.
Thus, we solve the problem, mentioned above. We also prove that abelian subgroup of
maximal order in finite simple group of Lie type equals either some tory or some abelian
unipotent subgroup of maximal order. Orders and structure of abelian subgroups in



symmetric and alternating groups are found by direct calculation. We use ATLAS [15]
to find abelian subgroups of maximal order on finite symplectic groups. Thus, in the
work orders, structure and classes of abelian subgroups of maximal order are found in all
finite simple groups, except some symplectic groups of large order. We obtain following
theorem as a corollary.

Theorem 1.1.1. Let G be a nonabelian finite group such that G % Ai(q) and let A be an
abelian subgroup of G. Then |A]* < |G].

The following theorem gives a solution to the problem 4.27 from “Kourovka Notebook”
[49]. A solution to this problem in another way was announced earlier in [23].

Theorem 1.1.2. A nonabelian finite simple group G has a decomposition ABA, where
A, B are abelian subgroups of G if and only if G = Ly(2") for some n > 2. Moreover
|A| =2'+1, |B| =2, A is a cyclic group, and B is elementary abelian.

We prove that nilpotent subgroups of maximal order in almost all finite simple groups
coincide with some Sylow subgroup. We also prove that there exist just one class of large
nilpotent subgroups in all finite simple groups. The following theorem generalizes result
by Mazurov and Zenkov [34].

Theorem 1.1.3. Let G be a nonabelian finite simple group, N a nilpotent subgroup of G.
Then |N|> < |G].

Note that soluble subgroups of maximal order in all finite simple groups (except spo-
radic) are found in [33] and [38].

Let W be a some property (for example, commutativity, nilpotency, solvability, etc.)
We consider the following problem.

Problem. If a finite group G contains a W-subgorup of index n, then is it true that G
contains a normal W-subgroup of index < f(n) for some function f(n).

Clearly, that for an arbitrary property W such that U is inherited by all subgroups we
may take f(n) = nl. So we demand that f(n) = n° for some constant c¢. Note that if
U is solvability or cyclicity, then an affirmative answer is obtained in [2]. In this paper
they also formulate the question mentioned above when ¥ is commutativity or nilpotency.
When ¥ is commutativity Muzychuk find an affirmative answer with function f(n) = n?
in unpublished paper. In this paper we get an affirmative answer in remaining case, when
U is nilpotency (with function f(n) = n?).

Since results by Babai, Goodman, and Pyber allow us to reduce problem to soluble
groups, we prove the following theorem.

Theorem 1.1.4. Let G be a finite soluble group, containing soluble subgroup of index n.
Then |G : F(G)| < n®.

The work consists of six chapters (with introduction). In the first chapter we give
basic definitions and known results.

In the second chapter we find abelian subgroups of maximal order in symmetric,
alternating, sporadic groups, and maximal unipotent subgroups of finite Chevalley groups
of exceptional type. In maximal unipotent subgroups we also find p-ranks and Thompson
subgroups. For convenience we assemble the results of the second chapter in tables 2.1,
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2.4, and 2.5. The results of this chapter were announced at International Science Student
Conference (ISSC) (see [51], [54]), at Krasnoyarsk Conference (see [53]), at International
algebraic conference dedicated to the memory of D. K. Faddeev in St.Petersburg (see [52]),
at International algebraic conference “Groups and Group Rings” in Poland (see [57]), and
at International algebraic conference dedicated to the memory of Yu. I. Merzlyakov in
Novosibirsk (see [58]). The results have been published in [59] and [63]. Note, that
Barry and Wong in papers [3], [4], [45], and [46] use canonical rational representation to
find abelian unipotent subgroups of maximal order in finite classical groups. Theorems
2.2.1,2.2.2, and 2.2.4 give simple and clear way to finding disconjugate unipotent abelian
subgroups of maximal order in all finite split groups of Lie type. More over, this results
may be easily generalized for reductive linear algebraic groups over field of arbitrary
characteristic. In particular, one can derive results by Barry and Wong for split classical
groups by using this theorems. We make a GAP program to find maximal abelian with
respect to p subsets in all exceptional root systems. We give complete lists of maximal
abelian with respect to p (for different p) in root systems Gy, Dy, and Fj.

In the third chapter we prove that the order of an arbitrary abelian subgroup of a
finite simple group of Lie type is less then or equal to the order of some semisimple or
some unipotent abelian subgroup. In particular, we find abelian subgroups of maximal
order in all (not only simple) finite Chevalley groups. We assemble results of this chapter
in the table 3.2. The results of the third chapter were announced at ISSC (see [54]), at
International algebraic conference dedicated to the memory of A. G. Kurosh in Moscow,
at International algebraic conference “Groups and Group Rings” in Poland (see [57]),
and at International algebraic conference dedicated to the memory of Yu. I. Merzlyakov
(see [58]). The results have been published in [59], and [61]. We use canonical rational
representation when we investigate groups A,(q) and C,(q), and we use linear algebraic
groups technique in other cases. The structure of 2By(q) and 2G3(g) may be find in [40]
and [41], so we give orders of abelian subgroups of maximal order in this groups without
any arguments.

In the forth chapter we find orders, structure, and number of classes of nilpotent
subgroups of maximal order in all finite simple groups. We also prove theorem 1.1.3.
The results of this chapter were announced at ISSC (see [56]), at International algebraic
conference “Groups and Group Rings” in Poland (see [57]), and at International algebraic
conference dedicated to the memory of Yu. I. Merzlyakov in Novosibirsk (see [58]). This
results have been published in [62]. For convenience we assemble the results of the forth
chapter in the tables 4.1 and 4.3.

In the fifth chapter we prove theorem 1.1.4. The results were announced at ISSC (see
[56]), at International algebraic conference dedicated to the memory of A. G. Kurosh in
Moscow (see [55]), at International algebraic conference “Groups and Group Rings” in
Poland (see [57]), and at International algebraic conference dedicated to the memory of
Yu. I. Merzlyakov in Novosibirsk (see [58]). The results have been published in [60].

In the six chapter we obtain some corollaries of previous results. We prove theo-
rem 1.1.2 and find an affirmative answer to the Babai, Goodman, and Pyber problem.
The results were announced at ISSC (see [51] and [56]), at Krasnoyarsk conference (see
[53]), at International algebraic conference dedicated to the memory of D. K. Faddeev in
St.Petersburg (see [52]), at International algebraic conference dedicated to the memory
of A. G. Kurosh in Moscow (see [55]), at International algebraic conference “Groups and
Group Rings” in Poland (see [57]), and at International algebraic conference dedicated



to the memory of Yu. I. Merzlyakov in Novosibirsk (see [58]). The results have been
published in [59] and [60].

This Ph.D. thesis, written under the supervision of professor Victor D. Mazurov at the
Novosibirsk State University and the Novosibirsk Institute of mathematics. The author
acknowledges the many helpful suggestion of professor Anatoliy S. Kondratiev during
the preparation of the paper. The author wishes to express his gratitude to Andrei V.
Vasiliev for several helpful comments. The author also is greatly indebted to Andrei V.
Zavarnitsin and Danila O. Revin for their active interest in the publication of this paper.

82 Group theory notations

Definitions and notations of the present paper can be found in [37]. For a group G denote
by H < G and H <G a subgroup and a normal subgroup H of G respectively. We define
|G : H| to be the index of H, Ng(H) to be the normalizer of H. If H <G, then we denote
by G/H the factor group of H in G. Suppose M is a subset of G. Denote by (M) the
subgroup of G, generated by M and by |M| the cardinality of M (or the order of the
element if M consists of just one element). By Cg(M) we denote the centralizer of M in
G. Let Z(G) be the center of G. A conjugation of an element = by an element y is denoted
7Y and defined by = y~'zy. The element [x,y] = x~'2¥ is called the commutator of x
and y. We denote the commutant of subgroups A and B of G by [A, B]. Suppose that A
and B are groups. Then symbols A x B, A* B, and A £ B denote direct, commutative,
and semidirect products of A and B with normal subgroup B respectively. If A and B
are subgroups of G such that B < A < G, then the factor group A/B is called a section
of G. Symbols ®(G) and F(G) denote Frattini and Fitting subgroups of G respectively.

By Syl,(G) we denote the set of all Sylow p-subgroups of G. Let ¢ be a homomorphism
of G and let g be in G. Then symbols G¥ and g¥ denote images of G and g respectively.
If ¢ is an endomorphism of G we denote the set of y-stable points of G by G,. Aut G
and Out G denote automorphism group and outer automorphism group of G respectively.

Let w be a set of primes. By ' we define the set of all primes not in w. If the
set w consists of just one element, we will use just a p’ notation. Recall that O,(G) is
the maximal normal w-subgroup of G and O“(G) is a subgroup generated by the set of
w'-elements. For a prime p symbol i,(G) denotes the minimal integer k such that the
intersection of k£ Sylow p-subgroups equals O,(G).

Definition 1.2.1. An abelian (resp. nilpotent) subgroup of maximal order of finite group
G is said to be large.

The set of all abelian (resp. elementary abelian and normal abelian) subgroups of
maximal order of finite group G is denoted by A(G) (resp. by A.(G) and A, (G)). The
order of some element of A(G) (resp. A.(G) and A,,(G)) is denoted by a(G) (resp. a.(G)
and a,(G)). By J(G), J.(G), and J,(G) we denote subgroups generated by elements of
A(G), A.(G), and A, (G) respectively. The set of all nilpotent subgroups of maximal
order is denoted by N(G), the order of some element of N(G) by n(G). By c,(G) (resp.
c,(G)) we denote the number of classes of large abelian (resp. nilpotent) subgroups. The
symbol m,(G) denotes p-rank of G, i. e. the maximum of ranks of abelian p-subgroups.



§3 The structure of finite groups of Lie type

Notations and results of finite Chevalley groups can be found in [12]. By Chevalley
groups we mean universal Chevalley groups and its central factors. By GF(q) we denote
the finite field of order ¢, by p its characteristic, by GF'(¢)* multiplicative group of GF(q).
A Chevalley group G with root system ® over field GF(q) is denoted by ®(gq). The field
GF(q) is called base field of G. The Weil group of root system @ is denoted by W (®).
The Weil group of G is denoted by W (G).

If G is a split finite group of Lie type, then X, is a root subgroup, where r € ®. X,
is known to be isomorphic with additive group of GF(q). By .(t) is denoted an element
of X, where t is the image of x,(t) under above isomorphism. Every Chevalley group G
is generated by its root subgroups X, (r € ®).

Define a graph automorphism of a finite group of Lie type G. Assume, that Dynkin
diagram of G admits a symmetry p such that this symmetry can be resumed to an
automorphism ¢ of G. Then z,(t)¥ = z,,(t"), where \ is the field automorphism, corre-
sponding to ¢, and ¢ can be resumed to G in natural way. We denote r” by 7, P’ by T,
where r € . The image of an element ¢t € GF(¢%) (o = 1, 2 or 3) under A is denoted by
T =", =t respectively. The group OPI(G¢) is called twisted groups of Lie type.

Twisted groups are denoted by 24, (¢%), 2D, (q%), *Es(q*), 3Da(¢*), 2Bs(q), 2Gs(q),
and 2Fy(q). If G is isomorphic to 2A,(¢%), 2D.(q?), *Ee(q?), then we say that GF(q?)
is the base field of G. If G is isomorphic to *Dy(q*), then GF(q?) is the base field of G.
GF(q) is the base field of G in remaining cases. The field GF(q) is called the definition
field for all groups of Lie type.

Definition 1.3.1. A p-element = of a Chevalley group ®(q) is called unipotent, a p'-
element is called semisimple. We define semisimple and unipotent subgroups of G in
similar way. The set of all semisimple (resp. unipotent) abelian subgroups of maximal
order is denoted by A(G) (resp. A,(G)). The set of all semisimple nilpotent subgroups
of maximal order is denoted by N (G). Note, that we do not need to define the set N, (G),
since N, (G) = Syl (G).

Recall, that for every root system ® there exists a set of roots ry, ..., r, such that every
root is uniquely decomposed as )| a;r;, where all ; are integers and either nonnegative,
or nonpositive. Such set of root is called fundamental system of ®. A fundamental system
is a basis of Z® ®z R. The dimension of Z® ®z R is called rank of root system ®. We
assume below, that all fundamental roots are positive. Then a root r is positive if and
only if it equals to """ | a;r; and all «; are nonnegative. For a root system ® we denote
by ®* (resp. ®) the set of positive (resp. negative) roots. If r = """ | a;r; then the
number Y «; is called weight of r and is denoted by h(r). In every indecomposable
root system ® there exists a unique root of highest weight and this root is denoted by rq.

We will say that a root system ® (or a space Z® ®z R) has a partial (or linear) order
if this order agrees with addition and multiplication on real number. We assume below,
that Z® ®z R has a linear order <, defined by 0 < v = Y | ayr; if and only if either
v = 0, or last nonzero coefficient «; is greater then 0. The notation r < s means that
0 < s —r and the notation r < s means r < s and r # s. Moreover, we fix a partial order
< defined by r < s if and only if s —r =" | ayr; and all «; are nonnegative.

If G is a finite Chevalley group with the base field GF'(q) of characteristic p, then
an element of Syl () is denoted by U. Clearly we may assume that U = (X,|r € ®T).
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If a root system ® has some linear order, then every element is known to be uniquely
decomposed into the product of x,.(t) taken in given order. The following lemma called
by Chevalley commutator formulae is known.

Lemma 1.3.2. [12, 5.2.2] Let x,.(t), zs(u) be elements of X, and X, respectively and
r #s. Then
(@) a@] = 1 e Conal=1)'00),
ir+jse®;i,5>0

where Cjjrs do not depend on t and u.

This formulae means, that the commutant of X, and X, is in Xj, s, where ¢,7 > 0
and ir 4 js € P.

Definition 1.3.3. Let p be the characteristic of the base field of a finite Chevalley group
G. A subset ¥ of the root system ® is called abelian with respect to p if for every roots
r,s € U either r + s not in ®, or C}y,, = 0 in characteristic p. For a root system & the
maximum of orders of abelian with respect to p subsets of ®* is denoted by a(®,p).
A subset U of a root system ® is called abelian if for every r,s € U the vector r + s is
not in ®. Abelian subsets of maximal orders in all irreducible root systems are found by
A. 1. Mal'tsev in [32].

Definition 1.3.4. Let x € U be a unipotent element, then the decomposition x =
[I,co+ zr(t:), where t, € GF(q) and roots r agree with the order <, is called canonical
form of x. Some of ¢, prove to be equal zero.

Every unipotent element x of U has a unique canonical form. The set of roots {r}
such that ¢, # 0 is denoted by ®(z). If L < U is a unipotent subgroup of G, then
O(L) = U,e, ©(x) by definition. By m(x) we define the minimal element of ®(x). If
L < U, then m(L) = J, e, {m(z)} by definition.

Definition 1.3.5. Add the root —rg to Dynkin diagram and join it to other nodes by
usual rule. We derive extended Dynkin diagram

In the table 1.1 we assemble information about extended Dynkin diagram for all
irreducible root systems. The indexing in the table agrees with the one given in [16].

Table 1.1. Root systems and extended Dynkin diagrams

Type & Extended Dynkin diagram
Ay,
™
1 ) T3 Tn—1 Tn
@ e 4':>:.
Bn ~7 2 > > 2
-1



—To A1
C, « | o
-1 2
™
1 )
D —To 2
-1 ™ 3
' ®
1 2
Eg
-1 -To
-To (A 3 Ty s e r7
E ] ® ® ® ® ®
7 -1 2 3 I4 3 2 1
2 T
T1 T3 T4 Ts Te T7 rs -To
[ ® ® ® ® ® ®
Eg 2 4 I6 5 4 3 2 -1
3 T2
-To ™ T2 3 T4
F, ° ° e« 7 o —e
-1 2 3 4 2
-To & T2
Gy ° 5:):3
-1

84 Linear algebraic groups

The information about structure and properties of linear algebraic groups can be found
in [20]. Since we deal with linear algebraic groups only, we omit word “linear” below.

If G is an algebraic group, then we denote the component of the unite of G' by G°. An
algebraic group is said to be semisimple if its radical is trivial, an algebraic group is said
to be reductive if its unipotent radical is trivial. In both cases we do not assume G to
be connected. A connected semisimple algebraic group is known to be the commutative
product of connected simple algebraic groups and a connected reductive algebraic group
is known to be the commutative product of torus S and semisimple connected group M,
where S = Z(G)°, M = |G, G], and SNM is finite. Note that this definition do note agrees
with the definition 1.3.1. Thus if we consider semisimple subgroup of algebraic group we
use just given definition. For finite simple groups of Lie type we use definition 1.3.1.

Let G be a connected reductive algebraic group and 7' some maximal torus of G. The
dimension of T is called the rank of G.

Every element of connected reductive group G is known to be uniquely decomposed
into the product un,tv, where v € U, t € T, u € U Nn, U n,' (see [20, theorem 28.3],
for instance). Here n,, is some element of complete preimage of w under natural homo-
morphism Ng(T) — W. Such a decomposition is called Bruhat decomposition.

Let G be a connected algebraic group, let ™ be some rational faithful representation of
G, let I'; be the lattice generated by weights of w. The lattice, generated by ® is denoted



by I'wq, by I'sc we denote the lattice, generated by fundamental roots. The lattices I,
I';, and I'yy do not depend on 7 and the following inclusions hold I' g < T';y < I[y..

For given root system ® there exist several nonisomorphic connected simple algebraic
groups. They are called isogenies. They have nonisomorphic groups I[';; and nonisomorphic
finite center. If I'; = I'y., then G is called simply connected and is defined by Gg.. If
[y = Ty, then G is of adjoint type and is defined by G,4. Every connected algebraic
group with root system & is a factor group Gs./Z, where Z < Z(G,.). The center of Guq
is trivial and G4 is a simple abstract group.

Let 79 = ), ¢;r; be the decomposition of ry into the sum of fundamental roots with
integer coefficients. The numbers ¢; may be found in the table 1.1. All prime dividers of
this numbers are bad primes for a group G.

Lemma 1.4.1. /20, 21.8 and 22.2] Let G be a connected linear algebraic group. Then
all Borel subgroups are conjugate in G. More over, maximal tory and mazimal unipotent
subgroups of G coincide with mazximal tory and maximal unipotent subgroups of Borel
subgroups. All maximal tory and maximal unipotent subgroups of G are conjugate in G
and every semisimple (resp. unipotent) element of G lies in some mazimal tory (resp.
mazximal unipotent subgroup).

Let G be a connected simple algebraic group over algebraically closed field of char-
acteristic p > 0, let ¢ be an endomorphism of G such that the set G, is finite. Such
an endomorphism o is said to be Frobenius automorphism. although it might do not
coincide with some classical Frobenius automorphism. Note, that ¢ is an automorphism
if we suppose G to be an abstract group, and ¢ is an endomorphism if we suppose G to
be an algebraic group. In general case o equals gogy, where ¢ = p® is an exponentiation to
the power ¢ and oy is a graph automorphism of order 1, 2, or 3. Then O” (G,) is a finite
group of Lie type over field of characteristic p and every finite group of Lie type (both
split and twisted) has such property. If G is smlply connected, then G, = O (GU)
universal. The rank of G is called the rank of OP (G,) Note, that if group G = O? (G,) is
simple, then group G, is the inner-diagonal automorphism group of G. For every o-stable
maximal torus T of G we have T,G = G,,.

Suppose T to be some o-stable torus of connected simple algebraic group G. The group
T, (vesp. T, NOP (G,)) is called a torus of G, (resp. O (G,)). If T is maximal, then T,
(resp. T, NOY(G,)) is called mazimal torus. One to one correspondence between classes
of Weil group and classes of maximal tory in finite split group of Lie type is known. (see
[10]). If T3, (q) corresponds to w € W, then |T3,(q)| = f(q), where f(q) is the characteristic
polynomial of w. The complete information about classes of Weil groups, characteristic
polynomials, and centralizers in Weil group for all simple Lie algebras may be found
n [11].
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Chapter 2

Abelian subgroups of maximal order
in some classes of finite groups

§1 Abelian subgroups of maximal order in symmetric
and alternative groups

Theorem 2.1.1. A large Abelian subgroup in an alternating group A,, is conjugate to one
of the following groups:

1) ((1,2,3),...,(3k — 2,3k — 1,3k)) if n = 3k;

2)((1,2)(3,4),(1,3)(2,4),(5,6,7),...,(3k — 1,3k, 3k + 1)) ifn:3k‘+1;

3) ((1,2)(3,4),(1,3)(2,4), (5,6)(7,8),(5,7)(6,8),(9,10,11),..., (3k, 3k +1, 3k +2)) if
n=3k+2,k>2;

£)((1,2,3.4,5)) if n = 5.

Also, the orders of large Abelian subgroups in alternating (A,) and symmetric (S,)
groups are given thus:

a(Az,) = 3% a(Aznga) = 43" a(Aznge) = 16-3"7% a(As) = 5; a(Ss,) = 37
a(Szny1) =4+ 3 ' a(Ssnq2) = 23"
For any n, ca(An) =1.

Proor. We point out the following well-known fact. Let H < S, and assume that H is
Abelian and acts transitively on a set {1,...,n}. Then |H| = n.

In fact, consider a stabilizer Sty (i) of some element i € {1,...,n} in the group H.
Since H acts transitively, for any j € {1,...,n}, there exists a 7 € H for which i" = j.
For any o € Sty(i), therefore, we have

jU:iTU:iUT:iT:j,
that is, if 0 € Sty(i) then o € Sty(j) for all j € {1,...,n}. Hence 0 = ¢ is an
identical permutation, that is, Sty (i) = {¢}. Furthermore, |H| = |H : Sty (i)| - |Stu(i)],
|H : Sty (i)] = n, and consequently |H| = n.
Finally, the whole set {1, ...,n} splits into disjoint subsets I, ..., I, on each of which
the Abelian subgroup G of S, acts transitively. Thus |G| < H;?:l 11;].

Write P, = maxnﬁm%k:n(]_[?:l n;). By the above, a(S,) = P,. It is not hard to see
that P, satisfies the following recurrent relation:



Using this, by induction we obtain the equalities
Py, =3" P =4-3""" Pyp=2-3"

The theorem is proved for A(S,).

Note that A, < S,, and hence a(A,) < a(S,). In the group As,, there exists an
Abelian subgroup G generated by permutations (1,2,3), (4,5,6),...,(3n —2,3n —1,3n),
that is, G' can be represented as a direct product of cyclic groups of order 3. The order of
G is equal to 3™; therefore, a(As,) = 3". It is worth mentioning that any large Abelian
subgroup F' in Ajs, is represented as a direct product of cyclic groups of order 3, that is,
it is generated by permutations (ki, ko, k3), (K4, ks, ke), - - -, (k3n—2, k3n_1, k3n); therefore,
G? = F, where o is a permutation in S3, sending 1 to kq, 2 to ko, and so on. If ¢ is odd,
we may take a permutation (1,2)o = 7, which is even. Since G1? = G, we have G™ = F
that is, G and F' are conjugate in Ag,.

In the group As,y1, there is an Abelian subgroup G generated by permutations
(1,2)(3,4), (1,3)(2,4), (5,6,7), ..., (3n — 1,3n,3n + 1); its order is equal to 4 - 3"~1,
and so a(Az,) = 4-3""1. A proof that any large Abelian group and G are conjugate in
Asni1 goes along the same line as in the As, case.

Lastly, if G is an Abelian subgroup of As, .o, then either |G| = 3n + 2, or G is
represented as G = G X Gy, where Gy < Ag,, Go < Ag,, and k1 + ke =3n+2. If n > 2,
for the indices k; and ko, we have the following cases.

1. Let ky = 3ny + 1 and ks = 3ny + 1. Then |G| = |Gy x Go| = |Gy| - |G2| <
a<A3n1+1) ’ a(A3n2+1) =16-3""2

2. Let kl = 377,1 and kg = 3712 + 2. Then |G‘ = |G1 X G2| = ‘Gll . |G2| < a<A3n1) :
a(A3n2+2) =16 3n—2'

Using induction on n yields the estimate a(As,2) < 16-3"72. On the other hand, for
n > 2, As,.2 contains a subgroup G generated by permutations (1,2)(3,4), (1,3)(2,4),
(5,6)(7,8), (5,7)(6,8), (9,10,11), ..., (3n,3n + 1,3n + 2); its order is equal to 16 - 372
and so a(Asz,) = 16 - 3772, As above, we can prove that any large Abelian subgroup and
G are conjugate in Asy,yo. X

In the table below we assemble information about large abelian subgroups in symmetric
and alternative groups.

Table 2.1. Large abelian subgroups of symmetric and alternative groups

G a(@) c.(G) structure
Az, Sm 3" 1 (1,2,3)) x ... x ((3n— 2,3n— 1,3n))
Aspi1 4. 3n1 1 ((1,2)(3,4),(1,3)(2,4)) x ((5,6,7)) x ...x
x((3n —1,3n,3n+1))
(2% (B0 % (G870, x (B L 3n3a ¥ D),
S | 43| 3 A€ A(Agni), ((1,2,3,9) x {(5,6,7)) x ... x
x((3n — ,3n 3n+1))
Agn2,n>2116-3"2 | 1 ((1,2)(3,4), (1>3)(274)> x ((5,6)(7,8),(5,7)(6,8))
((9 10,11)) x ... x ((3n,3n + 1,3n + 2))
S3n+2 2-3" 1 ((1,2)) x ((3,4,5)) x ... x {(3n,3n+1,3n+ 2))
As 5 1 (1.2,3.4,5))
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§2 Abelian unipotent subgroups of finite Chevalley
groups. Main theorems

Theorem 2.2.1. Let G be a finite split Chevalley group with base field GF(q). L < U is
assumed to be some unipotent subgroup of G. Then |L| < ¢™®)l,

PrOOF. For all r € m(L) consider a maximal subset X (r) = {z(r,t,)|t, € GF(q)} of L
such that the following conditions hold.

1. For every x(r,t,.) € X(r) we have m(z(r,t.)) = r.
2. The element z,(t,) is in the canonical decomposition of z(r,t,).
3. For every two elements z(r,t,) and z(r, u,) of X(r) we have t, # u,.

4. e € X(r) for all r € m(L).

Just defined subset X (r) is some analogue in L of root subgroup X, in U. In general,
X(r) is not uniquely determined. But the cardinality of X (r) is constant (for a given
group L) and is not greater then |GF(q)| = q. We prove the following statement.

We fix some set {X(r)|r € m(L)}. Then every element x of L has the following
decomposition © = [],c,nir) rsmz) T(rstr). (%)

Assume, that (x) is false and x is a maximal with respect to m(z) counterexample.
Suppose that r = m(x) and the element z,(,) of the root subgroup X, is in the canonical
decomposition of z. By definition, there exists an element x(r, u) of X (r) such that u = t,.
Then z = z,(t,) [1,-, s(ts) and (2(r, )" = 2,(—t,) [1,~, zs(us). Thus we have.

(@(r o) o = (—t) - [ [ as(us) - 2o (t) - [ [ slts) =

=z, (=) - @ () - HxS(US) : [H $S(u8)>$r(tr)] : H:ES(tS) =
= H:Us(us) : [H $3(U5),$r<tr)] ’ Hxs(ts)

By lemma 1.3.2, the commutator

[H 4 (us), xT(tr)]

s>r

is in the subgroup (X,|s > r). The elements [[,., z(t;) and [[,., zs(us) are in (X |s > r)
also. Therefore the element 1 = (z(r,t,))~' -z is in (X,|s > r). In particular m(z;) >
m(z). Since m(x1) > m(x), and x is a maximal with respect to m(x) counterexample, we
have that the element z; has the decomposition z; = [ x(s,ts). Hence the
following equality holds

x = x(r,t,) H x(s,t) = H (s, 1),

sem(L),s2m(z1) sem(L),s>m(x)

sem(L),s=m(x1)

a contradiction.

Thus we prove that |L| <] @) 1 X ()] < ¢g™m@), X

rem
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Theorem 2.2.2. Let G be a finite split group of Lie type over GF(q) of characteristic p
and U € Syl,(G). Assume that x,y € U and [z,y] = 1. Then the set {m(x), m(y)} is
abelian with respect to p. In particular, for an abelian unipotent subgroup A < U we have
that the set m(A) is abelian with respect to p.

PROOF. Suppose that m(z) = r, m(y) = s. So x = z,.(t)v12,45(t1)ve and y = xs(u)w,
xr+s(u1>w27 where
v = er@, r<f<r+s zy(ty), va = errb,f>r+s zy(ty), wi = ercb,s<f<r+s zy(uyp), wy =
Hf€¢7f>r+s zf(uy) and ¢, 61, tp, u,ug, up € GF(q).

Assume, that r < s. The we obtain the following identities.

14



Yy = T (D012, 45(t1 Ve - Ts(W) w2, 4s(up)woy

= xr(t) ( ) Lrts tl ( (tf)> X
fedbr<f<rts fED,f>r+s
X xg(u) - ( > Trys(ur) ( f(uf)> =
fed,s<f<r+s fed, f>r+s
= z,(t)- ( 11 (tf)> s(u)- ( (tf)> Trps(t1) - ( 11 ﬂff(tf)) X
fedr<f<s fE€D,s<f<r+s fED, f>r+s

X [( 11 l"f(tf)) - 2pps(ty) - ( 11 xf(%‘)) 7%(“)] X
fEPs<f<r+s fe®@,f>r+s
X ( 11 93f(uf)> FTpps(ur) - ( 11 iff(“f)) =

fED,s<f<r+s fED, f>r+s

= z,(1) - ( H xf(tf)) xs(u+ts) - ( H xf@f)) s (t1) X

fedr<f<s fED,s<f<r+s

( H IL‘f(Uf)) ’ xr-i—s(ul) X

fED,s<f<r+s

X ( 11 $f(tf)> : [( 11 l”f@f)) “Trps(th) - ( 11 xf@f)) aﬂfs(u)] X
feD, f>r+s fe®,s<f<r+s fED, f>r+s

X [( 11 fff@f)) : [( 11 fﬂf(tf)> +Trps(tn) - ( 11 l“f@f)) ws(u)] 7
fED, f>r+s fed,s<f<r+s feD, f>r+s

( 11 If(“f)) -xr+s(ul)] ' ( 11 If(“f)) =
fed,s<f<r+s fED, f>r+s
=xr<t>-< 11 xf<tf>)-xs<u+ts>-< 11 wf<tf+uf>)-xr+s<t1+u1>x

feEPr<f<s fEDP,s<f<r+s

Xz ( I1 l’f(tf)> : [( I1 xf@f)) Ty (th) - ( 11 xf(tf)) >Is(u)] x
fED, f>r+s fEP s f<r+s fED, f>r+s
X [( 11 ff@f)) : [( 1T xf(tf)> +Trps(tn) - ( II fEf(tf)) 7%(“)] ,
fED, f>r+s fe€D,s<f<r+s feD, f>r+s
( 11 l’f(“f)) -wm(ul)] : ( 1T mf(“f)) :
fed,s<f<r+s fED, f>r+s

where the element z is defined by the following way. Consider the minimal root f; of
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the set ¥y = {s < f <r+s|f € &}. Then the element

( H QZf(ff)) : errs(tl) "X (ufl)

fed,s<f<r+s

is equal to

T (ug) - ( 11 ﬂﬁf(tf)> +Trps(th) - [( 11 fcf(tf)) ‘$r+s(t1)vxf1(uf1)] :

fED,s<f<r+s fEDP s<f<r+s

Put

7= [( 11 xf@f)) '$r+s(t1)al’fl(uf1)] :

feD,s<f<r+s

Then we take the minimal root fo of ¥y = {f; < f <r+ s|f € ®}. Now the element

( H xf(tf)) ’ xr—i—s(tl) TR Xy (uf2>

fed, fi<f<r+s

equals

T, (uy,) < 11 xf@f)) Tris(t1)z1 [( 1T ilff@f)) Ir+s(t1)z1a5€f2(ufz)] :

feDR, fi<f<r+s fED,s<f<r+s

Put
=2 [( 11 ff(tf)) “Trps(th) - Zl,%(%)] :
fed,s<f<r+s

We repeat this procedure until we obtain the empty set W;. Since the set W, is finite and
for every k we have |Uy| > |Wxyq|, this procedure stops after a finite number of steps.
Put z to be equal to z,_;. By lemma 1.3.2, the element z is in (X¢|f > f; + f2). Since
fi > rand f, > s we have m(z) > r + s, therefore z € (Xf|f >+ s).

Thus, by lemma 1.3.2 we obtain, that all root factors in the canonical form of the
element

Z( 11 xf@f)) : [( 11 If@f)) “Trys(th) - < 11 ilff@f)) 7$s(u)] X
fED, f>r+s feP,s<f<r+s feD, f>r+s

X [( I1 xf@f)) : [( 11 xf@f)) Tpps(t) - < 11 »’Cf(tf)) st(u)] 7
feP, f>r+s fED,s<f<r+s feP, f>r+s
( 11 xf(“f)) 'fms(ul)] : ( 1T xf(“f))

fed,s<f<r+s fed, f>r+s

are in (Xf|f > r + s). Hence, this element is in (Xy|f > r + s). So, we may write it in
the following way [[;., ,@s(ay), where a; are elements of GF(q). Thus we obtain the
following canonical form of zy.
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xy:xr(t)‘< 11 fcf(tf)>'5€s(u+ts)'< 1T l“f(thruf))X

fED r<f<s feEP s<f<r+s

X zpp(ti+w) - [ wlay). (21)
f>r+s

Applying analogous arguments to the element yx we obtain the following canonical form

yr = ,(t) < H xf(tf)> zs(u+t,) ( H zy(ty —|—uf)> X

fedr<f<s fEP s<f<r+s

xxr+s(t1+u1—CllTstu)< II mf(bf)>, (2.2)

feD, f>r+s

where all elements by are in GF(q). By (2.1) and (2.2), it follows that if the set {m(x),
m(y)} is not abelian with respect to p, then canonical forms of xy and yx are not coincide,
since the element x,,4(t; + up) differs from the element z, 4 (t; + w3 — Ciipstu). By
uniqueness of canonical form, we have, that zy # yx, a contradiction. X

Corollary 2.2.3. Let G be a finite split group of Lie type over GF(q) of characteristic

p. Let A be an abelian unipotent subgroup of G and ® the root system of G. Then |A| <
@ ®p),

PROOF. Since A is unipotent, we may assume, that A < U. By theorem 2.2.2 the set
m(A) is abelian with respect to p. So, by theorem 2.2.1, |A| < ™) < ¢®P), X

Theorem 2.2.4. Let G be a finite split group of Lie type. Let A1 and Ay be two subgroups
of U and B = Ng(U) a Borel subgroup of G, Ay and Ay are conjugate in B. Then

PROOF. Suppose, that A = A, for some g € B. Then g = hu, where h is an element
of Cartan subgroup H of B and u is in U. For every root r € ®* we have X C X, so
X" C X,. By lemma 1.3.2 we have, that for every u € U the following inclusion holds
X' C X, (X|s > r). Assume that z € A; and r = m(z). By previous arguments we
obtain that 29 € X, (X|s > r). Hence, m(z9) = m(xz) € m(As). Therefore, m(A;) C
m(Asy). Since the identity Agfl = A; holds, we get m(As) € m(A;). Thus, m(4,) =
m(As). X

§3 Large abelian unipotent subgroups in Gs(q)

The structure and orders of large abelian unipotent subgroups and Thompson subgroups
in maximal unipotent subgroups in G5(¢) depend on the characteristic p of the base field
GF(q) of Ga(q).
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The characteristic equals 2 Maximal abelian with respect to 2 subsets of ®* are
given in the list below.

{ry,m + 12, 3r1 + 19,311 + 219},
{ro,r1 +12,3r1 + 212},
{ra,2r1 + 19, 3r1 + 213},

{2r1 + r9,3r1 + 19,31 + 212}

Consider the first member of the list. Direct computations show, that for every x,y €
U such that m(z) = ry and m(y) = 1 + ro we have zy # yx. Thus, if A is an abelian
subgroup such that
m(A) C {ry,r1 + re,3r; + 19, 3r1 + 212},

then either
m(A) Q {7‘1,37’1—|—T2,3T1+27’2},

or
m(A) C {ry +re,3r; + ro, 311 + 212},

Consider former case. Up to conjugation A coincide with one of the following groups
either

<Xr1 ) X37’1+7"2 ) X3T1+27‘2>

or
<{x7“1 <a>$rl+7'2 (a>|a € GF<q)}; X3r1+r27X3r1+2r2>-

Anyway, by theorem 2.2.1, we get |A| < ¢®. Analogous arguments give us a complete list
of large abelian subgroups of U). We do not give this list here. Note that

<Xr1 ) X3r1+r2 ; X3'r’1+2r2>

and
<X7"2 ) Xrl +ras X37“1 +2r2>

are large elementary abelian subgroups of U and generate U.
<X27°1+1”27 X37’1+r27 X3r1+27"2>

is a unique large abelian normal subgroup of U. Hence, a(U) = a.(U) = a,(U) = ¢°,
J(U) = J(U) = U,
JTL(U) = <X27’1+7"27 X3r1+7"27 X3r1+2r2>;

mQ(GQ(QO‘)) = 3a.
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The characteristic equals 3 In this case abelian with respect to 3 subsets of ®* can
be found in the list below.

{7”1,27”1 + 7“2,37‘1 +7’2,37’1 —+ 2’/’2},
{r1 + 172,211 + 19,311 + 19,311 + 219},

{ra, 71 + 72,211 + 19,371 + 213}
Thus, large abelian unipotent subgroup A of U € Syl (G2(q)) is conjugate (in U) to either

<X7“1 ) X27'1+T2 ) X37'1+T27 X37"1+2T2>7

or
<{x7“1 (a>$rl+7"2 (a) ’CL € GF<q)}a X2T1+7“2 ) X37”1+7“2 ) X37"1+21“2>7
if m(A) coincide with the first set. A is conjugate to

<XT1+7”27 X2T1+r27 X3r1+7°2a X3r1+2r2>7

if m(A) coincide with the second set. A is conjugate to either

(Xogs Xoytra Xor 4oy Xari42r),
or
({zr(@)zsri 105 (a)la € GF(Q)}, Xiytra, Xoritrss Xarytar),
if m(A) coincide with the third set. Thus, a(U) = a.(U) = a,(U) = ¢*, J(U) = J.(U) =
U,
In(U) = (Xr1 4755 Xoritras Xaritras Xari2r),s
and m3(G2(3%)) = 4a.

The characteristic is greater then 3 In this case all abelian with respect to p subsets
of ®* are abelian and may be found below.

{r1,3r1 + 19, 3r1 + 219},

{ro,r1 +12,3r1 + 213},

{ra,2r1 + 19, 3r1 + 219},
{r1 4 re,3r1 + 19,311 + 212},
{211 + 19,311 + 79,311 + 219}

We do not give a complete list of large abelian subgroups in this case. Note, that groups

<X7"1 ) X3r1+r2 ; X3r1+2r2>

and
<XT2 ) XTl +r2 X37"1 +272 >

are large elementary abelian, unipotent and generate U.

<X2r1 +r2y X37"1 +r2y X3T1 +2r9 >

is a unique normal large abelian subgroup. Hence, a(U) = a.(U) = a,(U) = ¢, J(U) =
Je(U) =U,

Jn(U) = (Xory 115, X3ri4rs Xari+2r2)
and m,(G2(p*)) = 3.
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§4 Large abelian unipotent subgroups in D,(¢’)

Since all roots of D, have the same length, all constants |C;j,s| equals 1. Therefore, for all
primes abelian with respect to p subset of ® is abelian. In the table 2.2 below we give the
list of maximal abelian subsets of D . In the table the quadruple ajasazay corresponds
to the root ayry + asre + asrs + aury.

Table 2.2. Maximal abelian subsets of D}

1000 | 1000 | 1000 | 1000 | 0100 | 0100 | 0100 | 0100 | 0100 | 0100
0010 | 0010 | 0001 | 1100 | 1100 | 1100 | 1100 | 1100 | 0110 | 0110
0001 | 1110 | 1101 | 1110 | 0110 | 0110 | 0101 | 1110 | 0101 | 1110
1111 | 1111 | 1111 | 1101 | 0101 | 1110 | 1101 | 1101 | 0111 | O111
1211 | 1211 | 1211 | 1111 | 1211 | 1211 | 1211 | 1211 | 1211 | 1211
1211
0100 | 0010 | 0010 | 0001 | 1100 | 1100 | 1100 | 0110 | 1110 | 0100
1110 | 0001 | 0110 | 0101 | 0110 | 0110 | O101 | 0101 | 1101 | 0101
1101 | 0111 | 1110 | 1101 | 0101 | 1110 | 1101 | O111 | 0111 | 1101
0111 | 1111 | O111 | O111 | 1111 | 1111 | 1111 | 1111 | 1111 | 0111
1211 | 1211 | 1111 | 1111 | 1211 | 1211 | 1211 | 1211 | 1211 | 1211
1211 | 1211

Assume that A is an abelian subgroup of 3D4(¢®). Then A is an abelian subgroup of
D4(¢?) and A consists of o-stable points, where ¢ is the graph automorphism of order 3.
By theorem 2.2.2; the set m(A) is a subset of some set from table 2.2.

Suppose that m(A) C {ry,rs,ra,r1 + 19 + 13 + 14,71 + 25 + r3 + 74}. Define sets
X(r) and elements x(r,t) as in the proof of theorem 2.2.1. Then, by proof of theorem
2.2.1, we have that [A| <[], ¢4 |X(r)|. Assume that r; € m(A). Then there exists
an element = € A such that m(z) = 1. Since z is o-stable, factors z,,(t,,) and x,,(t,,)
of the canonical form of x are different from the unit. Conversely, if z,,(t.,) or x,,(t.,)
is different from the unit, then z,(¢t,) # 1. Thus 73,74 ¢ m(A). Then note, that
| X (r1)| < ¢* Roots ry + 19+ 13+ 714 and ry + 275 + 73 + 74 are p-stable, hence for any
x(rt) (r=mr+mr+r3st+rgorr=r +2ry+r3+ry) wehavet =t =1t € GF(q).
Consequently, | X (r)| < q (if r =r +ro+r3g+ry or r =1y + 2ry + r3 + ry), therefore
|A| < ¢°. From the other hand,

<{x7"1 (t)v Lry (E)v Lry (§>|t € GF<q3)}7 {IT1+T2+T3+T4 (t>> Lry+2ra+rs+rs (5>’t7 s € GF(q)}>

is an abelian subgroup of order ¢°.

Suppose, that m(A) C {ry,r3,r1 + 1o+ 13, r1 + 19+ 13+ 714,71 + 2r9 + 73+ 14}. Then,
by calculation with Chevalley commutator formulae (lemma 1.3.2), we obtain, that if
m(x) =r and m(y) = r1 + 19+ r3, then zy # yx. Hence, either rq, or r; + 5 4+ 73 do not
belongs to m(A). As before, we have, that |A| < ¢°.

In other cases we produce in the same way.

We do not give the list of large abelian unipotent subgroups of D, (¢*). Note that

<{IT1 (t)7 Lry (E), Lry (;>|t < GF<q3)}v {l’r1+r2+r3+7~4 (t)v Lri+2ra+rs+ry (5>|t7 s € GF((])}>
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and

<{x7“1+7’2 <t>7 Lrotrs (5)7 Lrotry (?)|t € GF(q3)}7 {xrz (t)v Lri+2rg+rs+ry (3>|t7 s € GF(Q)}>

are large elementary abelian and generate U. The unique large normal abelian unipotent
subgroups is conjugate to A, where

A= <{xT1+T2+7’3 <t>xT1+T2+7’4 <E>xT2+T3+T4 (E)lt S GF(qg)}a
{xT1+T2+T3+T4 (t)7 xr1+2r2+?"3+7“4<8)|t7 s € GF<q)}>

Hence, a(U) = a.(U) = a,(U) = ¢*, J(U) = J.(U) = U, J,(U) = A, and m, (3D, (p**)) =
dau.

§5 Large abelian unipotent subgroups of Fj(q) and
2
Fi(q)

The structure and orders of large abelian unipotent subgroups and Thompson subgroups
in maximal unipotent subgroups of Fj(q) depend on ¢, so we consider two cases.

q is even In the table 2.3 we give the list of all maximal abelian with respect to 2
subsets of F,". As in table 2.2, the quadruple ajasazay corresponds to the root apr; +
QoT9 4 Qi3Tg 4 QuyTy.

Table 2.3. Abelian with respect to 2 subsets of F}"

1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 0100 | 0100 | 0100 | 0120 | 0111
0010 | 0010 | 0010 | 0001 | 0001 | 0001 | OO11 | OO11 | OOO1 | OOO1 | OOO1 | 0121 | 1111
0011 | 1110 | 1110 | 1100 | 0011 | 1111 | 1120 | 1111 | 1100 | 0111 | 0111 | 1121 | 1220
1120 | 1120 | 1120 | 1111 | 1111 | 1121 | 1111 | 1121 | 0111 | 1111 | 0121 | 0122 | 1221
1121 | 1220 | 1121 | 1121 | 1121 | 1221 | 1121 | 1122 | 1111 | 0122 | 0122 | 1221 | 1231
1122 | 1121 | 1122 | 1221 | 1122 | 1122 | 1122 | 1231 | 1221 | 1221 | 0122 | 1231 | 1222
1231 | 1231 | 1231 | 1122 | 1222 | 1222 | 1231 | 1222 | 1222 | 1222 | 1222 | 1232 | 1232
1232 | 1232 | 1232 | 1222 | 1232 | 1232 | 1232 | 1232 | 1232 | 1232 | 1232 | 1242 | 1242
1242 | 1242 | 1242 | 1232 | 1242 | 1242 | 1242 | 1242 | 1342 | 1342 | 1342 | 1342 | 1342
2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342
1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 1000 | 0100 | 0100 | 0100 | 0121 | 1111
1100 | 1100 | 1100 | 1100 | 1110 | 1110 | 1110 | 1110 | 1100 | 1100 | 1100 | 1121 | 1121
1110 | 1110 | 1110 | 1110 | 1120 | 1120 | 1111 | 1111 | 0110 | 0110 | 1110 | 0122 | 0122
1120 | 1120 | 1111 | 1111 | 1111 | 1111 | 1220 | 1121 | 1110 | 0111 | 1111 | 1221 | 1221
1111 | 1111 | 1220 | 1121 | 1220 | 1121 | 1121 | 1221 | 1220 | 1220 | 1220 | 1122 | 1122
1220 | 1121 | 1121 | 1221 | 1121 | 1221 | 1221 | 1122 | 1221 | 1221 | 1221 | 1231 | 1231
1121 | 1221 | 1221 | 1122 | 1221 | 1122 | 1231 | 1231 | 1231 | 1231 | 1231 | 1222 | 1222
1221 | 1122 | 1231 | 1231 | 1231 | 1231 | 1222 | 1222 | 1222 | 1222 | 1222 | 1232 | 1232
1231 | 1231 | 1222 | 1222 | 1232 | 1232 | 1232 | 1232 | 1232 | 1232 | 1232 | 1242 | 1242
1232 | 1232 | 1232 | 1232 | 1242 | 1242 | 1242 | 1242 | 1342 | 1342 | 1342 | 1342 | 1342
2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342 | 2342
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0100
1100
0111
1111
1220
1221
1231
1222
1232
1342
2342

0100
0110
0120
0111
0121
1220
1221
1231
1232
1342
2342

0100
0110
0120
0111
0121
0122
1221
1231
1232
1342
2342

0100
0110
0111
0121
1220
1221
1231
1222
1232
1342
2342

0100
0110
0111
0121
0122
1221
1231
1222
1232
1342
2342

0010
0110
1110
0120
1120
1220
1231
1232
1242
1342
2342

0010
0110
0120
1120
0121
1220
1231
1232
1242
1342
2342

0010
0011
0120
1120
0121
1121
1231
1232
1242
1342
2342

0010
0011
0120
0121
1121
0122
1231
1232
1242
1342
2342

0010
0011
1120
0121
1121
1122
1231
1232
1242
1342
2342

0010
0011
0121
1121
0122
1122
1231
1232
1242
1342
2342

0111
1111
0122
1221
1122
1231
1222
1232
1242
1342
2342

0111
0121
0122
1221
1122
1231
1222
1232
1242
1342
2342

0100
0110
1110
0120
1220
1221
1231
1232
1342
2342

0100
0111
1111
0122
1221
1231
1222
1232
1342
2342

0010
0110
0120
0121
0122
1231
1232
1242
1342
2342

0010
1110
1120
1121
1122
1231
1232
1242
1342
2342

0001
1100
0111
1111
1221
1122
1222
1232
1342
2342

0001
1100
1111
1121
1221
1122
1222
1232
1342
2342

1100
0110
1110
1120
1220
1221
1231
1232
1342
2342

1100
0111
1111
1221
1122
1231
1222
1232
1342
2342

0110
1110
1220
1221
1231
1222
1232
1242
1342
2342

0011
0120
0111
0121
0122
1231
1232
1242
1342
2342

0011
1120
1111
1121
1122
1231
1232
1242
1342
2342

1120
0121
1121
1121
1122
1122
1232
1242
1342
2342

0121
1220
1121
1121
1231
1231
1232
1242
1342
2342

0010
1110
0120
1120
1220
1121
1231
1232
1242
1342
2342

0010
0120
1120
0121
1220
1121
1231
1232
1242
1342
2342

0001
0011
0111
1111
0122
1122
1222
1232
1242
1342
2342

0001
0011
0111
0121
0122
1122
1222
1232
1242
1342
2342

0001
0011
1111
1121
0122
1122
1222
1232
1242
1342
2342

0001
0011
0121
1121
0122
1122
1222
1232
1242
1342
2342

0001
0111
1111
0122
1221
1122
1222
1232
1242
1342
2342

0001
0111
0121
0122
1221
1122
1222
1232
1242
1342
2342

0001
1111
1121
0122
1221
1122
1222
1232
1242
1342
2342

0001
0121
1121
0122
1221
1122
1222
1232
1242
1342
2342

1100
1110
1120
1111
1220
1121
1221
1231
1232
1342
2342

1110
1111
1121
1221
1122
1231
1222
1232
1242
1342
2342

0120
1120
0121
1220
1121
1221
1231
1232
1242
1342
2342

1100
1110
1120
1111
1121
1221
1122
1231
1232
1342
2342

1100
1110
1111
1220
1121
1221
1231
1222
1232
1342
2342

1100
1110
1111
1121
1221
1122
1231
1222
1232
1342
2342

0110
1110
0120
1120
1220
1221
1231
1232
1242
1342
2342

0110
0120
0111
0121
1220
1221
1231
1232
1242
1342
2342

0110
0120
0111
0121
0122
1221
1231
1232
1242
1342
2342

0110
0120
1120
0121
1220
1221
1231
1232
1242
1342
2342

0110
0111
0121
1220
1221
1231
1222
1232
1242
1342
2342

0110
0111
0121
0122
1221
1231
1222
1232
1242
1342
2342

0011
0111
1111
0122
1122
1231
1222
1232
1242
1342
2342

0011
0111
0121
0122
1122
1231
1222
1232
1242
1342
2342

1110
1120
1111
1121
1221
1122
1231
1232
1242
1342
2342

1110
1111
1220
1121
1221
1231
1222
1232
1242
1342
2342

0011
1111
1121
0122
1122
1231

0011
0121
1121
0122
1122
1231

1110
0120
1120
1220
1121
1221

1110
1120
1111
1220
1121
1221

22




1222 | 1222 | 1231 | 1231
1232 | 1232 | 1232 | 1232
1242 | 1242 | 1242 | 1242
1342 | 1342 | 1342 | 1342
2342 | 2342 | 2342 | 2342

Evidently, that in U € Syl,(Fy(q)) there exists many non conjugating large abelian
subgroups (for every abelian with respect to 2 subsets of maximal order we may correspond
at least one subgroup). So we do not give the list of all abelian subgroup in this case.
Denote by W, ; the maximal abelian with respect to 2 subset such that this subset is
in the intersection of the i-th row and j-th column of table 2.3. Then (X,|r € Wa,),
(Xy|r € Wag), (X,|r € U37), and (X, |r € U5 3) are large elementary abelian and generates
U. In U there exist two large abelian normal subgroups: A; = (X,|r € Wy1o), and
Ay = (X,|r € Wy13). Therefore, a(U) = a.(U) = a,(U) = ¢*, J(U) = J.(U) = U,
Jo(U) = (A1, Ag), and mo(Fy(2%)) = 11a.

Consider 2Fy(q) and prove, that a(*Fy(q)) = 2¢°. Let A be an abelian unipotent
subgroup of 2F,(q). Then A is abelian unipotent subgroup of Fy(q), consisting of o-stable
elements, where o is the graph automorphism. By theorem 2.2.2, m(A) is abelian with
respect to 2. So it is contained in some set from table 2.3. Suppose, that m(A4) C ¥ ;.

Let r; € m(A). Then, since A consists of o-stable elements, for every element x(ry,t)
the factor z,,(t) of the canonical form of x(ry,t) is different from the unit. For the
same reason, if r3 € m(A), then for every element x(rs,t) the factor z,,(¢.,) # 1. But
Ty < 13, hence, 7y € m(A), a contradiction. Therefore, r5 ¢ m(A). Similarly, roots
r3+ 1y, 71+ 1o+ 2r3 + 2ry, 1 + 219 + 4r3 + 214, and 21y + 3ry + 4r3 + 214 are also not in
m(A). Furthermore, using calculation by Chevalley commutator formulae (lemma 1.3.2),
we obtain, that if m(xz) = r; and m(y) = r1 + ro + 2r3, then zy # yx. Hence either r or
1 + 79 + 2r3 is not in m(A). So, [m(A)| < 4. By theorem 2.2.1, |A] < ¢*. In other cases
we proceed in the same way.

By X{,3 we denote the group (X, Xi)o. If r+7 ¢ F}F, then X{y is an abelian group
of order ¢. If r + 7 € F;", then X{,y is isomorphic to the maximal unipotent subgroup of
2By(q) and contains ¢ — 1 large abelian subgroups of order 2q. Then every large abelian
unipotent subgroup of U € Syl,(?Fy(q)) is conjugate to either

<X{7‘2+7’3}7 Al? X{T’1+27‘2+27”3}7 X{T‘1+2T2+2T3+T4}7 X{T1+27’2+37‘3+2T4}>

or
<A27 X{T'l +rodr3+ra}s X{Tl +ro+2r3+ra}s X{Tl +2ra+2r3+ra}s X{h +27"2+3r3+7"4}>?

where A; € A(X ¢ 4r2r5)), A2 € A(X(p 4rg4rs))- This subgroups are obviously normal
inU. So a(U) =a,(U) =2¢°, a.(U) = ¢,

J(U) = Jo(U) = (Xppylr = r2 +13),
Je(Q) = <X{T}|r t T2 + rs,T 7é T +T‘2 + rs,T 7é T1 +T2 + 27”3),
and mo(*Fy(2%)) = 5a.

q is odd In this case there exist 25 abelian subsets of F;" of order 9 (see [32]). The
unique normal abelian subgroup of maximal order is

Al — <X'r2+27“3+27"47 XT1+2T2+27“3+T47 XT1+7“2+27'3+2T47 XT1+27“2+3T'3+7‘47
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X’r‘l +2ro+2r3+2ry XT1 +2ro+3r3+2ra s X’r’l +2ro+4rz+2ry XT1 +3ro+4rs+2ry s X27‘1 +3T2+47’3+27‘4>~
Thus, a(U) = a.(U) = a,(U) = ¢°, JU) = J(U) = (X,|r # r1), J,(U) = A, and
my(Fu(p®)) = 9av.

§6 Large abelian unipotent subgroups in Fjgs(q) and
*Es(q?)
6\d

Since in FEjg all roots have the same length, all constants |Cj;,s| are equal to 1. Hence,
for every prime p abelian with respect to p subset of Fg is abelian. There exist two
abelian subsets of Eg of order 16 (see [32]). So there exist two large abelian subgroups
(X,|r = 1) and (X,|r = r¢) and this subgroups are normal elementary abelian. Therefore,
JU) = J(U) = J,(U) = (X,|r = ryorr = 1), alU) = a.(U) = a,(U) = ¢'% and
my(Es(p*)) = 16a.

Abelian subgroups in ?Eg(q?) are studied like abelian subgroups in 2Dy(¢®). There
exist about 2000 different maximal abelian subsets of Ef. We write down only final
result. We have a(U) = a.(U) = a,(U) = ¢'%,

J(U) = Je(U) = (Xprp|r = rs or v = 14),

(V) = A= (Xl € 0),

where
X{r} == (XTXF)Ua

and m,(*Eg(p*®)) = 12a. Here W = {r1 +r3+ry+715+76,71 + 72+ 13+2r4 + 75,71 + 72 +
T3+7’4+T5+T6,7’2+7’3+27’4+T5+T6,7’1+T’2+2’/’3+27’4+7’5,T1—|—7‘2+T3+27’4+7’5+
T, T2 + 73+ 2ry +2r5 + 716,71 + 12+ 213+ 214 + 15 + 16,71 + 12+ 73+ 2r4 + 215 + 16,71 +
To + 2rg + 2ry + 2r5 4+ 16,71 + 12 + 213 + 314 + 215 + 16,71 + 279 + 2r3 + 3r4 + 215 + 16}

§7 Large abelian unipotent subgroups in F;(q)

For every prime p every abelian with respect to p subset of E7 is again abelian. There
exists the unique abelian subset of order 27 (see [32]). So there exist the unique normal
elementary abelian subgroup A of order ¢*". Thus, J(U) = J.(U) = J,(U) = A =
(X, |r = r7), a(U) = a.(U) = a,(U) = ¢*", and m,(E7(p™)) = 27a.

§8 Large abelian unipotent subgroups in Fs(q)

Abelian with respect to p subset of Ey is again abelian for all primes p. Abelian subsets
of maximal order are found in [32]. We do not give the list of all large abelian subsets of
EZ. Note, that a(U) = a.(U) = a,(U) = ¢*¢, J(U) = J.(U) = (X,|r = ri,r = 13,7 =
ry, T = 15 1T = 1), and my(Es(p®)) = 36a. For brevity we do not give the structure
of J,(U).
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89 Large abelian unipotent subgroups of finite Che-
valley groups. Summary table.

Here we give orders of large abelian unipotent subgroups in finite exceptional groups of
Lie type (except ?Bs(q) and 3G5(q)), and the structure of Thompson subgroups. In the
table below we assume that g = p®.

Table 2.4. Orders of large abelian unipotent subgroups, p-ranks and Thompson
subgroups of maximal unipotent subgroups of finite exceptional groups of Lie

type

Group G | a(U) | ae(U) | an(U) J(U) my(G)
Galg), p#3| ¢ ¢ 7 U 3
Ga(q),p=3| ¢ ¢t ¢t U 4o

Du@®) | @ | @ | & U ba

Fi(q), ¢’ ¢’ ¢’ (Xolr # 71) 9a

q is odd

Fu(q), e q' U 1la
q is even

2Fy(q) 2 | ¢ 2¢° (Xylr = ry+7s) ba

Es(q) q'6 q'6 q'6 (Xp|r =mr orr = 1g) 16«
2Fs(q?) q'? q'? q'? (X{pylr = rg or r = 14) 12c

Exz(q) | ¢ 7> (Xp|r =r7) 27a

Es(q) q36 q36 q36 (Xp|r =ri,r = rg,r = rg,r =15 00 T = 1g) 36

810 Large abelian subgroups of sporadic groups

In this section we follow the notations used in [15].

If A is an abelian subgroup of some sporadic groups G, then A is contained in GG. The
structure of maximal subgroups in all sporadic groups, except Fligs, Th, Fisg, Jy, Fliby,,
B, and M, may be found in [15]. We may obtain bounds of orders of abelian subgroups in
sporadic groups by examine maximal subgroups, mentioned above. Maximal subgroups
of Figy are found in [25] and [26]. Maximal subgroups of Th are described by Linton
in [29] and [30]. Kleidman, Parker, and Wilson find maximal subgroups of Fliss in [24].
Maximal subgroups of J4 are found in [27]. Groups Flioy and F'i,, are described by Linton
and Wilson in [31]. The structure of maximal subgroups of B may be found in the recent
paper [43]. We will consider M by using another technique.

Consider My;. If H is a maximal subgroup of M, then, up to conjugation, H coincides
with one of the following groups: Mg = (Ag)-2, Lo(11), (3% : Qg).2, S5, or 2 : S;. Assume,
that some element of A(M;;) is contained in subgroup My = (Ag)2. Then all abelian
subgroups of Ag have orders 2, 3, 4, 5, or 9. If A is abelian subgroup of (As)2, then
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there exists subgroups A; of A of index at most 2 such that A; < Ag. If Ay is a 2-group,
then |A;| < 4 and, hence, |A| < 8. If A; is a 3-group and A; # A, then A contains an
element of order 6. So, A lies in the centralizer of some element of order 6. There exist
(up to conjugation) one element of order 6 and the order of its centralizer equals 6 also.
So, |A] = 6. If A; is a 3-group, and A; = A, then the order of A is less then, or equal
to 9. If, at least, the order of A; equals 5 and A; # A, then A contains an element of
order 10. But Mj; does not contain any element of order 10, hence A; = A, and |A| = 5.
Therefore, a(Mo) = 9.

Suppose, that element of A(M;) lies in Ly(11). Then, by table 3.2, a(Ly(11)) = 11,
and, moreover, this element is unique up to conjugation. Hence, if an element of A (Mj;)
is contained in Ly(11), then c,(My;) = 1.

Suppose that an element of A(Mj;) lies in My : 2 = (3% : Qg).2. Orders of abelian
2-subgroups and 3-subgroups of (3? : Qg) 2 are less then or equal to 8 and 9 respectively.
If A contains an element of order 2 and an element of order 3, then it contains an element
of order 6. Hence, |A| = 6 in this case. So, a(M, : 2) = 9.

If an element of A(Mi;) lies in S5, then, by table , , 2.1, we have that a(S5) = 6.
Assume at least, that an element of A(Mj;) is in Mg : S3 = 2°5,. If A € A(25,) is a
2-group, then its order is less than or equal to 8. If A € A(2'S,) is a 3-group, then its
order is less then or equal to 3. If there exists an element of order 2 and an element of
order 3 in A € A(2:Sy), then |A| = 6. Thus, a(M11) = a(L2(11)) and c,(My1) = 1.

In other sporadic groups we proceed in the same way. All results are assembled in the
table below. Note, that we do not obtain orders in all sporadic groups. Moreover, even if
we obtain a(G) for some sporadic group GG, we may not find ¢, (G).

Consider the group M. Let A be an abelian subgroup of M. There exists a subgroup
(2i+24)'001 of M, containing Sylow 2-subgroup of M. The order of an abelian subgroup
of 2172 is less then or equal to 2!%. By table 2.5, we have that the order of an abelian 2-
subgroup of Co; is less then or equal to 2. Therefore, the order of an abelian 2-subgroup
of M is less then 22*. There exists a subgroup (31+12)'25’uz : 2 of M, containing some
Sylow 3-subgroup of M. The order of abelian 3-subgroup of 3i+12 is less then 37, by the
table 2.5 we have, that the order of an abelian 3-subgroup of Suz is less then or equal to
3°. Hence, the order of an abelian 3-subgroup of M is less then or equal to 3'2. There also
exists a subgroup 516 : 4152 of M, containing a Sylow 5-subgroup of M. The order of an
abelian subgroup of 5'*6 is less then or equal to 5*. The order of an abelian 5-subgroup
of Jy is less then or equal to 52. So the order of an abelian 5-subgroup of of M is less
then or equal to 5°. For other primes p we have, that for every S € Syl,(M) the following
inequality holds |S| < 224. So, if an element of A(M) is an abelian p-subgroup and p > 7,
then a(M) < 224

Assume, that the order of A is divisible by 2 and 3. Then A lies in the in the centralizer
of some element of order 3. By [15] we have that A is contained in one of the following
group 3 Fligy, (347%)2Suz : 2, or S5 x Th. It is easy to see, that |A| < 22%. If the order
of A is divisible by 2 and 5, then A is contained in the centralizer of an element of order
10. By [15] it follows, that A lies in one of the following group: either (Djg x HN)2,
or 5'%% : 4.J:2. By using table 2.5, one may verify, that |A| < 224, If the order of A is
divisible by p; < ps and py > 5, then A contains an element of order p; - ps, hence A
is contained in the centralizer of some element of order p; - po. By [15] we have, that
|A| < 22%. If the order of A is divisible by 3 and 5, then A contains an element of order
15. Therefore, A lies in the centralizer of some element of order 15. By [15] we have

26



that |A] < 22, Thus, a(M) < 2?*. From the other hand, there exists a subgroup 20+16
of M, hence, there exists an abelian subgroup of M of order 2!®¥. Therefore, we prove,

that 2'® < a(M) < 22%.

Table 2.5.
G a(G) G a(G)
M, a(Myp) =11 11 O'N a(O'N) =81 34
Mlg a(M12) =16 42 003 3(003) = 35 -
Ji a(J;) =19 19 Coy | 210 <a(Coy) <28 | —
MQQ a(MQQ) =16 24, ? Figg a(FiQQ) = 210 -
Jo a(Jy) =25 52 HN | 125 <a(HN) <512 | —
Mo a(Mps) =23 23 Ly a(Ly) =3° —
HS a(HS) =64 43 Th a(Th) =35 —
J3 a(J3) =27 33 9x3 | Fig a(Figg) = 2! —
M24 a(M24) =64 - 001 a(Col) = 211 -
ML | a(M°L) =81 34 Jy a(Jy) =2 —
He a(He) = 64 — Fib, | 3"<a(Fihy) <3 | —
Ru | 2" <a(Ru) < 2° — B 2" <a(B) <2®0 | —
Suz a(Suz) = 3° — M | 2B <a(m) <2 | —
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Chapter 3

Large abelian subgroups of finite
Chevalley groups

§1 Intermediary results

Lemma 3.1.1. Let R = S x M be a o-stable connected reductive subgroup of maximal
rank of connected simple algebraic group G, where S = (R)°, M = R, R]. Let Gy,...,Gy
be all simple components of M,. Put z;; = |Z(G;) N Z(G;)|, z = |Z(G;) N S,|. Then
OP(R,) = Gy *...% Gy, Ri = Gy * ... % Gy xS, is a normal subgroup of R,, and
Ry Ba| < Hi;éj zig [ %

PROOF. The identity OP (R,) = Gy * ... * Gy * (S,) and the fact, that R, < R are
known. So we prove remaining inequality. By [16, proposition 2.4.2] we have, that
Ryl = M, - 1S,] = [Gi| - .. [Gil - 1S,]. Since G: NGy = Z(Go) N Z(Gy) for i # J,
we obtain, that |Gy *...x Gy x (S5)| < |Ro|/([ 1, 215 [1; %), and the lemma follows. X

Lemma 3.1.2. Let G be a connected reductive linear algebraic group defined over al-
gebraically closed field of characteristic p, R its reductive (but not necessary connected)
subgroup of mazimal rank such that (|R : R°|,p) = 1, s € R® is semisimple, and T'is
some mazimal torus of R°, containing s. Then Cg(s) is reductive (but not necessary
connected). It is generated by T, root subgroups U, such that o(s) = 1, and elements
nw € Nr(T), commuting with s. The connected component Cr(s)° is generated by T and
U,. In particular, Cr(s)/Cr(s)? is isomorphic to some section of W(G). Moreover, all
unipotent elements of Cr(s) are in Cg(s)°.

PROOF. In the group R?, let us fix a Borel subgroup B containing T'. It is clear that all
generators mentioned in the lemma belong to Cr(s). Let us prove that Cr(z) is generated
by the elements mentioned in the lemma. First, we shall show that the group R (which
is not necessarily connected) admits the Bruhat decomposition. Let x be an arbitrary
element of R. Then B” is a Borel subgroup of the group R°. By Lemma, 2.1, there exists an
element s € RY such that B® = B®. Then the element 25~! normalizes the subgroup B.
The torus 7% ' is a maximal torus of the group B. Since all maximal tori in B are
conjugate (lemma 1.4.1), there is an element ¢ in B such that 7% = T9. Hence it can
be assumed that zs~! normalizes the torus 7. Then xs~! = n,t for some n,, € Ng(T),
t € T. Since t normalizes B and xs~! normalizes B, the element n,, also normalizes B,
hence it normalizes the maximal (connected) unipotent subgroup U of the group B.
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Since s lies in R, it has a Bruhat decomposition, i.e., it can be represented as uin.,,t1v1,
where u; € U N nwlU’n;ll, Nw, € Nro(T), t € T, and v; € U. Hence the element x
can be represented as x = nytuin, tiv;. Since the elements ¢t and n, normalize U, we
obtain the representation of the element x as x = uan,,,tovs, where uy € U N ny,,, U _n;;,
N, € Ng(T), to € T, and vy € U. Since this Bruhat decomposition coincides with the
Bruhat decomposition of the element x in the group G, this decomposition is unique.

If x € Cg(s), then, by the Bruhat decomposition, we can write * = un,tv, where
veU,teT,and u e UNny,U n,'. Since s normalizes U, N(T), U~ and commutes
with z, the uniqueness of the decomposition implies that each of u, n,,, and v commutes
with s. Moreover, since s normalizes each root subgroup U,, the uniqueness of the
decomposition of U into a product of the subgroup U, (o > 0) implies that a(s) = 1
whenever u or v contains a nontrivial factor from U,. Thus x belongs to the group
generated by the torus 7" and by those U, and n,, which commute with s.

Since T and all U, with a(s) = 1 are connected, the subgroup H generated by them is
closed, connected, and normal in Cg(s). Since the Weyl group is finite, we have |Gg(s) :
H| < oo, and hence H = Cg(s)°.

Since the roots of the group Cg(s) with respect to the torus 7" appear in pairs (i.e.,
if a(s) = 1, then —a(s) = 1 as well), the group Cr(s) is reductive. Indeed, if Cg(s)
has a nontrivial unipotent radical V', then it is normalized by 7', and hence it contains a
root subgroup U,. The subgroup V' is normalized by the root group U_,, which yields an
element in V' which is not unipotent; we obtain a contradiction.

Since (|R : R°|,p) = 1, all unipotent elements of R lie in R°, hence all unipotent
elements of Cg(s) lie in Cro(s). The fact that in a connected reductive group R° any
unipotent element of Cro(s) lies in C'ro(s)? is well known (see, for example, [21, 2.2]). X

Let = be a semisimple element in a connected reductive linear algebraic group G.
Then, by the previous lemma, Cg(x)? is a connected reductive subgroup of maximal
rank, and [Cg(7)?, Ce(x)?] is a semisimple group whose root system is an additively closed
subsystem of the root system of GG. In what follows, such subgroups will be referred to
as subsystem subgroups. Since only finite groups are studied in the present paper, the
elements of prime order r # p are of particular interest. It turns out that the following
lemma holds:

Lemma 3.1.3. [19, 4.1] Let G be a simple connected linear algebraic group over an
algebraically closed field of characteristic p > 0, and let the element x € G have prime
order v # p. Suppose that C' = [Cq(x)?,Ca(x)?] is a subsystem subgroup. If A is the
Dynkin diagram of the root system of the group C', then one of the following assertions

holds:
1. A is obtained from the Dynkin diagram of G by removing some vertices;

2. A is obtained from the extended Dynkin diagram of G by removing a vertex r;, where
r = ¢; s the coefficient of r; in 1.

In particular, if r is not a bad number for the group G, then dim(Z(Cg(x)°)) > 1.

Concluding this section, let us recall the algorithm of Borel and De Siebenthal for
finding all subsystems of a root system ®; see [6]. Consider the extended Dynkin diagram
for the system ®. The diagrams of all possible subsystems of ® are obtained by removing
several vertices from the extended Dynkin diagram for .

29



Lemma 3.1.4. [12, theorem 11.5.2, 14.5.1, and 14.5.2] The following isomorphisms hold:
1) Ap—i1(q) = Ln(q) = PSLy(q), n 2 2;
2) BH(Q) = PQZnJrl(Q)f nz 37'
3) Cn(q) = PSpa,(q), n > 2;
4) Dulq) = PQ3,(q), n > 4;
= PO (q), n > 4;
¢®) = PSU,1(¢%), n > 2;
) =2 245(2%), B,(2%) = C,(27), Ba(q) = Ca(q).

The following lemma generalizes results obtained in [3], [4], [45], and [46]. Orthogonal
groups of low dimension may be found in [45].

Lemma 3.1.5. Let ¢ = p*. Then

1) ap(GLn(Q)) = q[ 4 ];

2) a,(Span(q)) = ¢~

8) a,(O2n41(q)) = qn(nQ 241 ifn >3, p# 2,
4) a,(03,(q) = ¢~ if n > 4;

5) a,(05,(¢)) = ¢ = 2 if n > 5;

6) 2,05 (¢)) = ¢°:

7) ap(Un(¢?)) = g7

Lemma 3.1.6. [18] Let V' be an n-dimension vector space over finite field GF(q), G <
GL(V), H <G, (|G/H|,q) = 1, nilpotency class of G/H is at most 2.

1) |G/H| < q"; i

2) If G preserves non degenerate bilinear form f on V., then |G/H| < 256121 where

c(n) = 0,if g or n is even, . 8,if q=3 or I,
| L,if q and n is odd, 1+ ¢, otherwise.

Lemma 3.1.7. [18, 1.1] Let V be a finite-dimensional vector space over a field GF(q).
Suppose A is a subgroup of GL(V'), and (|A],q) = 1. Then V is decomposed into a direct
sum of proper irreducible A-submodules.

Lemma 3.1.8. [18, 1.2] Let V be a finite-dimensional vector space over GF(q) and f
be the non degenerate bilinear form on V. If A is a subgroup of GL(V'), A preserves f,
and (|A],q) =1, then V = Cy(A) & [V, A] is an orthogonal direct sum of A-submodules
Cy(A)={veV |va=wv forallae A} and [V, Al ={va—v |veV, ae€ A}.

Lemma 3.1.9. Suppose that G is a connected reductive linear algebraic group, and A is
its closed Abelian subgroup. Then the following assertions hold:

1. the group A can be represented as Agx Ay, i.e., as the direct product of its semisimple
part and its unipotent part, respectively;

2. There exists a reductive subgroup of maximal rank R of G such that A < R, A, < R°,
and As N RY = Ay < Z(RY).

3. If Wg = Ngr(T)/T, Wgro = Ngo(T')/T for some maximal torus T of R, then Ag/Aso
embeds into Wr/Whgo.
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If A is o-stable, then R is o-stable also.

PROOF. 1. Proven in [20, 15.5].

2. Suppose that s is a semisimple element of A,. Let R = Cg(s). It is clear that A < R.
By lemma 3.1.2, we have A, < R’ and R’ is a connected reductive subgroup of maximal
rank in G. The subgroup R° is normal in R; therefore, any element of R normalizes
Z(R°) and hence normalizes Z(R")°. By lemma 3.1.2, we have (|R : R°|,p) = 1. If
there exists a semisimple element s; € A, such that s; € R but s; ¢ Z(R°), then let us
consider Cr(s;). It is clear that A < Cg(s;). By lemma 3.1.2, C(s;)? is a connected
reductive subgroup of maximal rank in G. As above, we have A, < Cg(s1)?, and any
element of C'z(s1) normalizes Z(Cg(s1)°)?. Replacing the group R by Cg(s1), we obtain
a reductive subgroup of maximal rank in G containing A, of smaller dimension. Indeed,
the dimension decreases, since the dimension of the identity component decreases. The
process described above is finite, since at each step the dimension decreases, and the
dimension of G is finite. Note that if A is an Abelian subgroup of a finite group of
Lie type, then A consists of fixed points of a Frobenius automorphism o, and hence the
groups obtained at each step of the process described above are o-invariant. Therefore,
if A <G, then the group R is o-invariant.

3. Further, we have A,/A, = A,R°/R’ < R/R°. By lemma 3.1.2, any element
of R can be represented as n,z, where z € R’ hence the group R/R° is isomorphic to
Ngr(T)/Ngo(T) = Wgr/Wgg for any maximal torus T in RP. X

For a simple corollary of lemma 3.1.9, note that if &g = &, then A, = Ay < Z(G).
Indeed, the reductive group R which is mentioned in the lemma coincides in this case
with G (and coincides with R?), but we have A, N R’ = A, < Z(RY).

In lemma 3.1.9 sections of the Weyl group appear, hence it is necessary to find the
orders of large Abelian subgroups of the Weyl groups for all simple algebraic groups.
Besides, in what follows we shall often encounter the situation in which a semisimple
Abelian subgroup is the set of fixed points for a Frobenius automorphism of a torus T’
of dimension n. To estimate the orders of such subgroups, we shall need the following
lemma:

Lemma 3.1.10. Suppose that S is a o-invariant torus of dimension n in a connected
simple algebraic groups G, where o = qoqy is a Frobenius automorphism. Let SY9 be one
of its conjugate o-invariant tori in G. By X(S) denote the group of rational characters
of S. Then there exists an element w of the Weyl group W of G such that X (S)* C X (S)
and the group (S9), is isomorphic to the group X (S)/(cw —1)X(S). In particular, since
the element ogw is of finite order, we have |(S9),| < (¢ +1)™.

PROOF. Since the torus S is o-invariant, its centralizer C' in G is a connected o-invariant
reductive subgroup of maximal rank. Then the group CY is also o-invariant. The groups
C and (Y contain some o-invariant maximal tori 7" and 7; [39, 10.10]; without loss of
generality, we may assume that they are also conjugate by g. Let W; be the Weyl group
of C. In [10, the corollary of Proposition 2| it is asserted that in this case the element
g°g 1 lies in Ng(T'), and its image under the canonical homomorphism of Ng(T') onto the
Weyl group belongs to Ny (W;). Proposition 8 from [10] asserts that in this case we have
(1T9), = X(T)/(cw — 1) X(T'). Since S < Z(C), the torus S lies in 7. By the bijective
correspondence between closed subgroups of the torus 7" and subgroups of the group X (7')
of its characters (see [5, chapter III]), we have (S9), = X(S)/(ocw — 1) X (S). X
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In table 3.1 below we list the orders of the large Abelian subgroups in the Weyl groups
of the classical simple groups. The group W (A,) is isomorphic to S,1; the orders and
the structure of the large Abelian subgroups of this group are found in 2.1, and we cite
them in table 3.1 without a proof.

The groups W (B,,) and W(C,) are isomorphic; hence we shall only consider the
group W (B,). If ® is a root system of type B,, and ey, ..., e, is an orthonormal basis of
the Euclidean space in which the system B,, lies, then ® can be written as {£e; *e;, i #
J,xei; 4,5 = 1,...,n}. The Weyl group W(B,,) acts on the set {te;,...,£e,} of 2n
roots. Let A be an Abelian subgroup of W(B,). Then [Ij,...,I; are all A-orbits in
{zxe;,...,£e,}. Consider the group G of all transformations of the Euclidean space
spanned by ey, ..., e, under which the set {£ey,...,+e,} is invariant. It is clear that
W(B,) < G. Let us find a(G) and prove that a(G) = a(W(B,)). The proof of theo-
rem 2.1.1 implies that |A| < |I;| x -+ x |I;|. Let f(2n) be the order of a large Abelian
subgroup in G.

Assume that among the sets I4,..., I there are sets of odd order. Without loss of
generality, we may assume that one of these sets is the set I; and that the basis vector e;
belongs to I;. Then the vector —e; does not lie in I;. Indeed, assume the converse. The
group A acts transitively on I;; hence there is an element o in A that takes e; to —ey.
But in this case the order of the element o is even, and it can be assumed that o is a
2-element. Besides, o does not belong the stabilizer St (1) of the orbit I; in A. Hence its
image under the natural homomorphism ¢ A — A/St4(Iy) is also of even order. But the
order |A/St4(I1)| = |I1| is odd; we obtain a contradiction. Thus the element —e; belongs
to another set; without loss of generality we may assume that this set is I5. Since G is a
group of linear transformations of Euclidean space, the relation o(—e;) = —o(ey) holds
for any ¢ € G. Since the group A acts transitively on the sets Iy, ..., I}, hence follows
that if 0 € Sta([7), then o € Sta(I;) N Sta(lz), and for any v € I, the vector —v belongs
to Io. Let m = |I;]| = |I5|. Then, by the above arguments, we have |A| < m - f(2n —2m).

Consider the group A; such that its action on the orbits I3, ..., I} is the same as for
the group A, and the set I; U I splits into two-element orbits {+v} with respect to the
action of A;. By construction, A; < G and the group A; is Abelian. Besides, we have
|A| = m - |Sta(l)| < 2™ |Sta(l1)| = |A1|. Therefore, the set {+ey,...,+e,} splits into
orbits of even order with respect to the action of the group A € A(G). By using induction
on n, let us show that all orbits are of order 2 or 4 and, therefore, f(2n) < 2". Indeed, if
the order of an orbit of A is greater than or equal to 6, then |[A| < 62773 < 23 . 2773,
Hence f(2n) < 2". On the other hand, there is an Abelian subgroup of W (B,,) and hence
of G that takes e; to te; for all i. Its order is equal to 2" and, therefore, a(W(B,)) = 2".

Note, that W(D,,) is a subgroup of W (B,,) of index 2, so a(W(D,,)) < a(W(B,)).

Table 3.1. Large abelian subgroups of Weil groups

type of G a(lWw)
3% ifn=23k—1
A, 4351 if p = 3k

2.3% ifn=3k+1

B,, C,, D, <2

We now recall the structure of o-fixed points of reductive o-invariant subgroups of
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maximal rank in simple linear algebraic groups.

Lemma 3.1.11. [10, propositions 1, 2, 6, and 8] Suppose that G is a simple connected
linear algebraic group, o is its Frobenius automorphism, G1 = M % S is a o-invariant
connected reductive subgroup of mazximal rank, where M is semisimple and S is the central
torus, and GY is a conjugate o-invariant subgroup. Let Ay be the Dynkin diagram of Gy,
and let Wy be the Weyl group of Gy. Then ¢°g~' € No(G1) N Ng(T) = N (for a mazimal
torus T in G) and there is a bijection 1 N — Ny (W7)/W;.

Let m(g°g™') = w, and let T denote the image of the element w under the natural
homomorphism ¢ Ny (W1) — Aut w (A1) as well as the graph automorphism of M corre-
sponding to the symmetry 7. Then (M9), = M,.,.

Let Py be the sublattice of X(T) generated by all rational linear combinations of the
roots belonging to A;. Then (S9), = (X(T)/P)/(cw — 1)(X(T)/P,).

Besides, |(G1)s| = [MZ] - [S9].

Note that in lemma 3.1.11 the group G, is considered. In the case when the group G
is not simply connected, the finite group O (G,) does not coincide with G, hence the
order of (GY),NOP (G,) is less than the number given in the lemma. In this case, we have
G, = HO"(G,), where |H : H| = dy/d. Here H is a maximal torus of G,, H is a maximal
torus of OP' (G,), d; is the order of the center of O” (G,), and d is the order of the center
of (Gse)s. Thus to find the order of the subgroup (GY), in the group O”' (G, ), the number
given in the lemma should be multiplied by d; /d. Indeed, a connected reductive subgroup
of maximal rank contains a maximal torus of a connected simple linear algebraic group,
and hence (GY), = H((GY), N O (G,)). Therefore, |(GY), : ((G{)s N O (G,))| = d/d;
thus |(G)s N O¥ (G,)| = (dy/d)|(G)s].

§2 Large abelian subgroups of A,(q)

Lemma 3.2.1. Let G < GL,(q), with G satisfying the following conditions:

(1) G = Hg x H,, where Hy and H, are, respectively, semisimple and unipotent
components of G;

(2) the nilpotency class of Hs does not exceed 2;

(3) H, is abelian.

Then |G| < fl(na Q>7 where fl(na Q) = max(Qn - 17 (q - 1)61[%})

PROOF. Assume that the statement of the lemma is untrue, and G is its counterexample
of minimal order.
Direct calculations show that for every n; and ns the following inequality holds

fi(n1, ) f1(n2, q) < fi(ni + na, q).

By lemma 3.1.7, the group H, is decomposed into irreducible blocks. We can therefore
assume that

H,...0
HS: 00 3
0...H,

where all blocks of H; are irreducible and numbered in order of increasing dimension. The
so structured group H indicates that all matrices in Hy are in blockwise-diagonal form,
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and each block of H,, can be conceived of as a semisimple irreducible subgroup of the
group G'Ly,(q); any Hy, has its nilpotency class at most 2. In addition, ny +...+n; = n.
Note that now Hy, < Hg, x ... x Hy, .

Further we may assume that all H,, coincide and hence H, & H,,. Indeed, H, # {1},
since otherwise G = H,, and by lemma 3.1.6, we would have |G| < ¢" — 1 < fi(n,q),
which contradicts the assumption that G is a counterexample. By assumption, AB = BA
for any matrices A € H, and B € H,. Write B as follows:

By, By,...B,
g | BabBoBa |
By, By, . By,

where the dimension of a block coincides with that of a corresponding block in the
representation of the group H,, that is, B;, has n; columns and n; rows. By com-
mutativity, Hy,B;, = B; Hs, and H, Bj, = BjH,. By the Schur lemma, the sets
By = {Bj, | B € H,} and B(; = {B, | B € H,} form a division ring. Conse-
quently, if dimensions of the blocks corresponding to groups H,, and Hy, are different, or
these groups are not conjugate, then By j) = B(;; = {0}. In this way, if dimensions of
the blocks do not coincide, or some blocks (groups) are not conjugate, then the group H,,
in the same basis as H,, takes up the following form:

H,,0
Hy = ( OHUQ) '

It follows that G < G x Gy, where G; and Gy are subgroups in GL,,(q) and GL,,(q)
satisfying the assumption of the lemma. Since G is a minimal counterexample, we have

G| <Gl - [Gal < fi(n1,q) - fi(ne,q) < film +n2,9) = fi(n, q).

We have arrived at a contradiction with G being a minimal counterexample.
Thus, not only are dimensions equal for all blocks Hj,, but also all subgroups of H,
are conjugate. Up to conjugation, therefore, the group H, has the following form:

Hg ...0
H, = 0.0 . (3.1)
0...H,
k times

Consequently, H, = H,, . Assume that the dimension of H,, equals 7. By Lemma 2.3,
|H,| = |Hy,| < (g% — 1). Since all blocks B;; of the matrices in H, form a division ring,
and any finite division ring is a field, and, since they lie in M= (q), we may assume that
these blocks form a subfield in Fq%. The group H, has the form (3); therefore, we can

2
think that H, < GL(¢%). From (1) of Lemma 2.2, it follows that |H,| < ¢*!T). This
implies that

n nk?
G| < |Hy| - [Ha| < (g% — 1) - ¢*'5 < fi(n, q).
Contradiction. X
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By using lemma 3.2.1 one may easy derive the number a(A,(q)) from table 3.2. Indeed,
if A is an abelian subgroup of A,_1(g), then its preimage A; under natural homomor-
phism ¢ : SL,(q) — A,—1(q) satisfies to the conditions of lemma 3.2.1. Then the group
A1Z(GL,(q)) satisfies to the conditions of the lemma, hence |A1Z(GL,(q))| < fi(n,q).

Thus, |A] < fi(n,q)/((n+ 1, = 1)(¢ — 1)) < a(An(q))-

§3 Large abelian subgroups of C,(q), n > 3

Lemma 3.3.1. Suppose G < Spa,(q) and G satisfies the following conditions:

(1) G = Hg x H,, where Hy and H, are, respectively, semisimple and unipotent
components of G;

(2) the nilpotency class of Hy is at most 2;

(3) H, is Abelian.

Then |G| < fo(n.q), where fo(n,q) = (2,0 — g™ %, if n > 3, fol2.q) = (2,4 -
(qg+ 1)¢? f2(1,q) = max(6, (2,q — 1)q) (5 is taken from lemma 5.1.6).

PROOF. Assume that the statement of the lemma is untrue, and G is its minimal coun-
terexample.
Direct calculations show that for every n; and ns the following inequality holds

f2(n1,q) f2(n2, q) < fa(ni + na, q).

If the group H, has no proper submodules then it is a unique irreducible block, G = H
and G is not a counterexample.

Among all proper Hg-submodules, if any, choose an Hg-submodule U of minimal
dimension. Consider D = Cg, (U). If D = {1} then H; acts faithfully on U. By
lemma 3.1.6, |H,| < ¢%™ ) = ¢¥. As in the proof of the previous lemma, we can

obtain |G| < |Hy| - |Hu| < (¢* — 1)qk[%§} < fa(n,q). (The latter inequality holds for
n > 3 and k > 2.) For n = 1, the situation that obtains is the known case where
Spa(q) = SLo(q). For the case where n = 2 and k = 2, note that Hy x Z(GL4(q)) sat-
isfies the estimate |H, * Z(GL4(q))| < (¢* — 1). Since |H, N Z(GL4(q))| < (2,9 — 1), we
have |Hg| < (2, — 1)(qg + 1), that is, the inequality |G| < fa(n,q) holds in this case,
too. If & = 1 then |Hy| = (2,¢ —1). By (2) of lemma 3.1.5, |H,| < qn(n;rl), and so
Gl < (20— 1g"%" < foln,g).

We can thus assume D > {1}. Then Cy (D) and [V, D] are proper nontrivial H,-
submodules. By lemma 3.1.8, V = Cy (D) @ [V, D]; hence, H, can be represented as a
subgroup in the group H,, X H,,, where H, and H,, are semisimple class 2 nilpotent sub-
groups in the groups Spay,, (¢) and Spa,,(q), respectively. Repeating the above argument
for Hy, and H,, yields Hy, < Hy, X ... X Hg , where all Hy; are irreducible, semisimple,
nilpotent subgroups of class 2 in Spay,(q).

We make use of the estimate obtained in lemma 3.2.21 and the fact that H, can be
treated as a subgroup of GLk(QQTn), that is, |H,| < q%[k?]. As indicated above, H, has
the form

Hy, 0
Hs - e
0 Hy,
k times
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that is, H, = H,,, and hence |H,| < 6% by lemma 3.1.6. It follows that |G| < &% -

qQT[kT] <qzt2 < foln,q) form > 3. Forn =2and k =2, |G| < 0-¢* < fa(n,q).
Contradiction. X

The number a(C,,(q)) from table 3.2 may be obtained like the number a(4,(q)).

§4 Large abelian subgroups of %4,(q¢°)

Till the end of the chapter we use notations of lemma 3.1.11. Let G be a simple connected
linear algebraic group with root system ®, o a Frobenius automorphism (o = gog, ¢ = p®),
and G = O”(G,). Let A= A, x A, be an abelian subgroup of G. We may assume, that
As £ Z(G). By lemma 3.1.9 there exists connected reductive o-stable subgroup R (R° in
notations of lemma 3.1.9) of maximal rank of G, containing Ay = A, x Ay (As = A,NR).
More over, A/Aq is isomorphic to a section of the W(®), Ay < Z(R). Suppose, that
S =Z(R)°.

Lemma 3.4.1. /9, proposition 8] Let G be a group of type A, and G, be the twisted form
of G. Let Gy be a o-stable reductive subgroup of mazimal rank in G, corresponding to a
partition X\ of n+ 1. Let GY be a o-stable reductive subgroup of G obtained by twisting
Gy by an element w € W defined by w(g°g~1) = w. Suppose w maps to T under the
homomorphism Ny (W) — Autw(A1). Let n; be the number of parts of \ equal to 1,
so that Auty (Ay) = S,, X Spy X ... Suppose ooT (|og] = 2) gives rise to partitions
u® u® o of ng,ns, ... respectively.  Then the simple components of the semisimple
group (M?9), are of type A,-,l(q”g'w) for ,ug-i) even and of type QA,-,l(QQ“y)) for /Lgi) odd.
The order of the toral part (S9), is given by

@ (@)
@+ DSl = I @ -1 ] (@ +1.
i, u;i)even i, ,ug-”odd
PROOF. Since the group A/Ag is isomorphic to a section of the Weil group W(A,) =
Syi1, by table3.1 we have that |A/A| < 3"*1/3. Therefore, by lemmas 3.1.5, 3.4.1 and
table 3.1, we may obtain the following bound:

d (0 () NG (i) ;2
(@+DlAf < 30 I @ -0 IT @ =) J6 e —1es . (32)

i, ,u,;.i) even i, u;i) odd 3

Set S = Z(R)°. Since there doe not exist bad primes for a root system A,, (in view of
lemma 3.1.3), it follows that dim(.S) > 1. Consider the case, when dim(S) = 1. Then the
group R has only two simple components, otherwise the dimension of the central torus is
greater than 1. Hence, R = A, 1(K)*A;,,—1(K)*S and m;+my = n+1. We prove that
R = Ca, (1) (S) in this case. The embedding R < Cy,, (k) (S) is evident. The centralizer of
torus in connected reductive algebraic group is again connected. The unique subsystem
connected subgroup such that it contains A,,, 1 (K)* A,,_1(K) is the group A, (K). Since
its center is of dimension 0, it cannot coincide with S. Therefore, A, (K) # Ca, ) (5)
and R = Ca,(k)(S). Thus, any element of A,(K), centralizing S, lies in R.

Assume that A, # Ag. Since Ag normalizes S and Ay € R, we obtain the action of
Ag/Aso on the group of characters X (S) of S by the following low. If z € A /Ay and
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X € X(S5), then for any s € S we have x*(s) = x(s”). Here s* defines the conjugation
of s by any representative of x in A,. Clearly, that this conjugation does not depend
on representative, since Ayy centralizes S. The action of x is an automorphism of X (S).
Indeed, = preserves multiplication, so z is a homomorphism of X (.S). Since there exists
inverse of x, x is a bijection and, hence, an automorphism of X (S). The dimension of
S equals 1, so X(.S) is isomorphic to Z. The unique nontrivial automorphism of Z is an
automorphism of order 2. Thus, if A;/Ayp is nontrivial, then its order equals 2.

More over, in this case |45 NS| < 2. Actually, Ay is abelian, so any element of A
is z-stable. Let y be an element of X (.S) such that (y) = X(S). By definition, it follows
that for every t € Ay, NS the identity holds x(t) = x7'(¢t") = x7'(¢t) = x(t7), i e
t~' = t. In particular, |As N S| < 2, since every finite subgroup of X is cyclic. Since
%1 < 1, we may substitute the factor %1 by 1. The factor 3("+1)/3 appears, when we bound
the order of A/Ay. Since |A/Ag| = 2, the factor 3("+1)/3 is substituted by 2. By above we
may take |S N Ag| < 2 instead of |S|. Thus, in view of (3.2) we have that either

or
Al S 4 ((n+1)/2— 1g? — D)o

(second case arises, when m; = mg, i. e. n+ 1 is even). We show that if n # 2 and ¢ # 3,
than in both cases |A| < ¢l(*+1*/4],
If n > 14, than we have that

< q6 . qm§/4+m§/4 < qm§/4+m§ /44+7-1 <
< qm§/4+m§/4+n/2—1 < qm§/4+m§/4+m1m2/2—1 <
< q[(n+1)2/4}.

If 8 <n<13, my,my > 1, than
< q6 . qu /4+m3 /4 < qm§ /A+m2/4+8-2 <
< qm%/4+m§/4+n72 < qm%/4+m§/4+m1m2/271 <
< q[(n+1)2/4}'

If6<n<7, q>2, and my,my > 1, than

< <
< q4 . qm%/4+mg/4 < qm%/4+m%/4+672 <
< qm%/4+m%/4+nf2 < qm%/4+m%/4+m1m2/271 <
2
< )2/,

f8<n<13, ¢ > 2 and m; = 1, than

4-(n,q+1)g"M<4 - (g +1) - ¢ /4<
q3 . qn2/4 < qn2/4+4—1 <
n+1)2/4]

N IN

gl
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Ifn=7¢>2 andm; =1, than4-(7,q+1)¢'? < ¢'. If n =6, ¢ > 2, and m; = 1, than
4-(6,q+1)¢° < ¢ Ifn=5¢g>2,ifmy=1,than4-(5,q+1)¢®* <. Ifn=5, q¢> 2,
my =2, my =4, than 4- (2,¢+ 1)q(4, ¢+ 1)¢* < ¢®. lfn=15,q¢> 2, m; =3, my = 3,
than 4 - (3,¢+ 1)¢*(3,q + 1)¢*> < ¢°. In other cases we proceed in similar way. Below in
analogous situations we omit calculations.

Consider ?A45(3?), if m; = 1,my = 2. The order of some of its abelian subgroup
equals 16. This is some maximal torus, isomorphic to Z4 X Z4. The torus is unique up
to conjugation. The group 2A,(3?%) is contained in Ay(K), where K is an algebraically
closed field of characteristic 3. In this case As(K) is simply connected, i. e. I'; = Tg..
R equals M x S, where M is a semisimple group of type Ay, S a torus of dimension
1, and M N S is finite. If M is group of adjoint type, than its center is trivial, so
|A] < |S]-|au(A1(3))] < 4-3 < 16. If M is simply connected. than its center is nontrivial,
its order equals 2. We show that the intersection M N S coincides with the center of M.
Indeed, M = (X,, X_,), where r is some root of root system As. Let P be the lattice,
generated by r, P = I',, N Q(r). Then

S=P ={tVle Pt =1}

In algebraic group of type A, the identity holds |y, : ['eq| = 3. The group P is cyclic,
assume that P = (). Then either y € P, or x> € P, since P = PN T, Let z be
a nontrivial element in Z(M). Since |Z(M)| = 2, we have 22 = 1. Now 2" = 1, hence
1= aX = X’ gX = (22)XzX = X = 1, therefore 2 € S. So, |A| < 4-3 < 16.

Assume, that A, = Ay. By lemma 3.1.9 we have that A,y is contained in the center
of R. It follows that we may estimate the order of A as follows |A| < (¢ + 1)(my,q +
D™/ (my, q+1)¢t™3/4 or |A] < (g—1)((n+1)/2, ¢*—1)g*(»+D*/16] The inequality holds
|A] < gD/ for n > 5. Cases n = 2, n = 3 we consider separately. If n = 4 we need
to consider only following cases (m; =1, me =4, ¢ =3) and (m; =2, my =3, ¢ = 2).

Consider the case n = 2. If (3,¢ + 1) = 3, then either the center of 2A45(q?) is
nontrivial, so [A] < (¢ + 1)(m1,q + 1)g™ /¥ (ny, g + 1)g™/4 < 3¢2; or |A| < 3(q +
D(ma, ¢+ 1)q™/ M (mg, q + 1)gi™3/1 < g2 If (3,q+ 1) = 1, then 2Ay(¢?) is universal and
its center is trivial. Large abelian subgroup in this case coincide with a maximal torus of
order (g + 1)?, isomorphic to Z,1 X Z,41, and unique up to conjugation. We again have
to consider the case m; = 1,my = 2. We may prove, that M N S equals Z(M)M. The
proof follows the proof for group 2A45(3%). Hence, |A| < (¢+1)g < (¢ +1)? < a(?42(¢?)),
where the number a(?Ay(q¢?)) is taken from table 3.2.

Suppose, that n = 3. If m; = my = 2, then |A| < (¢+1)(2,q+1)(2,¢+ 1)¢*> < ¢* for
all ¢ such that ¢ # 3. In 2A3(3%) the center is equal to 1,2, or 4. If the center is trivial,
then ?A3(3%) is of adjoin type. So [A| < 14-2-2-3? < 3% If the center has order 2, then
|A| < %4-2-2-32 < 2-3% If, at least, the center has order 4, then |A| < 4-2-2-3% < 4-3%
If m; = 1,my = 3, then we have, that M NS equals Z(M) (we may prove this fact like
we prove that M NS = Z(M) in case 2A5(3?)). Therefore, |A| < (¢ + 1)¢* < ¢*.

Two remaining cases 2A4(2?) and ?A4(3?) are considered in similar way. Thus we
study the case, when the dimension of the central torus equals 1.

Suppose that the dim S > 2. For all m and k the following inequality holds:

(¢" + (=1 ) (m, ¢* + (1)) < (g + 1) (mk, g + 1)g™ 7 (3.3)

More over, if 1 < m; < mog, except mqy = 1, mg = 1; my = 1, my = 2, and my = 1,
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mo = 3, ¢ = 2, the following inequality holds
(g+1)(ma, g+1)g" g+ 1) (ma, g+ 1)g"™>/ " < (g+1) (my +ma, g+ 1)g/ "+ (3.4)
By using (3.3) and (3.4), expression (3.2) is reduced to one of the following forms

(q+1)230D3 (my g+ 1) g™ (my, g+ 1™ (ms, g+ 1)q™ /Y (my+ma+ms = n+1)

(3.5)
(q+ )" 130 HD312 ¢+ 1)q (3.6)
(q+1)" 230 0B(2, ¢+ 1)°¢ (3.7)
gn+(n+1)/392 (3.8)
3n+(n+1)/3—224 (39)

Last two cases we consider only for ¢ = 2. If n > 5, then expressions (3.5)—(3.9) do
not exceed the number a(?A45(¢?)) from the table 3.2. Thus we only need to consider
groups 2A,(¢*) for n < 4 (if n = 4 we need to consider only 244(2%)). In all cases we
proceed in analogous way, so we consider the case n = 3. If n = 3, then we obtain two
possibilities for a connected reductive group R. The group R is either maximal torus, or
equals commutative product of central torus of dimension 2 and of A;(K).

Assume that R is a maximal torus, i. e A = A,. Then R is a homomorphic
image of diagonal group under natural homomorphism SL,(K) — SL4(K)/Z, where
Z < Z(SL4(K)). Since A, normalizes R, we may define an action of A;/Ay on R by
s* =% where s € R, x € A,, and T € A;/Ay is the image of x in A;/Ay under natural
homomorphism. Elements of Ag/Ay permute diagonal elements of R. Under the action
of As/Ag the set {1,2,3,4} (the set of all diagonal places) is partitioned on orbits. Since
A is abelian, then every element of A;/A,q centralizes Ay. Hence, if s; and s, are in the
same orbit, then s; = zs5, where

€ Z.

o o o
oo n o
on oo
N OO o

Therefore there exists subgroup Ay of Ay of index at most | Z| (and | Z] < 4) such that A,
is contained in a torus of dimension equals number of orbits of A,/Ay minus 1. If there
exist four orbits, then A, = Ay and by lemma 3.1.10 we have |A| < (¢+1)* < a(*43(¢?)).
If there exist three orbits, then |A,/Ag| = 2 and |Ay/As | < (4,9 + 1), |[Aq| < (¢ +1)%
So |As| < 2(4,q+ 1)(q+1)* < a(®43(¢?)). If there exist two orbits, then |A,/A | < 4,
|Aso/Asi] < (4,¢+ 1), [Aa| < g+ 1, hence [Ay] < 4(4,q +1)(¢+ 1) < a(*43(¢%)). If
there exists just one orbit, then |As/As| < 4, Ago/As1 = Aso < Z, 50 |Ag] <4(4,9g+1) <
a(*As(¢?)).

Suppose that R is a commutative product of torus of dimension two and simple con-
nected group M of type A;. By lemma 3.1.9, A, < N(R). By [10, proposition 4] it
follows that N(R)/R is isomorphic to K £ (Wg), where K is the group of symme-
tries of Dynkin diagram of M, group Wi is defined in [10]. Since rank M equals 1 and
dim Z(R°)° = 2, we obtain that K is trivial and Wz < S3. Therefore, |A,/A| < 3,
in particular Ag/Ag is cyclic. We may find Ag-stable maximal torus 7" of R (like in
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the proof of lemma 3.1.2). S is contained on all maximal torus, hence it is contained in
T. So As/Ag permutes diagonal elements of S (since T' is diagonal group). If As/Aso
is nontrivial, then Ay contains a connected subgroup B of index at most |Z]| such that
dimB < 1. So |A| = |A| - |Au]l < 4(4,¢+ 1)(qg + 1)g < a(*A3(¢?)). If A; = Ay, then
Al < (g+1)*- g <a(As(¢?). X

§5 Large abelian subgroups of D,(q) and D, (¢
If algebraic group G is of type D, then lemma 3.1.11 gives us the following result.

Lemma 3.5.1. [9, proposition 10] Let G be a group of type D; over an algebraically closed
field of characteristic p and let Gy be a o-stable reductive subgroup of mazximal rank in G
determined by a pair of partitions X, u with |\ + |u| = 1. Let k; be the number of pairs of
A equal to i, and let n; be the number of pairs of pu equal to i (ny =0). Then

Auty (D) {Sk2 X (Zy U Sky) X (Zg U Sky) X oo X (Ziy 0 Syy) X (Zy 1 Spy) X ... if ky >O,I

a subgroup of index 2 in this if ky = 0.

Let GY be a o-stable reductive subgroup of G, obtained by twisting Gy by an element w € W
defined by m(g°g™"') = w. Suppose w maps to T € Auty (Ay). Suppose oot (0 = qoy)
gives rise to partitions €O, n® with |£D| + |n®| = k; (where n% is vacuous i = 2), and
pairs of partitions ¢, ’) with |¢9| 4 |w®| = n,;. Then the simple components of the
group (M9), are of type A;_1(q ('z)), 2A;1(q 20’ )), D;(q% 6" ), 2Dy(q*s )) with one component
for each part of each €W, n@ O O

If ky = 0 the total number of components of type 2A;_1 with i odd, and type *D; is
even if oo = 1, and odd, if o9 # 1. .

The order of the torus (S9), is given by |(S9),] = Hiyj(qgﬂ('i) - DI, +1).

In view of table 3.1 and lemmas 3.1.5, 3.5.1 the following inequality holds.

(2) (%) () [OFF () (),
4] < 2lH S oD@ + )]G ¢ =D A6 g + 1) X
1, i, ,J
i(1— 8) (i— i (310)
><H4C]<() C§)(21>H(4q§4>+1)q?(4)H(4qa +1)q§)( D22

4,5 1>5,5

For any m > 3 the inequality holds:

m(m—1)

(¢" - 1)(%,q’“ — D)t R g (3.11)

and for any m > 4 the inequality holds:

(q + 1)( = q + 1)q k[m? /4k?] < qgm(rg_l)' (3.12)
For any m the inequalities hold:
(4’ qk B 1>qkm/k<rg/kfl) < qm“g*”’ (3.13>
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k(m/kfl)(;n/k72)+2 (mfl)(;nf2)+2

(4,¢" + 1)q <q . (3.14)

More over, for all my, my we have:

my(my—1) mgo(mg—1) (mq1+mg)(mi+mo—1)
(4g-1)g =2 q¢ 2 <gq 2 : (3.15)
(m1—=1)(m1-2)+2 (mg—1)(mg—2)+2 (m+ng—1)(m+mg—2)+2
(4,9 +1)q 2 q 2 <q 2 : (3.16)
and (m—1)(m—2)+2 (m44—1)(m+4—2)+2
(4q+1)¢°-¢ > <q 2 . (3.17)

Assume oy = 1, i. e. Op'((Dl(K ))o) is a split group. Then, by using inequalities
(3.11)—(3.16), we reduce right hand of (3.10) to the following:
my(my—1)
2'(2(q — 1)g)™ (2(q + 1)g)™((3,q + 1) (g + 1)g>)™ (4,¢ — 1)g =

mpg(mg—1) (mg—1)(mg—2)+2
2

X(47q_ 1)(] 2 (4aq+ 1)q )

(3.18)

where my +msg +mg +mg+ms+mg = [, my, ms, mg > 2, (some of m; may be equal to 0).
For all my, ma, ms, my, ms, and mg right hand of (3.18) is less than or equal to a(D,(q)).
a(D,(q)) is taken from table 3.2.

Let o # 1, i. e OY ((Dy(K)),) is a twisted group. By using inequalities (3.11)(3.17)
we reduce right hand of (3.10) to (3.18). By lemma 3.5.1, we have that mg # 0. Again,
for all my, my, m3, myg, ms, and mg right hand of (3.18) is less than or equal to a(*Ds(¢?)),
where a(?Dy(¢?)) is taken from table 3.2.

§6 Large abelian subgroups in B,(q), where ¢ is odd
If algebraic group G is of type B, then lemma 3.1.11 gives us the following result.

Lemma 3.6.1. [9, proposition 11] Let G be a group of type By over an algebraically
closed field of characteristic p # 2. Let Gy be a reductive subgroup of mazrimal rank in
G, defined by a triple (A, u,v), where A\, u are partitions, v is a nonnegative integer, and
IA| + |p| + v = 1. Let k; be the number of parts of A equal to i, and n; be the number of
parts of p, equal to i (ny =0). Then

Auty (A1) = Sk, X (Zg U Sky) X (Zig 1 Sky) X oo X (Lo USny) X (Zg ¥ Spy) X ...

Let GY be a o-stable reductive subgroup of G obtained by twisting Gy by an element w € W
defined by w(g°g™") = w. Suppose w maps to T € Auty (A;). Suppose T gives rise to a
pair of partitions €9, 0@ with |€D| + |n®| = k; and a pair of partitions ¢, W@ with
ICD| +|w®| = n; such that the parts of these partitions give the lengths of the positive and

negative cycles in the components of 7. Then the simple components of the group (M?Y),
() (@) (@) ()
are of type Ai1(¢5"), 2A1(g®8), Di("”), 2Di(q™"), B,(q) with one component for

each part of each €9, n@ @ 0, | |
The order of the torus (S9), is given by |(S9),| = Hiﬁj(qﬁy) —1) Hm‘(qny) +1).
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From table 3.1 and lemmas 3.1.5, 3.6.1 we obtain the following inequality:

A< 2T - D@ + ) [0 a5" - 1)gs /A H i g+ D)

i.j i.j i
(i) (i) i(i=1) W@ W@ o () (=1G=2)42 _ v(v-141
x [ =1 = [[4,¢% +1)¢* H(4,qﬂ + g% 2
i.j 4] i>5,j
(3.19)
By using (3.11)—(3.17), right hand of (3.19) is reduced to:
m m m my(my—1)
2(2g ~ Da)™ (20g + Da)"™(B.a + D(g+ DA™ (g~ Vg™
(mg—1)(mg—2)+2 mg(mg—1)+1 ( : )

x(4,q+1)q 2 2¢ 2,

where mq +mo +ms+my+ms+mg = [, my, ms > 2. For all mq, mo, ms, my, ms, and mg
right hand of (3.20) is not greater than a(B;(q)), where a(B;(q)) is taken from table 3.2.

§7 Large abelian subgroups in By(2")

Since the characteristic of K equals 2, By(K') does not contains semisimple elements of
even order. So order of semisimple elements in this case is a good number. We also have
that Z(By(K)) is trivial. More over, W(By) is a 2-group, hence Ay = A. Therefore,
central torus S of R has dimension at least 1 and A < R. Thus we have only two
possibilities.

Let dimS = 1. Then R = S % A;(K) and Z(A;(K)) is trivial. Therefore, by lemmas
3.1.5 and 3.1.10, we get |A] < (¢ + 1)g < ¢ = a(B2(2")), where a(B,(2")) is taken from
table 3.2.

Let dim S = 2. Then R = S and, by lemma 3.1.10, |A] < (¢ + 1)? < ¢® = a(By(2")),
where a(By(2")) is taken from table 3.2.

§8 Large abelian subgroups in G5(q)

By proof of lemma 3.1.9 it follows that A lies in the centralizer of some semisimple element.
Since Go(K) is simply connected, a centralizer of any semisimple element is connected
(see, for example, [21, theorem 2.11]). Therefore, A lies in a set of o-stable points of
some o-stable connected reductive subgroup of maximal rank of Go(K). By Borel and
deSiebental, there exist two maximal connected reductive subgroups R of maximal rank
of Go(K); they are equal to Ay(K) and A;(K) x Ay (K).

Let R = As(K). Then, by lemma 3.1.1, A contains a subgroup Ay of index 3 such
that Ay < As(q) or Ay < 2A5(¢?) (by [16, table 4 on page 138] both cases may occur).
Note, that the bound of index from lemma 3.1.1 is rather bad (especially in case, when
the number of factors is small), since we divide by some of numbers several times. In case,
when Ay(q) (or ?As(¢?)) is universal, we have, that it is coincide with R,, hence A < Ay(q)
(or A < 2A5(q%)). If As(q) (or 2A5(g?)) is simple, then Ay < As(q) (or Ay < 2A5(¢%)),
but Z(As(q)) (or Z(*Aa(q?))) is trivial. By results for classical groups obtained above,
we have that the order of A is not greater than either 3¢? or (¢ + 1)%. These numbers
are clearly not greater than a(Gs(q)), where a(Ga(q)) is taken from table 3.2. Below we
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refer to lemma 3.1.1 and omit arguments, but usually we use proof of the lemma instead
of result.

Let R = A;(K)* A;(K). Then by lemma 3.1.1 it follows that either |A| < (2,q—1)¢?,
or |A| < (¢+1)2 In both cases | A is not greater, than a(Gs(q)), where a(G2(q)) is taken
from table 3.2.

§9 Large abelian subgroups in Fj(q) and *Fy(q)

Since Fy(K) is simply connected, a centralizer of any semisimple element is connected, so
A is contained in some proper maximal connected reductive subgroup of maximal rank
of Fy(K). Consider firstly Fy(q).

By Borel and deSiebental algorithm, maximal proper connected o-stable reductive
subgroups of maximal rank of F;(K) may be found in the following list By(K), As(K) *
Ay(K), A1(K) x A3(K), and C3(K) x A;(K).

Let A lies in R = By(K). Therefore, by lemma 3.1.1 |R, : O” (R,)| < 2. Thus A
contains a subgroup Ay of index at most 2 such that Ay < By4(g). Since the number
a(By(q)) is already found, we have that |A| < 2¢7 if ¢q is odd, and |A| < ¢'° if ¢ is even.
In both cases the order of A is not greater than a(Fy(q)).

Assume, that A lies in R = A;(K) * C3(K). Then by lemma 3.1.1 it follows that
|A| < 4q". So the order of A is less than a(Fy(q)).

Suppose A lies in R = A;(K) * A3(K). Then O (R,) is isomorphic to one of the
following group: A;(q) * Az(q), or A;(q) *x2A3(q*) (by [16, table 2 on page 133] it follows
that both cases may occur). By using lemma 3.1.1 and known result for classical groups
we obtain that |A| < 8¢°. Thus |A| < a(Fy(q)).

Let A is contained in R = Ay(K) * Ay(K). Then O (R,) is isomorphic to either
As(q) % Az(q), or 2As(q?) %2 Az(¢?) (we again use [16, table 2 on page 133]). It follows that
Al < 9¢" < a(Fu(q)).

Consider ?Fy(q). A is contained in some connected reductive subgroup R of maximal
rank of Fy(K'). More over R is invariant under graph automorphism. Then by [16, table 3
on page 137] it follows, that either A < 2By(q) * S, or A <2?A,(q*). So |A| is not greater
than a(>Fy(q)), where a(*Fy(q)) is taken from table 3.2.

§10 Large abelian subgroups of Eg(q)

For any connected algebraic group G of adjoin type and for any semisimple element
s € G the group Cg(s)/Cg(s) is known to be isomorphic to I'y./T; = Q, (see [50,
Iwahory lecture, proposition 5]). Since for the root system of type Eg we have |T'y. :
[';| = 3, there exists subgroup Ay of A of index at most 3 such that Ay is contained
in some proper connected o-stable reductive subgroup of maximal rank of Eg(K). Any
maximal connected reductive subgroups of Fg(K) may be found in the following list:
A (K) * A5(K), Ag(K) x Ax(K) * Ay(K), and S * D5(K).

Let Ag liesin R = A;(K)*A5(K). Then O (R,) = Ai(q)*As(q) (see [16, case Fg(q)]).
Then, by lemma 3.1.1, it follows that |Ag| < 12¢*°. Hence |A| < 364" < a(Es(q)),

Let A lies in R = Ay(K) * Ay(K) * Ay(K). Then O (R,) is isomorphic to one of the
following group As(q) * Aa(q) * Aa(q), A2(q?) * *A2(q?), or As(q®) (see [16, case Eg(q)]).
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In all cases, by lemma 3.1.1 we obtain the following bound |Ag| < 27¢° (if ¢ = 2, then
| Ap| < 9-25). Tt follows that |A] is less than a(Es(q)).

Assume, that Ay lies in R = S % D5(K). Then Ry = (S,) * D5(q) (R; is defined
in lemma 3.1.1). By lemma 3.1.1 it follows that |Ag| < 4(q — 1)¢'°. Hence |A] is less
than a(Eg(q)).

§11 Large abelian subgroups in Fg(¢?)

The index |I's. : T'wg| = 3, so A contains a subgroup A, of index at most 3 such that
Ag is contained in some proper connected o-stable reductive subgroup R pf maximal
rank of Eg(K). Any maximal o-stable connected reductive subgroup of maximal rank
of Eg(K) is isomorphic to one of the following list: A;(K) x A5(K), S * Ds(K), and
Ay(K) % Ay(K) = Ax(K). If the characteristic of K is even, then there does not exist a
semisimple element s of Eg(K) such that Cryx)(s)? = A1(K) * A5(K). In this case we
have to consider two additional connected reductive o-stable subgroups of maximal rank
of Eg(K): As(K) xS and A4(K) *x A;(K) % S.

Let Ag lies in R = A;(K) * As5(K) (recall, that g is odd in this case). Then O (R,) =
A1 (q)*?As(q%) (see [16, table 1 on page 127]). By lemma 3.1.1 we obtain that |A] < 24¢'°.
Hence |A| < a(*Eg(q?)) if ¢ > 3. If ¢ = 3 we note, that Es(K) may be taken simply
connected (since groups 2Fg(3?%),. and 2Eg(3%),, are isomorphic). Therefore A itself is
contained in R (instead of its subgroup of index 3). More over, by lemma 3.1.1 we obtain
that |A] < 4¢"° < a(*Es(q?)).

Let Ag lies in R = S * Ds(K). Then OP (R,) = (S,) * 2Ds(¢?) (see [16, table 1 on
page 127]). Therefore, |A| < 12(q + 1)¢® (JA] < 3¢, if ¢ is even), i. e. the order of A is
not greater than a(>FEg(q?)).

Assume, that Ay lies in R = Ay(K) % Ay(K) * Ay(K). Then O (R,) coincide with
one of the following group As(q?) * Aa(q), 2A2(¢%), or 2A5(q?) * 2A5(q?) x 2Az(q?) (see [16,
table 1 on page 127]). Anyway we have the following estimate |A| < 27¢° < a(*Fg(¢?)).

Let Ag lies in R = A5(K) xS (this case we consider only when the ¢ is even). Then
Ry (defined in lemma 3.1.1) coincide with 2A45(¢?) * S,. It follows that the order of A is
not greater than 6(q + 1)¢° (3¢° if ¢ = 2), and it is less than a(*Es(q?)).

Suppose, that Ag liesin R = A4 (K)* A;(K)* S (q is again assumed to be even). Then
Ry coincide with 2A44(q?) * A1(q) * Sy, hence |A] < 15(¢+1)%¢° (|]A| < 32-2°if ¢ = 2). So
the order of A is less than a(*Fg(q?)).

§12 Large abelian subgroups in FE;(q)

We have that |y : T'q| = 2, so A contains a subgroup A, of index at most 2 such that Ay
is contained in some proper connected reductive o-stable subgroup R of maximal rank of
E,(K). Any maximal connected reductive o-stable subgroup of maximal rank of F;(K) is
isomorphic to one of the following groups: A7(K), A1(K)xDg(K), A1 (K)*As(K)*As(K),
Ay(K) x A5(K), S x FEg(K).

Let Ag lies in R = A;(K). Then either O¥ (R,) = Az(q), or O¥ (R,) = 2A(¢?) (see
[17, table 1]). By lemma 3.1.1 we have that |A] < 1646, i. e. the order of A is not greater
than a(Fr(q)).
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Let Ag lies in R = A;(K) * Dg(K). Then O (R,) coincide with A;(q) * Dg(q) (see
[17, table 1]). Therefore, |A| < 16¢'® < a(F7(q)).

Assume, that Ag lies in R = A;(K) * A3(K) % A3(K). Then O (R,) is isomorphic to
either A;(q) * As(q )*Ag( ), or A1(q) * A3(q®) (see [17, table 1]). Anyway, by lemma 3.1.1,
it follows that |A| < 64¢° < a(E7(q)).

Suppose Ay lies in Ay(K)* As(K). Then O (R,) is isomorphic to either Ay(q)* As(q),
or 2A5(q%) * 2A5(¢*) (see [17, table 1]). Therefore the following inequality holds |A| <
36¢"" < a(Bq(q))-

Suppose, that A lies in R = S * Eg(K). Then R, is isomorphic to either (S,) * Eg(q),
or (Sy) * 2Es(q”). Anyway, |A| < 6(g — 1)¢"° < a(Er(q)).

§13 Large abelian subgroups in Fs(q)

Since I'y. = ['yq, a centralizer of any semisimple element of Eg(K) is connected. Therefore,
A is contained in some proper connected reductive o-stable subgroup of maximal rank of
Eg(K). Any maximal connected reductive o-stable subgroup of maximal rank of Fg(K)
is isomorphic to: Dg(K), As(K), A1(K)*Ao(K)* A5(K), Ay(K)x Ay(K), A3(K)* D5(K),
Ay(K) * Fg(K), A1 (K) * E7(K). /

Let A lies in R = Dg(K). Then OP (R,) = Ds(q) (see [17, table 2]). By lemma 3.1.1
it follows that |A| < 4¢*" < a(Es(q)).

Let A lies in R = Ag(K). Then either O” (R,) = Ag(q), or O” (R,) = 2Ag(¢?) (see
[17, table 2]). By lemma 3.1.1 we obtain, that |A] < 9¢*° < a(Es(q)).

Let A lies in R = Ay (K) % Ay(K) * A5(K). Then O (R,) is isomorphic to either
Ai1(q) * Aa(q) * As(q), or Ai(q) * 2Aa(q?) * 2A5(q?) (see [17, table 2]). Again, by lemma
3.1.1, it follows, that |A| < 36¢'* < a(Fs(q)).

Let A lies in R = A4(K) * A4(K). Then O¥ (R,) is isomorphic to one of the following
group: A4(q) * Ay(q), 2As(q?) x 2As(q?), or 2A4(q*) (see [17, table 2]). By lemma 3.1.1 it
follows, that |A| < 25¢'? < a(Es(q)).

Let A lies in R = A3(K)* D5(K). Then OP' (R,) is isomorphic to either Az(q)* Ds(q),
or 2A3(q?) * 2D5(q%) (see [17, table 2]). By lemma 3.1.1, we obtain, that |A] < 16¢'° <
a(Fi(0). |

Suppose A lies in R = Ay(K) % Eg(K). Then OP (R,) is isomorphic to either As(q) *
Eo(q), or 2A2(q”) * *Es(q”). So |A] < 9¢"° < a(Es(q)). ,

Assume, at least, that A lies in R = A;(K) % E;(K). Then OP (R,) = A1(q) * Ez(q).
By lemma 3.1.1, |A] < 4¢*® < a(Ex(q)).

§14 Large abelian subgroups in *Dy(q¢°)

There exist two maximal connected o-stable subgroups of maximal rank of Dy(K): A;(K)+j}
A (K) x A1 (K) « A1 (K) and T * Ay(K), where T is a torus of dimension 2.

Let A lies in R = Ay (K) * Aj(K) * A (K) * A;(K). Then O (R,) = Ai(q) * A1(¢*)
(see [16, table 7 on page 140]). By lemma 3.1.1 it follows, that |A] < 4¢* (JA] < 27 if
q=2and |A| <2¢*, if ¢ =3). So |A| < ¢® = a(®Dy(¢%)).

Assume, that A lies in R = T % Ay(K). Then either O (R,) = (T,) * Ay(q), or
O (R,) = (T,) * 2Ay(q?) (see [16, table 7 on page 140]). By lemma 3.1.1 it follows, that
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Al < 3(*+q+1)¢® (JA| < 28if ¢ =2, and |A| < 117 if ¢ = 3). Thus |A| < ¢° =
a(*Du(q’)).

§15 Summary table

In table 3.2 below we give orders of large abelian subgroups in all finite groups of Lie
type. In the column “source” we give the reference to papers, where the reader may find
the structure of subgroups of given order.

Table 3.2. Large abelian subgroups of finite groups of Lie type

group G a(G) source group G a(q) source
A, (q) except 2D,(¢%), n =5 | ¢(n"D=2/242 1 [45]
Ai(q), g=2%and | VY4 | (3] 2Dy(¢?) ¢ [45]
As(q), 3,g—1) =1 Ga(q), ¢ # 3% & [61]

Ai(q), g =2~ qg+1 [59] except Ga(2)

As(q), Bg—1)=1 [ @ +q+1 | [59] | Gsq),q=3" q [61]
Bu(q),n >4, q#2% | """ P 3], [45] || Fu(q), ¢ =2 q" [63]
Bs(q), ¢ # 2° q° 3], [45] | Fulg), ¢ #2° q’ [63]
Cn(q), except Cy(2) "2 T3], [4] FEs(q), q't [63]
Dy (q) g"" D2 | [3], [45] Eq(q), ¢’ [63]
*An(q?), except Es(q), q* [63]
2A(¢%), (3,q+1) =1 | gl 0¥4 | [a6] ?By(q) 2q [40]
and 2A3(2?) %Gy (q) 7 41
“As(®), B,g+1) =11 (¢+1)? [59] "Du(q?) ¢ 61
°A3(2%) 27 [59] “Fs(q°) q" [63]
’Fi(q) 2¢° [63]
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Chapter 4

Large nilpotent subgroups of finite
simple groups

g1 Large nilpotent subgroups of symmetric and al-
ternating groups

First we prove the following technical lemma.

Lemma 4.1.1. Let N be a nilpotent subgroup of S,, and I, I, ... be a set of orbits of the

center Z(N) in N on a set {1,...,n}. Assume that Jy is a collection of sets I, of order
1, Jy is a collection of I, of order 2, etc. Suppose that K1 = \J ILn, Ko = U In,
[Im|=1 [Im|=2

etc. Then the following statements hold:

1. the group N/Z(N) permutes sets of one order, and consequently N < Ny x Ny x ...,
where Ny < Sk, Ny < Sk,, etc.;

2. if k; is the number of orbits under the action of N/Z(N) on J; then |Z(N)NN;| = i*i;

3. if p1,...,ps are all primes by which i is divisible then the order of N; is divisible
only by p1,...,ps.

PROOF. 1. Let o be an element of the group N which translates the element i of the
set I; into an element of some set I. Then 7 = 77 € [ for any 7 € Z(N). Since
Z(N) acts transitively on I;, we have {i" : 7 € Z(N)} = Ij; consequently, I{ C Iy,
that is, [I1] < |I¢]. On the other hand, the element o~! translates an element of I, into
the element i of I;; therefore, I;j_l C I, that is, |Ix| < |I;]. Combining the inequalities
obtained yields |I;| = |I].

2. We may assume that K; = {1,...,n} and the group N/Z(N) acts transitively on
the orbits (under the action of the center Z(N)) of J;. Let {Iy,..., Iz} be a set of all
orbits of J; under the action of Z(N). Then the order of each such orbit equals ¢, and
i-k =mn. Let [ € I, be some element of the orbit I;. Consider a stabilizer Stzyy(l)
of an element [ in the center Z(N) and assume that 7 € Stzn)(l). Let m € K; be
an element lying in some orbit I;. Since N/Z(N) acts transitively on Iy,..., I, there
exists an element o € N such that I{ = I;. Further, the group Z(NN) acts transitively
on I;, and so there exists an element ¢ € Z(N) such that (m?)¥ = [. It follows that
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m™ = ((1¢)7) = ((I")* ")?" = m; consequently, 7 = ¢ and Stz (1) = {e}. By the
Lagrange theorem |Z( W =1Z(N) : Stzin()] - |Stzmn ()| = 1.

3. Further, J; = {I : |Ix] = i} by definition. Assume that there exists a prime
q ¢ {p1,...,ps} which divides the order of N;. Since N; is a nilpotent group, there exists

a central element 7 of order q. Because N is a direct product of groups Ny, Ns, ..., the
element 7 lies in Z(N). Clause (2) implies that |Z(N) N N;| = %, where k > 1. Hence 7
lies in Z(N) N N;, but |7| does not divide |Z(N) N N;|, a contradiction. X

Note that the group N; specified in the lemma is trivial. Now we are in a position to
explicate the structure of symmetric and alternating groups.

Theorem 4.1.2. A large nilpotent subgroup in an alternating group is conjugate to one
of the following groups:

~

((1,2,3)) if n = 3;
2. ((1,2,3,4,5)) if n=2>5;
3. ((1,2,3)) x ((4,5,6)) if n = 6;
4. Syla(Ay) if n # 22k + 1) + 1 for some natural k;
5. Syly(A,_3) x {(n—2,n—1,n)) ifn=22k+1)+1,k>1
A large nilpotent subgroup in a symmetric group is conjugate to one of the following:
1. Syly(Sy,) if n # 2(2k + 1) + 1 for some natural k;
2. Syla(Sp—3) x ((n—2,n—1,n)) if n =22k + 1)+ 1 for some natural k.
In all groups, a large nilpotent subgroup is unique up to conjugation.

PROOF. Assume that the statement of the theorem fails and that n is the minimal natural
number yielding a counterexample to the hypothesis. Let P be a subgroup of \S,, which is
structured the same way as is the nilpotent subgroup specified in the theorem. Suppose
that N € N(S,) is a large nilpotent subgroup which is not conjugate to p.

Under the action of Z(N), the set {1,...,n} gets partitioned into orbits. There are
two cases to consider:

1. Among the orbits of the center Z(N), there are subsets of different orders. By
Lemma 4.1.1, therefore, N(S,,) is a subgroup in the direct product of the groups N; < S,
and Ny, < §,,,, in which case ny + ny = n. Since n is the minimal natural number for
which the statement of the theorem fails, the groups of N(S,,,) and N(.S,,) are structured
in the way specified by the theorem.

Let ny # 2(2k + 1) + 1; then |Ny| < |S|, where S € Syla(S,,). Depending on whether
or not the number ny is representable as 2(2k + 1) + 1, we obtain the following values:
|No| < 3|S1| or |[Na| < |Sy], where S7 € Syla(Sn,—3) and Sy € Syla(S,,). For the first
option, we have |N| < |Ny| - |[Na| < |Syla(Sn,)| - 3|Syla(Sn,—3)| < 3|Syla(Sn—3)| < |P], in
which case the equality attains only if Ny € Syla(S,,) and Ny = Sy X ((k1, k2, k3)), that is,
if N = P up to conjugation. Which is impossible, for n is the minimal number delivering
a counterexample. Similarly we can treat the situation where Ny € Syla(Sy,).
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Let ny = 2(2k; +1) + 1 and ny = 2(2kg + 1) + 1. Then |N(G)| < 3|Ss3| - 3]51] <
|Syla(S,)| = | P|, where S5 € Syla(S,,—3), and we arrive at a contradiction. Thus the first
case which holds that orbits may contain subset of different orders is impossible.

2. Suppose that all orbits under the action of Z(N) are of the same order k. Let
I,..., I all be orbits of the set {1,...,n} under the action of Z(N). If the action of
the group N/Z(N) on a set of orbits Iy, ..., I,/ is not transitive, N is a subgroup in the
direct product of N7 and Ns, each of which is a nilpotent subgroup of a symmetric group
of lesser degree. Similarly to the first case, we can show that /N is not a counterexample.

Now we let IV act transitively on the orbits Iy, ..., I,,/5. In virtue of lemma 4.1.1(2), the
order of Z(N) equals k, the group N/Z(N) can be treated as a nilpotent subgroup of S, y,
and so |N| < k- |Ns|, where N3 € N(S,/). It is not hard to verify that |N| < |Syls(S,)|
except n = k = 3. We have thus proved the theorem for symmetric groups.

We turn to alternating groups. Let n be the minimal number for which a counter-
example to the statement of the theorem exists. Let that counterexample be furnished
by N € N(A,). Write R to denote a nilpotent subgroup of A, which coincides with the
large nilpotent group specified by the theorem. Again we have two cases to consider:

1. The action of N/Z(N) on a set of orbits of the center Z(N) is not transitive. Hence,
either N is contained in a direct product of nilpotent groups N; and N, each of which is a
nilpotent subgroup of an alternating group in a lesser dimension, or it belongs to a direct
product of two nilpotent groups N; and N,, of which each is a nilpotent subgroup of a
symmetric group in a lesser dimension, but does not coincide with that product. Using
the orders of large nilpotent subgroups in symmetric groups at hand, it is not hard to
verify that N fails as a counterexample in this case, too.

2. The group N/Z(N) acts transitively on a set of orbits. Suppose that each orbit
is of order k. By lemma 4.1.1, then, |Z(N)| = k and N/Z(N) can be treated as a
nilpotent subgroup of S, /. It is not hard to verify that k|Ny| < (1/2)]S] < |R|, where
Ny € N(A, ;) and S € Syly(S,), holds for n > 7. X

Table 4.1. Nilpotent subgroups of maximal order in symmetric and alternating
groups

Group G n(G) Structure
As 3 ((1,2,3))
As ) ((1,2,3,4,5))
Ag 9 ((1,2,3)) x ((4,5,6))

An,n#202k+1) +1
Apyn=202k+1)+1

Sp,n=202k+1)+1

%2[n/2}+[n/22]+---

%2[@—3)/2}+[(n—3)/22]+-~

oln/2]+[n/2%]+...

3. 9l(n—3)/2+[(n—3)/22] +...

S, where S € Syl,(A,)
S X <(n —2,n— 17”))7 S e Sle(An—?))
S, S € Syly(Sp)

Sx{(n—2,n—1,n)), S € Syly(Sp—3)
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§2 (General structure of nilpotent subgroups in sim-
ple algebraic groups

Lemma 4.2.1. Let N be a closed nilpotent subgroup of a connected, simple, algebraic
group G. Then there exists a reductive subgroup R of maximal rank in G, containing a
group N. Let Wi be a Weyl group of R°. Then the following statements hold:

1. N = Ny X N, that is, N 1is representable as a direct product of its subgroups con-
sisting of semisimple and unipotent elements;

2. N, < R° and Z(N,) N R® < Z(R);

3. if Ng = NN R° then N/Ny is isomorphically embeddable in the group Ny, (W1)/Wj.

If N consists of o-invariant elements under some Frobenius automorphism o, then the
group R 1s o-invariant.

PrOOF. Let N be a closed nilpotent subgroup of a connected, simple, algebraic group
defined over an algebraic closure of a field GF(q). Then N consists of elements of finite
orders and is representable as a direct product of its p-subgroups (cf. [37, 12.1.1]). In
particular, N can be represented as N, x N,, which is a direct product of its semisimple
and unipotent parts, respectively.

If the group Ny is non-trivial then its center is also. Clearly, Z(Ns) = (Z(N))s. Let
x be some element of Z(N,). Then N C Cg(x), with N, C R°. Denote by R the group
Cg(x). By Lemma 3.1.2, R is a reductive subgroup of maximal rank in G. Suppose
that there exists an element s of Z(N,) N R which does not lie in Z(R"). Consider a
group Cr(s). Clearly, N < Cg(s) and N, < R". Again, Cg(s) is a reductive subgroup of
maximal rank in G. Since R decreases in dimension at each step, the process is finite (the
dimension of G is finite). Allowing a repetition of the above process yields a reductive
subgroup R of maximal rank in G' containing N. If N consists of fixed points w.r.t. some
Frobenius automorphism o, R will be o-invariant. We have thus proved clauses (1) and
(2) of the lemma.

We turn to (3). We have N/Ny = NR°/NyR® < R/R°’. The proof of lemma 3.1.2
implies that every element of R is representable as nxz, where n € Ng(T') for some maximal
torus T' of RY, and = € R°. Since R is normal in R, the group Nx(T)/T is contained in
the group Ny (W;). This gives us R/R® = Ng(T)/Ngo(T) < Ny (W,)/W;. X

Remark. Lemma 4.2.1 implies that Ny/Z(Np) is a nilpotent subgroup in a direct product
of simple algebraic groups of lesser dimension — the group R/Z(R"). The lemma thus
generalizes a result of [1] concerning the structure of semisimple nilpotent subgroups in
generalized linear groups over finite fields, since for GL,,(K) the equality Ny = N holds.

We know how reductive subgroups R of maximal rank in G, and also subgroups R,,
are structured; see [9], [10], [16], and [17]. To treat nilpotent subgroups of finite groups
of Lie type, therefore, we are left to find orders of large nilpotent subgroups in Weyl
groups. The Weyl groups for types B, C,, and D,, are a wreath product of a 2-group
and a symmetric group S,,. The data obtained on the structure of nilpotent subgroups
in symmetric groups can now be used to conclude that a large nilpotent subgroup in a
Weyl group for all the types mentioned is exactly a Sylow 2-group. Table 4.2 shows values
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for orders of large nilpotent subgroups in Weyl groups for all classical groups, and their
structure.

Table 4.2. Nilpotent subgroups of maximal orders in Weil groups

Type of system ® | Structure of groups N(W(®)) | Bound for n(W(®))
A, see table 4.1 ont+l
B, and C, in Syl,(W) 22n
D, in Syl,(W) 92n-1

§3 Large nilpotent subgroups of finite groups of lie
type

Here, we work to apply the above-specified general properties of nilpotent subgroups to
finite Lie-type groups. In particular, we prove that a large nilpotent subgroup coincides, in
most of the cases, with a maximal unipotent subgroup. Finding large nilpotent subgroups
in finite Chevalley groups proceeds uniformly, so we treat A, (q) to exemplify this process.

Let N be some nilpotent subgroup of A4, (q). We claim that its order does not exceed
the order of the large nilpotent group indicated in table 4.3. We may assume that the
center of A,(q) is trivial. By lemma 4.2.1, then, the group N is contained in some proper
reductive subgroup of maximal rank in a connected, simple, algebraic group of type A,.

First we recall the structure of reductive subgroups of maximal rank in a simple,
connected, algebraic group of type A,,, and also how are structured their fixed points under
the Frobenius automorphism o; see [9]. Assume that G is of type A,,. The endomorphism
o of G induces an endomorphism of the character group X of a torus 7', which is also
denoted by ¢ and has the form o = gog, where q is the power of p and oy is an isometry of
X. The isometry o( has order 1 or 2, depending on whether G, is normal or twisted. The
group X contains the set @ of roots, and ® is conveniently represented as ® = {e; — ¢, :
i # j,4,5 € {0,1...,n}}, where eg,ey,...,e, form an orthonormal basis for an (n + 1)-
dimensional Fuclidean space. The Weyl group W acts on that space by permuting the
basis elements in a way that fits the symmetric group S,,.1. The isometry oy acts on the
roots either identically or as an element of order 2, mapping e; into e,,_;.

The root system of any o-invariant reductive subgroup of G is equivalent w.r.t. W
to a system ®; of the following type. Let A = (A1, Ag,...) be the partition of n + 1
and Iy, I, ... be disjoint subsets of {0,1,...,n} satisfying the condition that |I;| = Ay,
|Io] = Mg, ... Assume &) ={e; —e; € ®:4,j € I, for some a}. Then ®; is a subsystem
of ® of type Ay,—1 X Ay,—1 X .... And it is o-invariant on the condition that if oy has
order 2 then @, is invariant under a linear transformation given by the rule ¢; — —e, ;.

Lemma 4.3.1. [9, proposition 7]. Let G be a group of type A, and let o be such that
G, is split. Let Gy be a reductive subgroup of mazximal rank in G corresponding to a
partition X of  + 1. Let G be a o-stable subgroup of G obtained by twisting G1 by an
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element w € W defined by m(g°g~1) = w. Suppose w maps to T under the homomorphism
Nw(W7) — Autw (Ay). Let m; be the number of pairs of A equal to i, so that Auty (Aq) =

Siny X Sy X . ... Suppose T gives rise to partitions n®, ... of Mo, Mg, . .. respectively.

Then the simple components of the group (M9), are of type Ai_l(q“y)) with one component
for each i =2,3,... and each part H;Z) of pt.
The order of the semisimple part (S9), of (GY), is given by
(@)
(= DI = J(a" —1).

1,

Since the center of A,(q) is assumed trivial, the order of the centralizer specified in
lemma 4.3.1 should be multiplied by 1/(n+ 1, — 1).

By lemma 4.3.1, there exists a subgroup Ny of N lying in some o-invariant, connected,
reductive subgroup R of maximal rank in G. Furthermore, [N : No| < 2" see table 4.2.
Since the center of A, (q) is assumed trivial, the group R is a proper subgroup of G. In
this way Ny is representable as a central product of nilpotent subgroups of groups in a
lesser dimension and the group that is a fixed-point subgroup of some torus. Therefore,
the order of IV is estimated thus:

(g—1DIN| < n<sn+1>;) [T - v]]6e - DnA@). (41

(n+1,q—1 ” o

()
Here, as A;_1(¢"7 ) we consider a group with trivial center. Using induction on the
Lie rank of a group, we can prove that the following hold:

(¢" = 1), ¢" — Dn(Ai-1(¢")) < (g — 1)(ik, ¢ — n(Ai-1(q)), (4.2)

(= 1), g—1)n(A;-1(¢)) (g —1)(k, g — 1)n(Ar-1(q)) < (¢ —1)(7k, ¢ — 1)n(A_1(q) (4.3)

(the number n(Ax(q)) is taken from the table 4.3).
Using (4.2) and (4.3), the right part of (4.1) can be written either in the form

(¢ = 1)*n(Snr1) (n1, ¢ — 1)n(An, 1)) (n2, ¢ — 1)n(An,—1(q)). (4.4)

where nq +n9 = n + 1, or in the form

(@~ Dn(Sua)((n+ 1)/2.6% = DAy (6): (45)

It is not hard to verify that (4.4) and (4.5) do not exceed the values indicated in table
4.3. Other finite groups of Lie type can be treated in a similar way.

Table 4.3 exhibits the structure of large unipotent subgroups for the case where a
finite group G of a given type has trivial center. For groups with an arbitrary center, a
large nilpotent subgroup is the preimage of a large nilpotent subgroup in the group with
trivial center under the natural homomorphism.

Table 4.3. Nilpotent subgroups of maximal orders in finite groups of Lie type
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Group G Structure of groups in N(G) | n(G)

Aq1(27) cyclic group 2" +1
Ai(q),q—1=2" lies in Syl,(A1(q)) 2"

2A5(2%) lies in Syly(?A5(2%)) 27

2A4,(3%) lies inSyl,(*A2(32)) 32

for all other G | maximal unipotent subgroup

84 Large nilpotent subgroups of sporadic groups

In dealing with large nilpotent subgroups, we make use of the information in [15]. For
all sporadic groups, a large nilpotent subgroup is a Sylow subgroup, and so finding large
nilpotent groups calls for a uniform argument. We just outline the idea.

If N is a nilpotent subgroup of GG, and py, ..., pi are all primes dividing the order of N,
then N contains a central element of order p; -...-pg. The study of orders of centralizers
of such elements using [15] shows that the order of N, in this case, is less than the order
of a Sylow subgroup. An easy consequence of this is the following theorem 1.1.3.

PRrROOF. If N(G) coincides with Syl,(G) for some prime p, the statement of the theorem
follows from [34, 2|. If G = A,, n = 2(2k + 1) + 1 for some natural k, it is easy to see
that N(G)? < 22"=1) < |G|. Finally, if G coincides with A;(2"), then the group N(G) is
Abelian, and by [14], N(G)? < |G]. X

23



Chapter 5

Large normal nilpotent subgroups of
finite soluble groups

§1 Available results

Lemma 5.1.1. /37, theorem 5.5.3] If G is a group of order p™ and |G : ®(G)| = p" then
the order of Caw (¢)(G/®(G)) divides pt™m=")".

Corollary 5.1.2. Let G be a finite p-group. If the order of an automorphism o of G does
not divide p and « acts trivially on G/®(G) then a centralizes G.

PRrROOF. Let a be a nontrivial automorphism whose order does not divide p. Then by
lemma 5.1.1 o does not belong to Cau (¢)(G/®(G)). X

Lemma 5.1.3. [37, theorem 5.3.2] If G is a finite p-group then ®(G) = |G, G|GP.
Corollary 5.1.4. If G is a finite p-group then G/®(G) is an elementary abelian group.

PROOF. Since [G,G] < ®(G), the group G/P(G) is abelian. Moreover, each element g of
G raised to the power p belongs to ®(G). X

Lemma 5.1.5. [37, theorem 5.2.4] If G is a finite group then the following properties are
equivalent:

(i) the group G is nilpotent;
(i) the group G is a direct product of its Sylow subgroups.

Corollary 5.1.6. Let G be a finite group and B a normal p-subgroup of G. Suppose that
G contains an element o whose order does not divide p and which does not centralize B.
Then G is not nilpotent.

PROOF. The group (a, B) cannot be represented as a direct product of its Sylow sub-
groups; therefore, it is not nilpotent. In consequence, the whole group G is not nilpo-
tent. X

Lemma 5.1.7. [37, theorem 5.4.4] If G is a solvable group and F' is the Fitting subgroup
of G then Cq(F) = ((F).
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Lemma 5.1.8. [/4, theorem 1.6] If G is a nilpotent subgroup of GL(V') whose order is
coprime to the characteristic of the field over which the finite vector space V is defined,
then |G| < |V|?/2, where 3 = log 32/log9.

Lemma 5.1.9. [36]. The inequality i,(G) < 3 holds for every finite solvable group G..

Corollary 5.1.10. Let P be a Sylow p-subgroup of a finite nontrivial solvable group G
and O,(G) = {e}. Then |G : P|* > |P].

PROOF. In view of Lemma 5.1.9, there are three Sylow p-subgroups Py, P, and P3 such

that P, N P, N P; = {e}. Since G is not a p-group, the inequality |G| > ||I;,11‘r']|£22“ holds.

Furthermore, since P, N P, N P3 = {e}, we have |P; N By - | P3| < |G|. Thus,

[Pl P P [Py [P - [P N Py| [P
|Py N Py |G| - | PN Py G|

G| >

Therefore, |G|? > | P12, and |G : P|> > | P;| by Lagrange theorem [37, theorem 1.3.6]. X

Remark. The claim of Lemma 6 is proved in [48] for all finite groups. However, the proof
of this fact in the general case essentially uses the classification of finite simple groups.

82 Proof of theorem 1.1.4

In this section theorem 1.1.4 we have stated in the Introduction

Let H be a nilpotent subgroup of G such that |G : H| = n. Consider N = F(G).
In view of lemma 5.1.5, N = P; X --- x P, where P; are Sylow p;-subgroups of N.

Consider the homomorphism ¢ : G — G//®(N) = G, henceforth denoting the images
of elements and sets under this homomorphism by overlining the letters signifying them.

Lagrange theorem implies |G : N| = |G : N| and |G : H| < |G : H|; therefore, to
prove theorem 1.1.4, it suffices to show that |G : N| < |G : H|°.

By corollary 5.1.4, the group N can be represented as N = P, x --- x Py, where
|P;| = p}" and exp(P;) = p;, i.e., as a direct product of elementary abelian groups. Thus,
each P, may be regarded as a vector space of dimension n; over the field F,,. Since
N < @G, we may consider the homomorphisms ¢; : G — GL(n;,p;), 1 = 1,..., k. These
homomorphisms induce homomorphisms ¢; : G — GL(n;,p;) and ¢; : G/N — GL(n;, p;)
which we denote by the same letters to simplify notation. Let N; be a subgroup of N
invariant under conjugation by some element = of G. The element x acts unipotently on
Ny if for every ¢ the image of x under ; acts unipotently on N, N P,. If we take as N;
the whole group N then we say that x acts unipotently. By analogy we define the notion
of unipotent action on the subgroup Nj for the elements T € G and € G/N. A subgroup
U of G acts unipotently on a subgroup N; of N if each element of U acts unipotently on
Ny (surely, Ny is assumed invariant under conjugation by the group U). In the case when
N coincides with N, we say that the group U acts unipotently. We define unipotent
action for subgroups of the groups G and G//N in the same way as for elements.

With the above notations, the following holds:

Lemma 5.2.1. Let U be a normal subgroup of G which acts unipotently. Then U < N,
and so U < N and G/N lacks nontrivial normal subgroups that act unipotently.
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PrOOF. We may assume that N < U: otherwise the group NU is normal in G and acts
unipotently.

Suppose that U # N and V/N is a minimal characteristic subgroup of U/N. Then
V Q9 G and V/N is a p-group. Let P be a Sylow p-subgroup of V. Then V' = P«Hpﬁép P,
Since V acts unipotently, its image under each ; such that p; # p is the identity; hence,
P centralizes every P; for which p; # p. In view of corollary 5.1.2, the group P centralizes
each P; with p; # p; i.e., it can be represented as a direct product of its Sylow subgroups
and is nilpotent by lemma 5.1.5. We thus obtain a normal nilpotent subgroup of G which
does not lie in N. This contradicts the definition of N. X

Note that as a straightforward consequence we have Cz(N) = ((N) = N. Moreover,
N = F(G). Indeed, N is a normal abelian subgroup. Since F(G) is nilpotent, by corollary
5.1.6 it acts unipotently on N and hence lies in N. Therefore, we may assume that G = G
and F'(G) is a product of elementary abelian groups. For this reason, to lighten notation
we henceforth omit the overline. This consequence means in fact that the following holds:

Lemma 5.2.2. If G is a finite solvable group then F(G/®(F(G))) = F(G)/®(F(Q)).

Lemma 5.2.3. Let H be a nilpotent subgroup of G' and let Ny be a subgroup of N which
18 1nvariant under conjugation by H; moreover, the action of H on Ny is not unipotent.
Then the group (H, Ny) is not nilpotent.

PROOF. Indeed, suppose that the group (H,N;) is nilpotent. Then N; is its normal
subgroup which is a direct product of elementary abelian groups. Therefore, the group
(H,N;) acts on N; unipotently (by corollary 5.1.6), and so the group H acts on N,
unipotently, which contradicts the hypothesis. X

We continue the proof of the theorem. Let H; be the subset of all elements of H that
act unipotently. Then H; is a normal subgroup of H. Indeed, closure with respect to
inversion and conjugation is obvious; therefore, it suffices to check closure with respect to
multiplication. Let z,y € H; be arbitrary two elements. Then |z%i| = pI" and |y¥i| = pl
for all ¢ = 1,...,k. Since H¥ is a nilpotent group, it can be represented as a direct
product of its Sylow subgroups. In particular, the product of any two p;-elements is again
a pi-element; i.e., |(xy)?| = pI'; hence, the element zy acts unipotently for all i and
belongs therefore to Hj.

The subgroup H N N is invariant under conjugation by H. Therefore, lemma 5.2.3
implies that H acts on HN N unipotently. Since N is an elementary abelian group, we may
consider the factor-group N/(N N H) = @y X - -+ X Q, where |Q;| = p." and exp(Q;) =
p;- By invariance of N N H under conjugation by H, we may consider the induced
homomorphisms ¢; : H — GL(m;,p;) = GL(Q;). For every i the group H? is nilpotent;
therefore, it can be represented as T; x U;, the direct product of its semisimple and
unipotent parts. In view of lemma 5.1.8, |T;| < |Q;]|°. Demonstrate that |H/H,| < [, |73
and, in consequence,

|H/H,| < IN/(N A H). (5.1)

Let  and y be two elements in H whose images in H/H; differ. Then there is an i €
{1,...,k} such that 2%'U; # y®U;. Indeed, otherwise the element xy~! acts unipotently
on N/(N N H). Since this element acts unipotently also on N N H, it acts unipotently on
the whole group N and belongs therefore to H;. This implies that the images of x and y
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in the group H/H; coincide, which contradicts the choice of these elements. To complete
the proof of inequality (5.1), we need the following simple lemma.

Lemma 5.2.4. Suppose that A is a finite set andp; : A — A; (i =1,...,n) are mappings
such that, for arbitrary two distinct elements a and b in A, there is an i such that a¥i # b¥:.
Then |A| < |Aq| ... |A,l.

PROOF. By the hypothesis of the lemma, we can arrange an injective embedding of A into
the Cartesian product A; x --- x A, by the following rule: a — (a¥, ..., a%"). It follows
that |A| < |A; x---x A, =|A4]-...-|Ay|, which completes the proof of the lemma. X

To finish the proof of inequality (5.1), observe that there are mappings of the ele-
ments of the group H/H, into the cosets of the subgroups U; in the groups H% which
satisfy the hypothesis of lemma 5.2.4. Therefore, |H/H:| < [[,|H? : Ui| = [, T3], and
inequality (5.1) is proven.

We now validate the inequality

\G/N : HIN/N]? > |H,N/N| = |H,/(H 0 N)|. (5.2)

To this end, we consider the group C; = Cg([];4 )/N. Since Cg(N) = N, we have
CiN(C4lj # i) = {e}. Furthermore, it is clear that each group C; is normal in G/N, and
we can hence consider the subgroup C' = C} x - - - x C}, of the group G/N. Since the group
H; acts unipotently (and is itself nilpotent), the factor-group H1N/N = H;/(H N N)
(obviously, H N N = H; N N) can be represented as a direct product of its Sylow p;-
subgroups: H1N/N = Hp, x --- x H,, . It follows from the proof of Lemma 5.2.1 that

Next, since C; < G/N, there are no nontrivial normal p;-subgroups in C;. Otherwise
the largest of these subgroups is automorphism admissible and hence is a nontrivial normal
subgroup of G/N acting unipotently. This contradicts lemma 5.2.1. Thus, corollary 5.1.10
implies that |C; : H,,|? > |H,,|. Combining these inequalities for all 7, we obtain

G/N : HAN/NP > |C : HLN/NP > |HN/N| = |Hy/(H 1 N)|,

completing the proof of (5.2).
To finish the proof of the main theorem, we need two equalities that are easy conse-
quences of Lagrange theorem:

IG:H|=|G:HN|-|HN : H| £ |G/N : HN/N|-|N/(N N H)| (5.3)

Here in step 1 we use the fact that every element of HN can be written as n - h, with
n € N and h € H. Therefore, every coset of H can be written as nH for some n € N,
and coincidence of two cosets ny H and nyH means that ny 'ny € HNN. In consequence,
INH : H|=|N:(NNH)|=|N/(NNH)| (the group N is abelian). Next,

|G/N : HHN/N| = |G/N : HN/N| - |HN/H,N| £
=|G/N : HN/N| - |H/H,| = |G/N : HLN/N|. (5.4)

Here the proof of step 2 bases on the fact that H N N = H; N N and, in consequence,
|[HN/H\N| = [HN/N : HLN/N| = [H/(H N N)|/|H/(Hi "W N)| = [H|/|H\| = |H/H,|.
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Now, we derive the final estimate:

|G:N|=|G/N:HN/N|-|HN/N : HN/N|-|H,N/N| =
— |G/N : HN/N| - |H/H,| - |H,N/N| <
<|G/N : HN/N|-|N/(Nn H)|’-|G/N : HLN/N|*> £
=|G/N :HN/N|-|N/(NNH)|?-|G/N : HN/N|* - |H/H,|? 2
<|G/N:HN/NP-[N/(NOH)[” - [N/(N 0 H)[* <
<|G/N:HN/NP-|N/(NNH)]* < |G: H]".

Here step 3 is obtained by applying (5.1) and (5.2) to the second and third factors re-
spectively. Step 4 results from applying (5.4) to the last factor. Step 5 follows again
from (5.1). Finally, step 6 ensues from (5.3) and the inequality |G/N : HN/N| > 1 which
follows from the fact that 3 < 345 < 5. The proof of theorem 1.1.4 is over.
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Chapter 6

Some corollaries

81 Abelian ABA- factorization of finite simple groups

We prove theorem 1.1.2 in this section.

PROOF. Clearly, if abelian subgroups of G satisfy |A|*> < |G|, then G fails to be repre-
sented as ABA. We thus need to consider only groups A;(¢q). In so doing, we distinguish
between the cases with ¢ even and ¢ odd.

Let ¢ be odd, ¢ > 7. Then the orders of maximal abelian subgroups are equal to ¢,
%, %. If Ai(q) = ABA, for the orders of A and B we face the following two options:
|A] = |B| = qor |A| = ¢q, |B|] = qgil. By routine computations, using the canonical
form of elements in A;(q), we conclude that if u is a nonidentity unipotent element then
Ca,(g)(u) = U, where U is a unipotent subgroup of A;(q). For every Sylow p-subgroup P
and for any element x in A;(q), therefore, P N P? is equal either to 1 or to P.

We proceed to consider both options for A and B. Seek an order of the set AbA, where

b is some element in B. We have |AbA| = |AbAb™!| = \Ar‘éxI:‘H = {,le :

If Ai(q) = ABA, we arrive at the following two systems of equations (for the first and
second versions, respectively):

gr+y =15,
T+Y=q
and ,
gr +y =57,
:L’—i—y:q;—l

where z and y are integers. It is not hard to see that neither system has an integer-valued
solution, for any ¢q. Therefore, Ls(q) is not represented as ABA if ¢ is odd.

Let ¢ be even. Then, for the orders of A and B, there are four options for which
|G| < |A| - |B]|-|A|. These are the following pairs: (q,q + 1), (¢,q), (¢ + 1,¢ — 1), and
(¢ + 1,q). The first two are treated the same way as for ¢ odd, and we have G # ABA
for them. For the other two, we make use of the fact that A;(2") & SLy(2"). If the order
of Ais ¢+ 1, then A is conjugate in SLy(2%) to a subgroup of matrices of the form

(6at)
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Thus Cgr,(g)(a) = A for a nonidentity element a in A; hence, AN A" is equal either
to 1 or to A. Also, |Ngr,(q)(A)| = 2(¢ + 1). Using the same argument as for ¢ odd, we
arrive at the following two systems (for the third and fourth versions, respectively):

(¢+Dz+y=qlg—1),
r+y=q+1

and
(g+Dz+y=qlg—1),
r+y=q+1

The system has no integer-valued solution in the third case, but has in the fourth —
r=¢q—2,y=2 Wehave |[Ngr,q(A4)] = 2(¢ + 1), and so SLy(q) = ABA, which proves
theorem 1.1.2.

X

§2 Large normal nilpotent subgroups of finite groups

As a corollary to theorem 1.1.4, we obtain a general answer to the question we raised in
the beginning of the paper.

Theorem 6.2.1. Let G be a finite group. If G has a nilpotent subgroup of index n then
it has a normal nilpotent subgroup of index at most n¢ for some absolute constant c.

PROOF. By [2, theorem 2.13], the group G has a normal solvable subgroup R of index
at most n for some absolute constant c¢;. Let H be a nilpotent subgroup of index n
appearing in the hypothesis of the theorem. Then RN H is a nilpotent subgroup of index
at most n in R. By theorem 1.1.4, |R : F(R)| < n°. Since the Fitting subgroup is
characteristic, it is normal in G and |G : F(R)| < n®*>, X

Remark. We proved theorem 1.1.4 without appealing to the classification of finite simple
groups. The proof of theorem 2.13 in [2] leans essentially on the theorem of classification
of finite simple groups. Using the proof of Theorem 2.13 in [2], we can obtain an estimate
for the constant ¢; (in the proof of Theorem 6.2.1):

ﬁ+1+ 2
l—a (1—a)log,60

X

Here the constants o and 3 are defined as follows:

a < 1 is an absolute constant such that the inequality | V| < |G|* holds for every finite
nonabelian simple group G and every nilpotent subgroup N of G;

3 is an absolute constant such that the inequality |Out(G)| < |G|® holds for every
finite nonabelian simple group G.

By theorem 1.1.3 we may take % as «; 3 can be taken to be % as well. Thus, the constant
¢ in theorem 6.2.1 is at most 9.

60



Bibliography

1]

2]

3]

[10]

[11]

[12]
[13]

[14]

[15]

R. F. Apatenok, D. A. Suprunenko, On nilpotent irreducible linear groups over finite
field, DAN BSSR, v. 3 (1959), N 12, p. 475-478. (In russian.)

L. Babai, A. J. Goodman, L. Pyber, Groups without Faithful Transitive Permutation
Representations of Small Degree, J. Algebra, v. 195 (1997), N 1, p. 1-29.

M. J. J. Barry, Large Abelian subgroups of Chevalley groups, J. Austral. Math. Soc.,
Ser. A, v. 27 (1979), N 1, p. 59-87.

M. J. J. Barry, W. J. Wong, Abelian 2-subgroups of finite symplectic groups in char-
acteristic 2, J. Austral. Math. Soc., Ser. A, v. 33 (1982), N 3, p. 345-350.

A. Borel, Linear algebraic groups, Benjamin, New York, 1969.

A. Borel and J. deSiebental, Les sous-groupes fermes de rang mazimum des groupes
de Lie clos, Comment. Math. Helv., v. 23 (1949), p. 200-221.

W. Burnside, On groups of order p®q”, Proc. London Math. Soc. v. 2 (1904), p. 388
392.

W. Burnside, On groups of order p“q® (Second paper), Proc. London Math. Soc.,
v. 2 (1905), p. 432-437.

R. W. Carter, Centralizers of semisimple elements in the finite classical groups, Proc.
London Math. Soc. (3), v. 42 (1981), N 1, p. 1-41.

R. W. Carter, Centralizers of semisimple elements in finite groups of Lie type, Proc.
London Math. Soc. (3), v. 37 (1978), N 3, p. 491-507.

R. W. Carter, Conjugacy classes in the Weyl group, Compositio Mathematica, 25,
N1 (1972), 1-59.

R. W. Carter, Simple Groups of Lie Type, Wiley, London, 1972.

R. W. Carter, P. Fong, The Sylow 2-subgroups of the finite classical groups, J. Alge-
bra, v. 1 (1964), N 2, p. 139-151.

A. Chermak, A. Delgado, A Measuring Argument for Finite Groups, Proc. Amer.
Math. Soc., v. 107 (1989), N 4, p. 907-914.

J. H. Conway, Atlas of finite groups, Oxford, Clarendon Press, 1985.

61



[16]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

D. 1. Deriziotis, Conjugacy classes and centralizers of semisimple elements in finite
groups of Lie type, Vorlesungen aus dem Fachbereich Mathematik der Universit’a’t
Essen, 1984, v. 11.

D. I. Deriziotis, The centralizers of semisimple elements of the Chevalley groups F~
and Eg, Tokio J. Math., 6, N1 (1983), 191-216.

P. Flavel, Class two sections of finite classical groups, J. Lond. Math. Soc., II. Ser.,
v 52 (1995), N 1, p. 111—120.

D. Gorenstein, R. Lyons, The local structure of finite groups of characteristic 2 type,
Memoirs Amer. Math. Soc., 1983, v. 276.

J. Humphreys, Linear algebraic groups, Springer-Verlag, New York, 1972.

J. E. Humphreys, Conjugacy Classes in Semisimple Algebraic Groups, American
Mathematical Society, Providence, Rhode Island, Mathematical Survey and Mono-
graphs, v. 43.

V. V. Kabanov, A. S. Kondratiev, Sylow 2-subgroups of finite groups (survey),
Sverdlovsk Institute of mathematics and mechanics USC AS USSR, 1979. (In russian)

L. S. Kazarin, D. L. Zagorin, Abelian ABA-factorization of finite groups, DAN,
v. 347 (1996), N 5, p. 590-592. (In russian.)

P. B. Kleidman, R. A. Parker, R. A. Wilson, The mazimal subgroups of the Fischer
Group Fis3, J. London Math. Soc., v. 39 (1989), N 1, p. 89-101.

P. B. Kleidman, R. A. Wilson, The mazimal subgroups of Fiss, Math. Proc. Cam-
bridge Phil. Soc., v. 102 (1987), N 1, p. 17-24.

P. B. Kleidman, R. A. Wilson, The maximal subgroups of Fiss, Math. Proc. Cam-
bridge Phil. Soc., v. 102 (1987), N 2, p. 383.

P. B. Kleidman, R. A. Wilson, The maximal subgroups of Jy, Proc. London Math.
Soc., v. 56 (1988), N 3, p. 484-510.

A. S. Kondratiev, Subgroups of finite Chevalley groups, Uspehi mat. nauk,
v. 41 (1986), N 1 (247), p. 57-96 (in russian).

S. A. Linton, The maximal subgroups of the Thompson group, J. London Math. Soc.,
v. 39 (1989), N 1, p. 79-88.

S. A. Linton, Corrections to 'The maximal subgroups of the Thompson group’, J.
London Math. Soc., v. 43 (1991), N 2, p. 253-255.

S. A. Linton, R. A. Wilson, The maximal subgroups of the Fischer groups Fisy and
Fil,, Proc. London Math. Soc., v. 63 (1991), N 1, p. 113-164.

A. 1. Mal’tcev, Kommutative subalgebras of semisimple Lie algebras, Izvestia AN
SSSR, Math. ser., v. 9 (1945), N 4, . 291-300 (in russian).

62



[33] A. Mann, Soluble subgroups of symmetric and linear groups, Israel J. Math.
v. 55 (1986), N 2, p. 162-172.

[34] V. D. Mazurov, V. I. Zenkov, On intersection of Sylow subgroups in finite groups,
Algebra and Logic v. 35 (1996), N 4, p. 424-432.

[35] V. S. Monakhov, Invariant subgroups of biprimary groups, Math. notes, v. 18 (1975),
p. 877-887.

[36] D. S. Passman, Groups with normal solvable Hall p-subgroups, Trans. Amer. Math.
Soc., v. 123 (1966), N 1, p. 99-111.

[37) D. J. S. Robinson, A Course in the Theory of Groups, Springer-Verlag New York,
1996.

[38] Y. Segev, Ph. D. thesis, The Hebrew University of Jerusalem, 1985.

[39] R. Steinberg, Endomorphisms of linear algebraic groups, Memoirs Amer. Math. Soc.,
1968, v. 80.

[40] M. Suzuki, On a class of doubly transitive groups, Ann. Math., v. 75 (1962), N 1,
p. 105-145.

[41] H. N. Ward, On Ree’s series of simple groups, Trans. Amer. Math. Soc., v. 121 (1966),
N 1, p. 62 80.

[42] A. J. Weir, Sylow p-subgroups of the classical groups over finite fields with character-
istic prime to p, Proc. Amer. Math. Soc., v. 6 (1955), N 4, p. 529-533.

[43] R. A. Wilson, The Mazimal Subgroups of the Baby Monster, I, J. Algebra,
v. 211 (1999), N 1, p. 1-14.

[44] T. R. Wolf, Solvable and nilpotent subgroups of GL,(¢™), Canad. J. Math.,
v. 34 (1982), N 5, p. 1097-1111.

[45] W. J. Wong, Abelian unipotent subgroups of finite orthogonal groups, J. Austral.
Math. Soc., Ser. A, v. 32 (1982), N 2, p. 223-245.

[46] W. J. Wong, Abelian unipotent subgroups of finite unitary and symplectic groups, J.
Austral. Math. Soc., Ser. A, v. 33 (1982), N 3, p. 331-344.

[47) W. J. Wong, Twisted wreath product and Sylow 2-subgroups of classical simple groups,
Math. Z., v. 97 (1967), N 5, p. 406-424.

63



[48]

[49]
[50]

[51]

[59]

[60]

[61]

[62]

V. 1. Zenkov, Intersection of nilpotent subgroup in finite groups, Fundamental and
applied mathematics, v. 2 (1996), N 1, p. 1-91. (In russian.)

Kourovka notebook. Unsolved problem of group theory, 13th ed., Novosibirsk, 1995.

Seminar on algebraic groups and related finite groups, Springer-Verlag, New York,
1970.

Authors papers.

E. P. Vdovin, On orders of abelian subgroups in finite simple groups, XXXV In-
ternational scientific student conference “Student and progress”, Novosibirsk, 1997,
p- 21.

E. P. Vdovin, On orders of abelian subgroups in finite simple groups, Internationsl
algebraic conference, dedicated to the memory of D. K. Faddeev, abstracts of talks,
Sankt-Petersburg, 1997, p. 178-179

E. P. Vdovin, On orders of abelian subgroups in finite simple groups, XV regional
conference, Krasnoyarsk, april, 1997, p. 3.

E. P. Vdovin, Mazximal orders of abelian subgroups in finite Chevalley groups, XXXVI
International scientific student conference “Student and progress”, Novosibirsk, 1998,
p. 24.

E. P. Vdovin, Large normal subgroups of finite groups, Kurosh Algebraic Conference
'98, abstracts of talks, Moskow, 1998, p. 125-126.

E. P. Vdovin, Large nilpotent subgroups of finie groups, XXXVII International scien-
tific student conference “Student and progress”, Novosibirsk, 1999, p. 22.

E. P. Vdovin, Large Abelian and Nilpotent Subgroups of Finite Simple Groups, Wisla,
Poland, June 6-10, 2000, p. 47-50.

E. P. Vdovin, Large Abelian and Nilpotent Subgroups of Finite Simple Groups, IV
International conference, dedicated to the memory of Yu. I. Merzljakov, abstracts of
talks, 7-11 aug. 2000, p. 39-46.

E. P. Vdovin, Mazimal Orders of Abelian Subgroups in Finite Simple Groups, Algebra
and Logic, v. 38 (1999), N 2, p. 67-83.

E. P. Vdovin, Large normal nilpotent subgroups of finite groups, Siberian Mathemat-
ical Journal, v. 41 (2000), N 2, p. 246-251.

E. P. Vdovin Maximal orders of abelian subgroups in finite Chevalley groups, Math.
Notes, v. 68 (2000), N 2.

E. P. Vdovin Large nilpotent subgroups of finite simple groups, Algebra and Logic, to
appear.

E. P. Vdovin Large abelian unipotent sugbgroups of finite Chevalley groups, Algebra
and Logic, v. 40 (2001).

64



