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Ââåäåíèå

Àêòóàëüíîñòü òåìû èññëåäîâàíèÿ. Òåîðèÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàíèåì íà÷àëà èíòåíñèâíî ðàçâèâàòüñÿ âî âòîðîé
ïîëîâèíå XX âåêà. Ïîâûøåííûé èíòåðåñ ê òàêèì óðàâíåíèÿì îáóñëîâ-
ëåí òåì, ÷òî îíè âîçíèêàþò âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ ïðè èçó-
÷åíèè ïðîöåññîâ, ñêîðîñòü ïðîòåêàíèÿ êîòîðûõ îïðåäåëÿåòñÿ íå òîëüêî
íàñòîÿùèì, íî è ïðåäøåñòâóþùèì ñîñòîÿíèÿìè. Òàêèå ïðîöåññû ÷àñòî
íàçûâàþò �ïðîöåññàìè ñ çàïàçäûâàíèåì� èëè �ñ ïîñëåäåéñòâèåì�. Óðàâ-
íåíèÿ ñ çàïàçäûâàíèåì âîçíèêàþò â ðàçëè÷íûõ ïðèëîæåíèÿõ, òàêèõ êàê
ñèñòåìû óïðàâëåíèÿ, ìåõàíèêà, ÿäåðíûå ðåàêòîðû, íåéðîííûå ñåòè, ïðî-
öåññû ãîðåíèÿ, âçàèìîäåéñòâèå âèäîâ, ìèêðîáèîëîãèÿ, ìîäåëè îáó÷åíèÿ,
ýïèäåìèîëîãèÿ, ôèçèîëîãèÿ è ìíîãèå äðóãèå. (ñì., íàïðèìåð, ðàáîòû
[13, 16, 17, 21, 26, 27, 30, 39, 43, 57, 58, 69, 75, 76, 85, 106, 120, 124, 138, 140]
è áèáëèîãðàôèþ, ñîäåðæàùóþñÿ â íèõ).
Â íàñòîÿùåå âðåìÿ èìååòñÿ îãðîìíîå ÷èñëî ðàáîò ïî òåîðèè äèôôå-

ðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì. Äëÿ òàêèõ óðàâíåíèé èçó÷à-
þòñÿ ðàçëè÷íûå ïîñòàíîâêè çàäà÷, ïðîâîäÿòñÿ òåîðåòè÷åñêèå è ÷èñëåí-
íûå èññëåäîâàíèÿ ñâîéñòâ ðåøåíèé, ðàññìàòðèâàþòñÿ êîíêðåòíûå ìîäå-
ëè, âîçíèêàþùèå â ïðèëîæåíèÿõ. Íåêîòîðûå àñïåêòû òåîðèè óðàâíåíèé
ñ çàïàçäûâàíèåì îòðàæåíû â êíèãàõ Þ.È. Íåéìàðêà [74], À.Ä. Ìûøêè-
ñà [72], Ë.Ý. Ýëüñãîëüöà [101], Í.Í. Êðàñîâñêîãî [49], Â.È. Çóáîâa [42],
Ý. Ïèííè [77], Ð. Áåëëìàíà è Ê. Êóêà [15], Â.Ï. Ðóáàíèêà [84], À. Õàëàíàÿ
è Ä. Âåêñëåðà [89], Ë.Ý. Ýëüñãîëüöà è Ñ.Á. Íîðêèíà [103], Þ.À. Ìèòðî-
ïîëüñêîãî è Ä.È. Ìàðòûíþêà [68], Ñ.Í. Øèìàíîâà [97], Äæ. Õåéëà [91],
Â.Ã. Êóðáàòîâà [50] Í.Â. Àçáåëåâà, Â.Ï. Ìàêñèìîâà è Ë.Ô. Ðàõìàòóëëè-
íîé [1], Â.Á. Êîëìàíîâñêîãî è À.Ä. Ìûøêèñà [136], Âëàñîâà Â.Â., Ìåä-
âåäåâà Ä.À. [20], â èìåþùåéñÿ â ýòèõ êíèãàõ áèáëèîãðàôèè, à òàêæå â
îáçîðíûõ ñòàòüÿõ Çâåðêèíà À.Ì., Êàìåíñêîãî Ã.À., Íîðêèíà Ñ.Á., Ýëü-
ñãîëüöà Ë.Ý. [40], Àçáåëåâà Í.Â., Ìàêñèìîâà Â.Ï., Ñèìîíîâà Ï.Ì. [7],
Ðèøàðà Æ.Ï. [150].
Îäíîé èç âàæíûõ ïðîáëåì â òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé

ñ çàïàçäûâàíèåì ÿâëÿåòñÿ âîïðîñ óñòîé÷èâîñòè ðåøåíèé. Èññëåäîâàíèÿ
óñòîé÷èâîñòè íà÷àëèñü áîëåå ïîëóâåêà íàçàä (À.À. Àíäðîíîâ è À.Ã. Ìàé-
åð [12], Ð. Áåëëìàí [14], Í.Í. Êðàñîâñêèé [48], Ë.Ñ. Ïîíòðÿãèí [78],
Á.Ñ. Ðàçóìèõèí [79] è äð.). Â íàñòîÿùåå âðåìÿ èçó÷åíèþ ïðîáëåìû óñòîé-
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÷èâîñòè ðåøåíèé óðàâíåíèé ñ çàïàçäûâàíèåì ïîñâÿùåíî î÷åíü ìíîãî ðà-
áîò (ñì., íàïðèìåð, ìîíîãðàôèè [6, 38, 44, 45, 47, 80, 92, 105, 109, 122,
125, 127, 134, 146, 149] è èìåþùóþñÿ â íèõ áèáëèîãðàôèþ).
Ê íàñòîÿùåìó âðåìåíè íàèáîëåå èçó÷åííûìè ÿâëÿþòñÿ çàäà÷è îá àñèìï-

òîòè÷åñêîé óñòîé÷èâîñòè ñòàöèîíàðíûõ ðåøåíèé àâòîíîìíûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì, ïðè ýòîì øèðîêîå ðàñïðîñòðà-
íåíèå ïîëó÷èëè ñïåêòðàëüíûå ìåòîäû èññëåäîâàíèé. Êàê èçâåñòíî, äëÿ
ìíîãèõ êëàññîâ ñèñòåì àâòîíîìíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çà-
ïàçäûâàíèåì äîñòàòî÷íûì óñëîâèåì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè íó-
ëåâîãî ðåøåíèÿ ñëóæèò ïðèíàäëåæíîñòü êîðíåé êâàçèìíîãî÷ëåíà ëåâîé
ïîëóïëîñêîñòè (ñì., íàïðèìåð, [15, 91, 102]). Çíàíèå êîðíåé äàåò èñ÷åð-
ïûâàþùóþ èíôîðìàöèþ î ïîâåäåíèè ðåøåíèé, ïîýòîìó â ëèòåðàòóðå
àêòèâíî ðàçâèâàåòñÿ ýòî íàïðàâëåíèå (ñì., íàïðèìåð, ìîíîãðàôèþ [146]
è èìåþùóþñÿ â íåé áèáëèîãðàôèþ).
Îäíàêî ïðè èññëåäîâàíèè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé êîí-

êðåòíûõ ñèñòåì óðàâíåíèé íàõîæäåíèå êîðíåé ìîæåò ïðåäñòàâëÿòü î÷åíü
ñëîæíóþ çàäà÷ó. Ñ îäíîé ñòîðîíû, ïðèáëèæåííîå âû÷èñëåíèå êîðíåé
êâàçèìíîãî÷ëåíîâ ÿâëÿåòñÿ âåñüìà òðóäîåìêîé çàäà÷åé (ïðè ýòîì èõ ìî-
æåò áûòü ñ÷åòíîå ÷èñëî), ñ äðóãîé ñòîðîíû, ýòà çàäà÷à ÿâëÿåòñÿ, âîîáùå
ãîâîðÿ, ïëîõî îáóñëîâëåííîé ñ òî÷êè çðåíèÿ òåîðèè âîçìóùåíèÿ. Ïðîáëå-
ìà âîçíèêàåò äàæå â ñëó÷àå ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé áåç çàïàçäûâàíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Êàê èç-
âåñòíî, çàäà÷à î íàõîæäåíèè ñïåêòðà íåäèàãîíàëèçèðóåìûõ ìàòðèö îò-
íîñèòñÿ ê ïëîõî îáóñëîâëåííûì çàäà÷àì, è äàæå î÷åíü ìàëûå âîçìóùå-
íèÿ ýëåìåíòîâ ìàòðèöû ìîãóò ïðèâåñòè ê î÷åíü áîëüøèì îøèáêàì ïðè
âû÷èñëåíèè ñîáñòâåííûõ çíà÷åíèé (ñì., íàïðèìåð, [25, 87]). Ýòî îáñòîÿ-
òåëüñòâî ìîæåò ïîñëóæèòü ñåðüåçíûì ïðåïÿòñòâèåì ïðè èçó÷åíèè óñòîé-
÷èâîñòè ðåøåíèé ñ ïîìîùüþ ñòàíäàðòíûõ ïàêåòîâ ïðîãðàìì. Ïîýòîìó
ïðè èññëåäîâàíèè àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé êîíêðåòíûõ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì (îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé áåç çàïàçäûâàíèÿ) áîëüøîå çíà÷åíèå ïðè-
îáðåòàþò ðàçëè÷íûå ïðèçíàêè ïðèíàäëåæíîñòè êîðíåé êâàçèìíîãî÷ëå-
íîâ (ñîáñòâåííûõ çíà÷åíèé) ëåâîé ïîëóïëîñêîñòè.
Äëÿ óðàâíåíèé ñ çàïàçäûâàíèåì äëÿ ýòîé öåëè, â ÷àñòíîñòè, èñïîëü-

çóþò ìåòîä D-ðàçáèåíèé (ñì., íàïðèìåð, [70, 71, 74, 94, 111, 135, 141]),
ìåòîä ôóíêöèé Ðàçóìèõèíà (ñì., íàïðèìåð, [11, 79, 104, 128, 151], ìåòîä
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ïðîèçâîäÿùèõ ôóíêöèé (ñì., íàïðèìåð, [53, 82, 96]), W -ìåòîä Àçáåëå-
âà (ñì., íàïðèìåð, [1, 2, 3, 4, 5, 18]), test-ìåòîä (ñì., íàïðèìåð, ðàáîòû
[54, 55, 56]), à òàêæå ïðåäëîæåííûé Í.Í. Êðàñîâñêèì [48] ìåòîä, êîòî-
ðûé îñíîâàí íà èñïîëüçîâàíèè ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî
[49].
Ìåòîä ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî ïîëó÷èë äîñòàòî÷íî

øèðîêîå ðàñïðîñòðàíåíèå â òåîðèè óðàâíåíèé ñ çàïàçäûâàíèåì. Äîñòî-
èíñòâîì ýòîãî ìåòîäà ÿâëÿåòñÿ ïðîñòîòà ôîðìóëèðîâîê óòâåðæäåíèé è
ñâåäåíèå èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ê ðåøåíèþ õîðî-
øî îáóñëîâëåííûõ çàäà÷. Â ÷àñòíîñòè, äëÿ óðàâíåíèé ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè äîñòàòî÷íûå óñëîâèÿ, çà÷àñòóþ, ôîðìóëèðóþòñÿ â âèäå
ìàòðè÷íûõ íåðàâåíñòâ äëÿ ýðìèòîâûõ ìàòðèö, êîòîðûå ëåãêî ïðîâåðèòü
ñ èñïîëüçîâàíèåì ñòàíäàðòíûõ êîìïëåêñîâ ïðîãðàìì íà êîìïüþòåðå.
Îòìåòèì, ÷òî ïåðâûå ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî äëÿ àâ-

òîíîìíûõ óðàâíåíèé ÿâëÿëèñü àíàëîãàìè ôóíêöèé Ëÿïóíîâà äëÿ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Êàê èçâåñòíî, äëÿ ñèñòåìû ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè

dy

dt
= Ay

â êà÷åñòâå ôóíêöèè Ëÿïóíîâà ìîæíî âçÿòü ⟨Hy, y⟩, ãäå H � ýðìèòîâî
ïîëîæèòåëüíî îïðåäåëåííîå ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà

HA+ A∗H = −C, C = C∗ > 0.

Èñïîëüçóÿ ýòî ðåøåíèå ìîæíî óêàçàòü îöåíêó, õàðàêòåðèçóþùóþ ñêî-
ðîñòü óáûâàíèÿ ðåøåíèé ñèñòåìû íà áåñêîíå÷íîñòè. Íàïðèìåð, åñëè C =
I, òî èìååò ìåñòî îöåíêà Êðåéíà [28]:

∥y(t)∥ ≤
√
2∥A∥∥H∥ exp

(
− t

2∥H∥

)
∥y(0)∥, t > 0.

Ïðè ïîìîùè ðåøåíèÿ óðàâíåíèÿ Ëÿïóíîâà ìîæíî òàêæå îöåíèòü îá-
ëàñòü ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ íåëèíåéíûõ ñèñòåì è óñòàíîâèòü
îöåíêó ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèÿ, íå âû÷èñëÿÿ ïðè ýòîì
ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A. Îñîáî îòìåòèì, ÷òî â îòëè÷èå îò
çàäà÷è î íàõîæäåíèè ìàòðè÷íîãî ñïåêòðà ïîñòðîåíèå ðåøåíèÿ ìàòðè÷-
íîãî óðàâíåíèÿ Ëÿïóíîâà ÿâëÿåòñÿ õîðîøî îáóñëîâëåííîé çàäà÷åé (ñì.
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[24]). Ïîýòîìó ïîäõîä, îñíîâàííûé íà èñïîëüçîâàíèè óðàâíåíèÿ Ëÿïóíî-
âà, ïîñëóæèë îñíîâîé äëÿ ðàçðàáîòêè ÷èñëåííûõ ìåòîäîâ èññëåäîâàíèÿ
àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ ãàðàíòèðîâàííîé òî÷íîñòüþ [25]. Àïïàðàò ìàòðè÷íûõ
óðàâíåíèé àêòèâíî ïðèìåíÿåòñÿ ïðè ðåøåíèè çàäà÷ î ðàñïîëîæåíèè ìàò-
ðè÷íîãî ñïåêòðà (ñì., íàïðèìåð, [25, 34, 52, 110]).
Â îòëè÷èå îò ôóíêöèè Ëÿïóíîâà ïåðâûå ôóíêöèîíàëû Ëÿïóíîâà �

Êðàñîâñêîãî íå ïîçâîëÿëè ïîëó÷èòü àíàëîãè îöåíêè Êðåéíà äëÿ ðåøå-
íèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì. Çàäà÷à î ïîëó÷å-
íèè àíàëîãîâ îöåíêè Êðåéíà äëÿ ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ çàïàçäûâàíèåì â ñëó÷àå ïîñòîÿííûõ êîýôôèöèåíòîâ ñ ïîìîùüþ
íåêîòîðûõ ôóíêöèîíàëîâ è áåç íàõîæäåíèÿ êîðíåé êâàçèìíîãî÷ëåíîâ
áûëà ðåøåíà îòíîñèòåëüíî íåäàâíî (ñì., íàïðèìåð, [32, 93, 130, 147]).
Â äàííûõ ðàáîòàõ ïðåäëîæåíû ðàçëè÷íûå ìîäèôèêàöèè ôóíêöèîíàëîâ
Ëÿïóíîâà�Êðàñîâñêîãî. Îòìåòèì, ÷òî èñïîëüçîâàíèå òàêèõ ôóíêöèîíà-
ëîâ ïîçâîëèëî ïîëó÷èòü àíàëîãè îöåíêè Êðåéíà äëÿ ðåøåíèé íåëèíåé-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì, à òàêæå îöåíèòü
îáëàñòü ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ [32]. Â íàñòîÿùåå âðåìÿ èìååò-
ñÿ î÷åíü áîëüøîå ÷èñëî ðàáîò ïî èññëåäîâàíèþ óñòîé÷èâîñòè ðåøåíèé ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè ñ èñïîëüçîâàíèåì ðàçëè÷íûõ ôóíêöèîíà-
ëîâ Ëÿïóíîâà � Êðàñîâñêîãî (ñì., íàïðèìåð, ìîíîãðàôèè [122, 134], èìå-
þùóþñÿ â íèõ áèáëèîãðàôèþ è îáçîðû [10, 116, 121]). Â ðÿäå ðàáîò ðàñ-
ñìàòðèâàþòñÿ ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî òàê íàçûâàåìîãî
ïîëíîãî òèïà (ñì., íàïðèìåð, [107, 118, 119, 123, 129, 132, 133, 145, 156]).
Â îòëè÷èå îò àâòîíîìíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäû-

âàíèåì çàäà÷à îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé íåàâòîíîì-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ ìåíåå èçó÷åííîé. Îñíîâ-
íûå èññëåäîâàíèÿ â ýòîì íàïðàâëåíèè ïðîâîäèëèñü äëÿ ëèíåéíûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñ ïåðèîäè÷åñêèìè êîýôôè-
öèåíòàìè. Â ëèòåðàòóðå èìåþòñÿ òàêæå íåêîòîðûå îáîáùåíèÿ íà ñëó÷àé
ïî÷òè ïåðèîäè÷åñêèõ êîýôôèöèåíòîâ [9, 83]. Îñíîâû òåîðèè óñòîé÷èâî-
ñòè ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíè-
åì è ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè çàëîæåíû â ðàáîòàõ À.Ì. Çâåð-
êèíà [41], À. Ñòîêñà [154], À. Õàëàíàÿ [88], Â. Õàíà [126], Äæ. Õåéëà [91],
Ñ.Í. Øèìàíîâà [97]. Îñíîâíûì ïîäõîäîì â ýòèõ èññëåäîâàíèÿõ ÿâëÿåòñÿ
ðàçâèòèå òåîðèè Ôëîêå è èñïîëüçîâàíèå îïåðàòîðà ìîíîäðîìèè, ÿâëÿ-
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þùåãîñÿ îáîáùåíèåì ìàòðèöû ìîíîäðîìèè äëÿ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè. Îòìåòèì,
÷òî ýòîò ïîäõîä ïðèìåíÿåòñÿ òàêæå ïðè èçó÷åíèè óñòîé÷èâîñòè ðåøåíèé
ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì íåéòðàëüíî-
ãî òèïà ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè. Ýëåìåíòû òåîðèè Ôëîêå
äëÿ ñèñòåì óðàâíåíèé ñ çàïàçäûâàíèåì èçëîæåíû, íàïðèìåð, â ðàáîòàõ
[22, 23, 38, 46, 51] è äð.
Ñëåäóåò îòìåòèòü, ÷òî ñóùåñòâóþùèå óñëîâèÿ àñèìïòîòè÷åñêîé óñòîé-

÷èâîñòè ðåøåíèé íåàâòîíîìíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ çàïàçäûâàíèåì ïðîâåðèòü äîñòàòî÷íî ñëîæíî. Òðóäíîñòè âîçíèêàþò
òàêæå ïðè îïèñàíèè îáëàñòåé ïðèòÿæåíèÿ ïðè ðàññìîòðåíèè ñèñòåì íåëè-
íåéíûõ óðàâíåíèé, à òàêæå ïðè ïîëó÷åíèè àñèìïòîòè÷åñêèõ îöåíîê ðå-
øåíèé ïðè t→ ∞. Âïåðâûå ñ èñïîëüçîâàíèåì ôóíêöèîíàëîâ Ëÿïóíîâà �
Êðàñîâñêîãî àíàëîãè îöåíîê Êðåéíà äëÿ ðåøåíèé ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé çàïàçäûâàþùåãî òèïà ñ ïåðèîäè÷åñêèìè êîýôôèöè-
åíòàìè â ëèíåéíûõ ÷ëåíàõ áûëè ïîëó÷åíû â [32, 33].
Â íàñòîÿùåé äèññåðòàöèè èçëîæåíî ðàçâèòèå ïîäõîäà, îñíîâàííîãî íà

èñïîëüçîâàíèè ïîäõîäÿùèõ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî äëÿ
èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé êëàññîâ íåàâòîíîìíûõ íåëèíåéíûõ
ñèñòåì ñ çàïàçäûâàíèåì. Ïðåäëîæåíû êëàññû ôóíêöèîíàëîâ Ëÿïóíîâà �
Êðàñîâñêîãî, êîòîðûå ïîçâîëèëè ïîëó÷èòü óñëîâèÿ óñòîé÷èâîñòè, óñòà-
íîâèòü îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ íà áåñêî-
íå÷íîñòè, è óêàçàòü îöåíêè îáëàñòåé ïðèòÿæåíèÿ.

Öåëè è çàäà÷è èññëåäîâàíèÿ. Îñíîâíàÿ öåëü äèññåðòàöèè � ðàç-
âèòèå ìåòîäîâ èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé íåàâòîíîìíûõ íåëè-
íåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì. Äëÿ äîñòèæå-
íèÿ ïîñòàâëåííîé öåëè ñòàâÿòñÿ è ðåøàþòñÿ ñëåäóþùèå çàäà÷è.

• Èññëåäîâàíèå óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ íåêîòîðûõ êëàññîâ
íåàâòîíîìíûõ íåëèíåéíûõ ñèñòåì çàïàçäûâàþùåãî è íåéòðàëüíîãî
òèïîâ.

• Ïîñòðîåíèå êëàññîâ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî.

• Ïîëó÷åíèå êîíñòðóêòèâíûõ îöåíîê ðåøåíèé íåàâòîíîìíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé çàïàçäûâàþùåãî è íåéòðàëüíîãî òè-
ïîâ, õàðàêòåðèçóþùèõ ñêîðîñòü óáûâàíèÿ ðåøåíèé íà áåñêîíå÷íî-
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ñòè.

• Ïîëó÷åíèå êîíñòðóêòèâíûõ îöåíîê íà îáëàñòè ïðèòÿæåíèÿ íóëåâî-
ãî ðåøåíèÿ íåàâòîíîìíûõ íåëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé çàïàçäûâàþùåãî è íåéòðàëüíîãî òèïîâ.

• Íàõîæäåíèå êîíñòðóêòèâíûõ óñëîâèé íà âîçìóùåíèÿ ôóíêöèé, âõî-
äÿùèõ â óðàâíåíèÿ, ïðè êîòîðûõ ñîõðàíÿåòñÿ óñòîé÷èâîñòü íóëåâî-
ãî ðåøåíèÿ.

Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè. Âî ââåäåíèè äàåòñÿ îáçîð
èñòîðèè âîïðîñà, îáîñíîâûâàåòñÿ àêòóàëüíîñòü òåìû èññëåäîâàíèÿ, ñòà-
âÿòñÿ çàäà÷è èññëåäîâàíèÿ è äàåòñÿ êðàòêîå îïèñàíèå ïîëó÷åííûõ ðå-
çóëüòàòîâ.

Â ãëàâå 1 ðàññìàòðèâàþòñÿ êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé çàïàçäûâàþùåãî òèïà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0, (0.0.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n× n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñ-
êèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Ñ èñïîëüçîâàíèåì
ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî ïåðâîãî òèïà, ïðåäëîæåííîãî â
[32],

V1(t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds (0.0.2)

ïðîâîäèòñÿ èçó÷åíèå ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ñèñòåì
âèäà (0.0.1).
Â ïàðàãðàôå 1.1 êðàòêî îïèñàíî ñîäåðæàíèå ïåðâîé ãëàâû. Â ïàðàãðà-

ôå 1.2 èññëåäóþòñÿ ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ), t > 0. (0.0.3)

Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðå-
øåíèé è ïîëó÷åíû îöåíêè ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé.
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Â ïàðàãðàôå 1.3 àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ íåëèíåé-
íûõ ñèñòåì âèäà (0.0.1), åñëè F (t, u1, u2) óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥+ q2∥u2∥, qj ≥ 0, j = 1, 2. (0.0.4)

Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ óêàçàíû óñëîâèÿ ðîáàñòíîé óñòîé÷è-
âîñòè äëÿ ëèíåéíûõ ñèñòåì (0.0.3) è óñòàíîâëåíû îöåíêè ðåøåíèé âîç-
ìóùåííûõ ñèñòåì.
Â ïàðàãðàôå 1.4 èññëåäóåòñÿ ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü ðåøåíèé

íåëèíåéíûõ ñèñòåì âèäà (0.0.1), êîãäà äëÿ F (t, u1, u2) âûïîëíåíà îöåíêà

∥F (t, u1, u2)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2, (0.0.5)

qj ≥ 0, ωj ≥ 0, j = 1, 2.

Óñòàíîâëåíû îöåíêè íà îáëàñòè ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ è îöåí-
êè, õàðàêòåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé íà áåñêîíå÷-
íîñòè.
Â ïàðàãðàôå 1.5 â êà÷åñòâå ïðèìåðà ðàññìîòðåí êëàññ ñèñòåì âèäà (0.0.1)

ñ ïàðàìåòðîì

d

dt
y(t) = µA(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0. (0.0.6)

Ïðåäïîëàãàåòñÿ, ÷òî ñïåêòð ìàòðèöû A(t) ïðèíàäëåæèò ëåâîé ïîëóïëîñ-
êîñòè C− = {λ ∈ C : Reλ < 0} ïðè âñåõ t ≥ 0. Èñïîëüçóÿ ðåçóëüòàòû
ïðåäûäóùèõ ïàðàãðàôîâ ïîêàçàíî, ÷òî ñóùåñòâóåò µ∗ > 0 òàêîå, ÷òî íó-
ëåâîå ðåøåíèå ñèñòåìû (0.0.6) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè µ > µ∗, è
ïðåäëîæåí ñïîñîá îïðåäåëåíèÿ µ∗.
Â ïàðàãðàôå 1.6 îáñóæäàþòñÿ îáîáùåíèÿ ðåçóëüòàòîâ, óñòàíîâëåííûõ

â ïðåäûäóùèõ ïàðàãðàôàõ, äëÿ ñèñòåì ñî ìíîãèìè ïîñòîÿííûìè è ïåðå-
ìåííûìè îãðàíè÷åííûìè çàïàçäûâàíèÿìè.

Â ãëàâå 2 ðàññìàòðèâàþòñÿ êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé íåéòðàëüíîãî òèïà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ)

+ F (t, y(t), y(t− τ)), t > 0, (0.0.7)

ãäåA(t),B(t)� ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêè-
ìè ýëåìåíòàìè, C � ïîñòîÿííàÿ ìàòðèöà ðàçìåðà n×n, τ > 0� ïàðàìåòð
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çàïàçäûâàíèÿ. Ñ èñïîëüçîâàíèåì ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî
âòîðîãî òèïà, ïðåäëîæåííîãî â [35],

V2(t, y) = ⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

+

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds (0.0.8)

ïðîâîäèòñÿ èçó÷åíèå ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ñèñòåì
âèäà (0.0.7).
Â ïàðàãðàôå 2.1 êðàòêî îïèñàíî ñîäåðæàíèå âòîðîé ãëàâû. Â ïàðàãðà-

ôå 2.2 èññëåäóþòñÿ ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ), t > 0. (0.0.9)

Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðå-
øåíèé è ïîëó÷åíû îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðåøå-
íèé ñèñòåì âèäà (0.0.9) ïðè t→ ∞.
Â ïàðàãðàôå 2.3 àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ íåëèíåé-

íûõ ñèñòåì âèäà (0.0.7), åñëè F (t, u1, u2) óäîâëåòâîðÿåò óñëîâèþ (0.0.4).
Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ óêàçàíû óñëîâèÿ ðîáàñòíîé óñòîé÷è-
âîñòè äëÿ ëèíåéíûõ ñèñòåì (0.0.9) è óñòàíîâëåíû îöåíêè ðåøåíèé âîç-
ìóùåííûõ ñèñòåì.
Â ïàðàãðàôå 2.4 èññëåäóåòñÿ ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü ðåøåíèé

íåëèíåéíûõ ñèñòåì âèäà (0.0.7), êîãäà äëÿ F (t, u1, u2) âûïîëíåíà îöåí-
êà (0.0.5). Óñòàíîâëåíû îöåíêè íà îáëàñòè ïðèòÿæåíèÿ è îöåíêè ðåøå-
íèé, õàðàêòåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé ñèñòåì âèäà
(0.0.7) íà áåñêîíå÷íîñòè.
Â ïàðàãðàôå 2.5 ñîäåðæàòñÿ íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòà-

íîâëåííûõ â ïðåäûäóùèõ ïàðàãðàôàõ, â òîì ÷èñëå íà ñëó÷àé ñèñòåì ñ
íåñêîëüêèìè çàïàçäûâàíèÿìè.

Â ãëàâå 3 ðàññìàòðèâàþòñÿ êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé íåéòðàëüíîãî òèïà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0, (0.0.10)
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ãäåA(t),B(t), C(t)� ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè-
÷åñêèìè ýëåìåíòàìè, τ > 0� ïàðàìåòð çàïàçäûâàíèÿ. Ñ èñïîëüçîâàíèåì
ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî òðåòüåãî òèïà, ïðåäëîæåííîãî â
[61],

V3(t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ds

+

t∫
t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds (0.0.11)

ïðîâîäèòñÿ èçó÷åíèå ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ñèñòåì
âèäà (0.0.10).
Â ïàðàãðàôå 3.1 êðàòêî îïèñàíî ñîäåðæàíèå òðåòüåé ãëàâû. Â ïàðà-

ãðàôå 3.2 èññëåäóþòñÿ ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0. (0.0.12)

Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðå-
øåíèé è ïîëó÷åíû îöåíêè ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé.
Â ïàðàãðàôå 3.3 àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ íåëèíåé-

íûõ ñèñòåì âèäà (0.0.10), åñëè F (t, u1, u2, u3) óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, (0.0.13)

qj ≥ 0, j = 1, 2, 3.

Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ óêàçàíû óñëîâèÿ ðîáàñòíîé óñòîé-
÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì (0.0.12) è óñòàíîâëåíû îöåíêè ðåøåíèé
âîçìóùåííûõ ñèñòåì.
Â ïàðàãðàôå 3.4 èññëåäóåòñÿ ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü ðåøåíèé

íåëèíåéíûõ ñèñòåì âèäà (0.0.10), êîãäà äëÿ F (t, u1, u2, u3) âûïîëíåíà
îöåíêà

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2 + q3∥u3∥1+ω3, (0.0.14)

qj ≥ 0, ωj ≥ 0, j = 1, 2, 3.

Óñòàíîâëåíû îöåíêè íà îáëàñòè ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ è îöåí-
êè, õàðàêòåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé íà áåñêîíå÷-
íîñòè.
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Â ïàðàãðàôå 3.5 ñîäåðæàòñÿ íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòà-
íîâëåííûõ â ïðåäûäóùèõ ïàðàãðàôàõ, íà ñëó÷àé íåñêîëüêèõ ïîñòîÿííûõ
çàïàçäûâàíèé è ïåðåìåííîãî îãðàíè÷åííîãî çàïàçäûâàíèÿ.

Â ãëàâå 4 ðàññìàòðèâàþòñÿ êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé íåéòðàëüíîãî òèïà

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+ F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0,(0.0.15)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè ýëåìåíòà-
ìè, ôóíêöèÿ τ(t), îïðåäåëÿþùàÿ çàïàçäûâàíèå, ìîæåò áûòü ïîñòîÿííîé,
îãðàíè÷åííîé èëè íåîãðàíè÷åííîé. Íàøà öåëü � ïîëó÷èòü îöåíêè äëÿ
ðåøåíèé ñèñòåìû (0.0.15) íà âñåé ïîëóîñè {t ≥ 0}, íà îñíîâå êîòîðûõ
ìîæíî ñäåëàòü âûâîä îá óñòîé÷èâîñòè ðåøåíèé.
Ïðè ïîëó÷åíèè ðåçóëüòàòîâ èñïîëüçóåòñÿ êëàññ ôóíêöèîíàëîâ Ëÿïó-

íîâà � Êðàñîâñêîãî, ïðåäëîæåííûé â [65], ñëåäóþùåãî âèäà⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

+

t∫
t−τ

⟨
K(t, t− s)

 y(s)

d

ds
y(s)

 ,

 y(s)

d

ds
y(s)

⟩ ds. (0.0.16)

Ýòîò êëàññ âêëþ÷àåò â ñåáÿ ôóíêöèîíàëû, èñïîëüçîâàííûå â ïðåäûäó-
ùèõ ãëàâàõ. Â ÷àñòíîñòè, îí ñîäåðæèò ôóíêöèîíàë ïåðâîãî òèïà (0.0.2)
ïðè

H(t) =

(
H(t) 0
0 0

)
, K(t, s) =

(
K(s) 0
0 0

)
,

ôóíêöèîíàë âòîðîãî òèïà (0.0.8) ïðè

H(t) =

(
H(t) −H(t)C

−C∗H(t) C∗H(t)C

)
, K(t, s) =

(
K(s) 0
0 0

)
.

ôóíêöèîíàë òðåòüåãî òèïà (0.0.11) ïðè

H(t) =

(
H(t) 0
0 0

)
, K(t, s) =

(
K(s) 0
0 L(s)

)
.
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Êëàññ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî âèäà (0.0.16) ïîçâîëÿåò
èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé äëÿ áîëåå øèðî-
êîãî êëàññà ñèñòåì ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè â ëèíåéíîé ÷à-
ñòè. Áîëåå òîãî, ñ èñïîëüçîâàíèåì ôóíêöèîíàëîâ èç äàííîãî êëàññà è èõ
îáîáùåíèé íà ñëó÷àé ïåðåìåííîãî çàïàçäûâàíèÿ ìîæíî ïîëó÷àòü îöåíêè
äëÿ ðåøåíèé ñèñòåì âèäà (0.0.15) ñ íåïåðèîäè÷åñêèìè êîýôôèöèåíòàìè.
Â ïàðàãðàôå 4.2 ñ èñïîëüçîâàíèåì ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâ-

ñêîãî âèäà (0.0.16) èññëåäóþòñÿ ëèíåéíûå ïåðèîäè÷åñêèå ñèñòåìû âèäà
(0.0.12). Â ïàðàãðàôå 4.3 èçó÷àþòñÿ íåëèíåéíûå ñèñòåìû âèäà (0.0.11) ñ
ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè â ëèíåéíûõ ÷ëåíàõ, åñëè F (t, u1, u2, u3)
óäîâëåòâîðÿåò íåðàâåíñòâó (0.0.13). Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò
óñòàíàâëèâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü äëÿ áîëåå øèðîêîãî êëàñ-
ñà ñèñòåì ïî ñðàâíåíèþ ñ ðàññìàòðèâàåìûìè â ïðåäûäóùèõ ãëàâàõ.
Â ïàðàãðàôå 4.4 ìû ïîëó÷àåì îöåíêè íà âñåé ïîëóîñè {t ≥ 0} äëÿ

ðåøåíèé ëèíåéíûõ ñèñòåì

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t)), t > 0, (0.0.17)

ñ ïðîèçâîëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè è ïåðåìåííûì çàïàç-
äûâàíèåì, êîòîðîå ìîæåò áûòü íåîãðàíè÷åííûì. Íà îñíîâå ýòèõ îöåíîê
ìû ìîæåì ñäåëàòü âûâîä îá óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ è ñêîðîñòè
ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè.
Â ïàðàãðàôå 4.5 ìû óñòàíàâëèâàåì îöåíêè äëÿ ðåøåíèé ñèñòåì âè-

äà (0.0.15) ñ ïåðåìåííûìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè è ïåðå-
ìåííûì çàïàçäûâàíèåì, åñëè F (t, u1, u2, u3) óäîâëåòâîðÿåò óñëîâèþ âèäà
(0.0.13).
Â ïàðàãðàôå 4.6 àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ ñèñòåì âè-

äà (0.0.15), êîãäà F (t, u1, u2, u3) óäîâëåòâîðÿåò óñëîâèþ âèäà (0.0.14).
Óñòàíîâëåíû îöåíêè ðåøåíèé íà ïîëóïðÿìîé, íà îñíîâå êîòîðûõ ìîæ-
íî ñäåëàòü âûâîä îá óñòîé÷èâîñòè ðåøåíèé. Â ñëó÷àå àñèìïòîòè÷åñêîé
óñòîé÷èâîñòè ïîëó÷åíû îöåíêè íà îáëàñòü ïðèòÿæåíèÿ è óêàçàíà ñêî-
ðîñòü ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè.
Â ïàðàãðàôå 4.7 ðàññìîòðåí êëàññ íåàâòîíîìíûõ ñèñòåì ñ ïåðåìåííû-

ìè ñîñðåäîòî÷åííûì è ðàñïðåäåëåííûì çàïàçäûâàíèÿìè.

Â çàêëþ÷åíèè ïîäâîäÿòñÿ èòîãè èññëåäîâàíèÿ è ïåðå÷èñëÿþòñÿ îñ-
íîâíûå ðåçóëüòàòû äèññåðòàöèè.
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Ìåòîäû èññëåäîâàíèÿ.Äëÿ ïîëó÷åíèÿ ðåçóëüòàòîâ ïîñòðîåíû êëàñ-
ñû ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî. Âñïîìîãàòåëüíûì àïïàðàòîì
èññëåäîâàíèÿ ÿâëÿþòñÿ ìåòîäû òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé, òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàíèåì,
òåîðèè ðàçíîñòíûõ óðàâíåíèé, òåîðèè ìàòðè÷íûõ óðàâíåíèé è òåîðèè
ìàòðèö.

Íàó÷íàÿ íîâèçíà ðåçóëüòàòîâ. Â äèññåðòàöèè ïðåäëîæåíû íîâûå
êëàññû ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî, êîòîðûå ïîçâîëÿþò èñ-
ñëåäîâàòü óñòîé÷èâîñòü íåëèíåéíûõ íåàâòîíîìíûõ ñèñòåì ñ çàïàçäûâà-
íèåì. Âñå ðåçóëüòàòû, ïîëó÷åííûå â ðàáîòå, ÿâëÿþòñÿ íîâûìè.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ çíà÷èìîñòü ðåçóëüòàòîâ. Ðå-
çóëüòàòû íîñÿò òåîðåòè÷åñêèé õàðàêòåð. Îíè ìîãóò áûòü èñïîëüçîâàíû
ïðè èññëåäîâàíèè êîíêðåòíûõ ìàòåìàòè÷åñêèõ ìîäåëåé, âîçíèêàþùèõ
ïðè îïèñàíèè äèíàìèêè ïîïóëÿöèé, ðàçâèòèè ýïèäåìè÷åñêèõ ïðîöåññîâ,
ñèíòåçà âåùåñòâ è ò.ä. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ íå èñïîëüçîâàëàñü
ñïåêòðàëüíàÿ èíôîðìàöèÿ, ïðè ýòîì ïîñòðîåíèå îöåíîê áûëî ñâåäåíî ê
ðåøåíèþ õîðîøî îáóñëîâëåííûõ çàäà÷ ñ òî÷êè çðåíèÿ òåîðèè âîçìóùå-
íèé. Ýòî îòêðûâàåò øèðîêèå âîçìîæíîñòè äëÿ èñïîëüçîâàíèÿ òåîðåòè-
÷åñêèõ ðåçóëüòàòîâ äëÿ ÷èñëåííîãî èçó÷åíèÿ àñèìïòîòè÷åñêèõ ñâîéñòâ
ðåøåíèé íåàâòîíîìíûõ óðàâíåíèé ñ çàïàçäûâàíèåì è ðàçðàáîòêè ÷èñ-
ëåííûõ àëãîðèòìîâ äëÿ èññëåäîâàíèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè.

Ñòåïåíü äîñòîâåðíîñòè è àïðîáàöèÿ ðåçóëüòàòîâ ïðîâåäåí-

íûõ èññëåäîâàíèé. Ðåçóëüòàòû äèññåðòàöèè ïðèâåäåíû â âèäå ñòðî-
ãèõ ìàòåìàòè÷åñêèõ óòâåðæäåíèé. Äîñòîâåðíîñòü ïîëó÷åííûõ òåîðåòè-
÷åñêèõ ðåçóëüòàòîâ ïîäòâåðæäàåòñÿ âûñîêèì óðîâíåì íàó÷íûõ æóðíà-
ëîâ, â êîòîðûõ îñíîâíûå ðåçóëüòàòû äèññåðòàöèè ïðîøëè íåçàâèñèìóþ
ýêñïåðòèçó è áûëè îïóáëèêîâàíû, à òàêæå àïðîáàöèåé ðåçóëüòàòîâ äèñ-
ñåðòàöèè. Ðåçóëüòàòû èññëåäîâàíèé äîêëàäûâàëèñü è îáñóæäàëèñü íà
ñëåäóþùèõ ñåìèíàðàõ ïîä ðóêîâîäñòâîì ñïåöèàëèñòîâ â îáëàñòè äèôôå-
ðåíöèàëüíûõ, ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûõ è ðàçíîñòíûõ óðàâíå-
íèé, â îáëàñòè ìàòåìàòè÷åñêîãî àíàëèçà:

• Îáùåèíñòèòóòñêèé ñåìèíàð Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáî-
ëåâà ÑÎ ÐÀÍ (ðóêîâîäèòåëü: àêàäåìèê Þ.Ã. Ðåøåòíÿê), 2005, 2006,
2021;
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• Ñåìèíàð ïî äèôôåðåíöèàëüíûì óðàâíåíèÿì (ðóêîâîäèòåëè: ïðîô.
L. Hatvani, ïðîô. T. Krisztin, Âåíãðèÿ, Ñåãåä, Ñåãåäñêèé óíèâåðñè-
òåò, Èíñòèòóò Áîéÿè), 2009;

• Ñåìèíàð �Èçáðàííûå âîïðîñû ìàòåìàòè÷åñêîãî àíàëèçà� Èíñòèòóòà
ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ (ðóêîâîäèòåëü: ä.ô.-ì.í.,
ïðîô. Ã.Â. Äåìèäåíêî), 2012, 2016, 2021;

• Drakhlin's Seminar (ðóêîâîäèòåëü: ïðîô. A. Domoshnitsky, Èçðàèëü,
Àðèýëüñêèé óíèâåðñèòåò), 2020;

• Ñåìèíàð êàôåäðû ìàòåìàòèêè è êîìïüþòåðíîé áåçîïàñíîñòè Ïî-
ëîöêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà (ðóêîâîäèòåëü: ê.ô.-ì.í. À.À.
Êîçëîâ, Ðåñïóáëèêà Áåëàðóñü, Íîâîïîëîöê), 2021;

• Ïåðìñêèé ñåìèíàð ïî ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûì óðàâíå-
íèÿì (ðóêîâîäèòåëü: ä.ô.-ì.í., ïðîô. Â.Ï. Ìàêñèìîâ), 2022;

à òàêæå íà ñëåäóþùèõ íàó÷íûõ ìåðîïðèÿòèÿõ:

• Conference on Scienti�c Computation and Di�erential Equations (Êà-
íàäà, Âàíêóâåð, 2001);

• International Congress of Mathematicians (Êèòàé, Ïåêèí, 2002);

• Fifth International Conference on Bioinformatics of Genome Regulation
and Structure (Íîâîñèáèðñê, 2006);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ â ÷åñòü 150-ëåòèÿ À.Ì. Ëÿïóíîâà (Óê-
ðàèíà, Õàðüêîâ, 2007);

• Ðîññèéñêàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�, ïîñâÿ-
ùåííàÿ 50-ëåòèþ Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ
(Íîâîñèáèðñê, 2007);

• Øêîëà-ñåìèíàð �Íåëèíåéíûé àíàëèç è ýêñòðåìàëüíûå çàäà÷è� (Èð-
êóòñê, 2008, 2010, 2014, 2016);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ôóíê-
öèîíàëüíûå ïðîñòðàíñòâà. Òåîðèÿ ïðèáëèæåíèé�, ïîñâÿùåííàÿ 100-
ëåòèþ ñî äíÿ ðîæäåíèÿ Ñ.Ë. Ñîáîëåâà (Íîâîñèáèðñê, 2008);
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• Âñåðîññèéñêàÿ êîíôåðåíöèÿ ïî âû÷èñëèòåëüíîé ìàòåìàòèêå (Íîâî-
ñèáèðñê, 2009, 2011);

• Conference on Mathematics in Science and Technology (Èíäèÿ, Äåëè,
2010);

• International Congress of Mathematicians (Èíäèÿ, Õàéäàðàáàä, 2010);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìîäåëèðîâàíèå è èññëåäîâàíèå óñòîé-
÷èâîñòè äèíàìè÷åñêèõ ñèñòåì� (Óêðàèíà, Êèåâ, 2011, 2013);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèôôåðåíöèàëüíûå óðàâíåíèÿ è
ñìåæíûå âîïðîñû�, ïîñâÿùåííàÿ ïàìÿòè È.Ã. Ïåòðîâñêîãî (Ìîñêâà,
2011);

• Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ �Òåîðèÿ îïåðàòîðîâ. Êîì-
ïëåêñíûé àíàëèç è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå� (Âîëãîäîíñê,
2011);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìîäåëèðîâàíèå, óïðàâëåíèå è óñòîé-
÷èâîñòü�, ïîñâÿùåííàÿ 110-ëåòèþ Í.Ã. ×åòàåâà è 80-ëåòèþ Â.Ì. Ìàò-
ðîñîâà (Óêðàèíà, Ñåâàñòîïîëü, 2012);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ôóíê-
öèîíàëüíûå ïðîñòðàíñòâà. Òåîðèÿ ïðèáëèæåíèé�, ïîñâÿùåííàÿ 105-
ëåòèþ ñî äíÿ ðîæäåíèÿ Ñ.Ë. Ñîáîëåâà (Íîâîñèáèðñê, 2013);

• Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ �Àêòóàëüíûå ïðîáëåìû òåî-
ðèè óïðàâëåíèÿ, òîïîëîãèè è îïåðàòîðíûõ óðàâíåíèé� (Êûðãûç-
ñòàí, Áèøêåê, 2013);

• International Congress of Mathematicians (Ðåñïóáëèêà Êîðåÿ, Ñåóë,
2014);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìåòîä ôóíêöèé Ëÿïóíîâà è åãî ïðè-
ëîæåíèÿ�
(Àëóøòà, 2014, 2016);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìà-
òåìàòè÷åñêîå ìîäåëèðîâàíèå� (Óëàí-Óäý, îç. Áàéêàë, 2015);



18

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è âû-
ñîêîïðîèçâîäèòåëüíûå âû÷èñëåíèÿ â áèîèíôîðìàòèêå, áèîìåäèöèíå
è áèîòåõíîëîãèè� (Íîâîñèáèðñê, 2016);

• Ìåæäóíàðîäíàÿ øêîëà-êîíôåðåíöèÿ �Ñîáîëåâñêèå ÷òåíèÿ� (Íîâî-
ñèáèðñê, 2016, 2017, 2018);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ñîâðåìåííîì ìèðå�,
ïîñâÿùåííàÿ 60-ëåòèþ Èíñòèòóòà ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà
(Íîâîñèáèðñê, 2017);

• International Conference �Functional Di�erential Equations and Appli-
cations� (Èçðàèëü, Àðèýëü, 2017);

• International Congress of Mathematicians (Áðàçèëèÿ, Ðèî-äå-Æàíåéðî,
2018);

• Ìåæäóíàðîäíàÿ íàó÷íàÿ êîíôåðåíöèÿ ïî äèôôåðåíöèàëüíûì óðàâ-
íåíèÿì �Åðóãèíñêèå ÷òåíèÿ� (Ðåñïóáëèêà Áåëàðóñü, Ìîãèëåâ, 2019);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Ìàòåìàòèêà â ïðèëîæåíèÿõ� â ÷åñòü
90-ëåòèÿ
Ñ.Ê. Ãîäóíîâà (Íîâîñèáèðñê, 2019);

• Seminar on Technological Innovation in R & D and Industrial Policy of
New Smart Materials in Asia�Paci�c Region (Êèòàé, Öçèíüõóà, 2019);

• IX Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâà-
íèþ, ïîñâÿùåííàÿ 75-ëåòèþ Â.Í. Âðàãîâà (ßêóòñê, 2020);

• Ìåæäóíàðîäíàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ �Ñåäüìûå Áîãäàíîâ-
ñêèå ÷òåíèÿ ïî îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì�, ïî-
ñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿÞ.Ñ. Áîãäàíîâà (Ðåñïóáëèêà
Áåëàðóñü, Ìèíñê, 2021);

• 3-ÿ Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèíàìè÷åñêèå ñèñòåìû è êîì-
ïüþòåðíûå íàóêè: òåîðèÿ è ïðèëîæåíèÿ� (Èðêóòñê, 2021);

• Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Äèôôåðåíöèàëüíûå óðàâíåíèÿ è
ñìåæíûå âîïðîñû�, ïîñâÿùåííàÿ È.Ã. Ïåòðîâñêîìó (Ìîñêâà, 2021).
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Ïóáëèêàöèè. Ïî òåìå äèññåðòàöèè îïóáëèêîâàíî áîëåå 50 ðàáîò, èç
íèõ 23 ñòàòüè â ðåöåíçèðóåìûõ æóðíàëàõ, âêëþ÷åííûõ â ïåðå÷åíü èçäà-
íèé, ðåêîìåíäîâàííûõ ÂÀÊ, è èíäåêñèðóåìûõ â ìåæäóíàðîäíûõ áàçàõ
Web of Science è Scopus [29, 32, 33, 35, 36, 37, 59, 60, 61, 62, 63, 64, 65, 66,
67, 112, 113, 114, 115, 117, 142, 143, 144].

Ëè÷íûé âêëàä àâòîðà. Âñå îñíîâíûå ðåçóëüòàòû äèññåðòàöèè ïî-
ëó÷åíû àâòîðîì ñàìîñòîÿòåëüíî. Èç ðàáîò, âûïîëíåííûõ â ñîàâòîðñòâå,
â äèññåðòàöèþ âîøëè òîëüêî ðåçóëüòàòû, ïðèíàäëåæàùèå ëè÷íî àâòîðó
äèññåðòàöèè.

Ñòðóêòóðà äèññåðòàöèè. Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, ÷åòû-
ðåõ ãëàâ, çàêëþ÷åíèÿ è ñïèñêà ëèòåðàòóðû. Îáùèé îáúåì äèññåðòàöèè
ñîñòàâëÿåò 278 ñòðàíèö. Ñïèñîê ëèòåðàòóðû ñîäåðæèò 156 íàèìåíîâà-
íèé.

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ñâîåìó íàó÷íîìó êîíñóëü-
òàíòó ä.ô.-ì.í., ïðîôåññîðó Ã.Â. Äåìèäåíêî çà âíèìàíèå ê ðàáîòå è öåí-
íûå ñîâåòû, à òàêæå ê.ô.-ì.í. Ì.À. Ñêâîðöîâîé è ê.ô.-ì.í. Ò. Ûñêàêó çà
ïîëåçíûå äèñêóññèè.



Ãëàâà 1

Ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü

ðåøåíèé ñèñòåì äèôôåðåíöèàëüíûõ

óðàâíåíèé çàïàçäûâàþùåãî òèïà ñ

ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè

1.1 Ïîñòàíîâêà çàäà÷è è ñîäåðæàíèå ãëàâû

Â ýòîé ãëàâå ìû ðàññìîòðèì êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0, (1.1.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n× n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñ-
êèìè ýëåìåíòàìè, ò. å.

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t),

τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöè-
àëüíóþ óñòîé÷èâîñòü ðåøåíèé óêàçàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ
ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ è ïîëó÷èì îöåíêè,
õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðåøåíèé ñèñòåì âèäà (1.1.1) ïðè
t→ ∞.
Ïðè ïîëó÷åíèè ðåçóëüòàòîâ ìû áóäåì èñïîëüçîâàòü êðèòåðèé àñèìï-

òîòè÷åñêîé óñòîé÷èâîñòè ðåøåíèé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè

d

dt
y(t) = A(t)y(t), t > 0, (1.1.2)
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óñòàíîâëåííûé â [29].

Òåîðåìà 1.1.1 I. Åñëè íóëåâîå ðåøåíèå ñèñòåìû (1.1.2) àñèìïòîòè-
÷åñêè óñòîé÷èâî, òî äëÿ ëþáîé ìàòðèöû G(t) ∈ C([0, T ]) ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå L(t) êðàåâîé çàäà÷è

d

dt
L+ LA(t) + A∗(t)L = −G(t), 0 < t < T,

L(0) = L(T ),

(1.1.3)

ïðè ýòîì, åñëè

G(t) = G∗(t) > 0, t ∈ [0, T ],

òî

L(t) = L∗(t) > 0, t ∈ [0, T ].

II. Ïóñòü

G(t) ∈ C([0, T ]) G(t) = G∗(t) > 0, t ∈ [0, T ].

Åñëè êðàåâàÿ çàäà÷à (1.1.3) èìååò ýðìèòîâî ðåøåíèå L(t) òàêîå, ÷òî
L(0) > 0, òî íóëåâîå ðåøåíèå ñèñòåìû (1.1.2) àñèìïòîòè÷åñêè óñòîé-

÷èâî.

Î÷åâèäíî, â ñëó÷àå ïîñòîÿííûõ ìàòðèö A(t) ≡ A, G(t) ≡ G > 0 ýòîò
êðèòåðèé ñîâïàäàåò ñ êðèòåðèåì Ëÿïóíîâà.
Ïóñòü L(t) � ýðìèòîâî ðåøåíèå êðàåâîé çàäà÷è (1.1.3). Òîãäà, êàê áû-

ëî ïîêàçàíî â [29], L(t) > 0 ïðè t ∈ [0, T ]. Èñïîëüçóÿ T -ïåðèîäè÷åñêîå
ïðîäîëæåíèå L(t) íà âñþ ïîëóîñü {t ≥ 0}, â [29] áûëè óñòàíîâëåíû îöåí-
êè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðåøåíèé ñèñòåìû (1.1.2)

∥y(t)∥2 ≤ ∥L(0)∥
lmin(t)

exp

(
−

t∫
0

gmin(ξ)

∥L(ξ)∥
dξ

)
∥y(0)∥2, t > 0, (1.1.4)

ãäå lmin(t) > 0, gmin(t) > 0 � ìèíèìàëüíûå ñîáñòâåííûå ÷èñëà ìàòðèö
L(t), G(t) ñîîòâåòñòâåííî. Îòìåòèì, ÷òî ýòà îöåíêà ÿâëÿåòñÿ àíàëîãîì
îöåíêè Êðåéíà äëÿ ðåøåíèé ëèíåéíûõ ñèñòåì ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè. Äåéñòâèòåëüíî, â ñëó÷àå ëèíåéíûõ ñèñòåì ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè (A(t) ≡ A) ðåøåíèå êðàåâîé çàäà÷è (1.1.3) ïðè G(t) ≡ I
íå çàâèñèò îò t è ñîâïàäàåò ñ ðåøåíèåì ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà

LA+ A∗L = −I.
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Ñëåäîâàòåëüíî, èç óêàçàííîãî âûøå íåðàâåíñòâà âûòåêàåò îöåíêà Êðåé-
íà

∥y(t)∥2 ≤ ∥L∥
lmin(t)

e−
t

∥L∥∥y(0)∥2, t > 0.

Íåðàâåíñòâî (1.1.4) õàðàêòåðèçóåò ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñè-
ñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êî-
ýôôèöèåíòàìè (1.1.2) íà áåñêîíå÷íîñòè. Â ýòîé è ïîñëåäóþùèõ ãëàâàõ
ìû óñòàíîâèì àíàëîãè îöåíîê Êðåéíà äëÿ ñèñòåì äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàíèåì.

Â ïàðàãðàôå 1.2 ìû èññëåäóåì ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ), t > 0. (1.1.5)

Â ïàðàãðàôå 1.3 ìû óñòàíîâèì óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëè-
íåéíûõ ñèñòåì (1.1.5) è èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðå-
øåíèé íåëèíåéíûõ ñèñòåì âèäà (1.1.1), åñëè F (t, u1, u2) óäîâëåòâîðÿåò
íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥+ q2∥u2∥, qj ≥ 0, j = 1, 2.

Â ïàðàãðàôå 1.4 ìû èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
íåëèíåéíûõ ñèñòåì âèäà (1.1.1), êîãäà äëÿ F (t, u1, u2) âûïîëíåíà îöåíêà

∥F (t, u1, u2)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2,

qj ≥ 0, ωj ≥ 0, j = 1, 2.

Ìû óñòàíîâèì îöåíêè íà îáëàñòè ïðèòÿæåíèÿ è îöåíêè ðåøåíèé, õàðàê-
òåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå íà áåñêîíå÷íîñòè. Â ïàðàãðà-
ôå 1.5 ìû ðàññìîòðèì ñïåöèàëüíûé êëàññ ñèñòåì âèäà (1.1.1) ñ ïàðà-
ìåòðîì. Â ïàðàãðàôå 1.6 ñîäåðæàòñÿ íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ,
óñòàíîâëåííûõ â ïðåäûäóùèõ ïàðàãðàôàõ.

Ðåçóëüòàòû, ïðåäñòàâëåííûå â ýòîé ãëàâå, îïóáëèêîâàíû â ðàáîòàõ [32,
33, 59, 60, 113].
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1.2 Ëèíåéíûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-

íèé çàïàçäûâàþùåãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ëèíåéíûå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ), t > 0, (1.2.1)

ãäåA(t),B(t)� ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêè-
ìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Íàøà öåëü � èññëåäî-
âàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé ñèñòåìû (1.2.1). Ìû óñòà-
íîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòå-
ìû (1.2.1) è ïîëó÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè
ðåøåíèé ñèñòåìû (1.2.1) íà áåñêîíå÷íîñòè.
Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïà-

ðàãðàôà. Íà÷íåì ñ íàèáîëåå ïðîñòûõ ïî ôîðìóëèðîâêå óòâåðæäåíèé.

Òåîðåìà 1.2.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t) è K(s)
òàêèå, ÷òî

H(t) ∈ C1[0, T ], H(t) = H∗(t), H(0) = H(T ) > 0, (1.2.2)

K(s) ∈ C1[0, τ ], K(s) = K∗(s) > 0,
d

ds
K(s) < 0, s ∈ [0, τ ], (1.2.3)

è ìàòðèöà

Q(t) =

(
− d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0) −H(t)B(t)

−B∗(t)H(t) K(τ)

)
(1.2.4)

ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòå-

ìû (1.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Íèæå ìû óñòàíîâèì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðå-
øåíèé ñèñòåìû (1.2.1). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîòðåáóåò-
ñÿ ââåñòè ðÿä îáîçíà÷åíèé. Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðå-
ìû 1.2.1, ïåðåïèøåì ìàòðèöó Q(t) â âèäå

Q(t) =

(
I Q12(t)(Q22(t))

−1

0 I

)(
P (t) 0
0 Q22(t)

)
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×
(

I 0
(Q22(t))

−1Q∗
12(t) I

)
, (1.2.5)

ãäå

Q11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0),

Q12(t) = −H(t)B(t), Q22(t) = K(τ),

P (t) = Q11(t)−Q12(t)(Q22(t))
−1Q∗

12(t)

= − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)

−K(0)−H(t)B(t)K−1(τ)B∗(t)H(t). (1.2.6)

Î÷åâèäíî, åñëè Q(t) ïîëîæèòåëüíî îïðåäåëåíà, òî ìàòðèöà P (t) òàêæå
ïîëîæèòåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t).
Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.2.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è äëÿ äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà

d

dt
H +HA(t) + A∗(t)H = −G(t), t ∈ [0, T ],

H(0) = H(T ) > 0,
(1.2.7)

ãäå G(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðåðûâ-
íûìè ýëåìåíòàìè. Â ýòîì ñëó÷àå èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî
H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì ìàòðèöó H(t) è ôóíêöèþ
pmin(t) T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî
æå îáîçíà÷åíèå. Îáîçíà÷èì ÷åðåç hmin(t) > 0 ìèíèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû H(t), ÷åðåç k > 0 ìàêñèìàëüíîå ÷èñëî òàêîå, ÷òî

d

ds
K(s) + kK(s) ≤ 0, s ∈ [0, τ ]. (1.2.8)

Îòìåòèì, ÷òî ñóùåñòâîâàíèå k îáåñïå÷èâàåòñÿ óñëîâèÿìè (1.2.3). Ïóñòü

γ(t) = min

{
pmin(t)

∥H(t)∥
, k

}
, (1.2.9)
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V (0, φ) = ⟨H(0)φ(0), φ(0)⟩+
0∫

−τ

⟨K(−s)φ(s), φ(s)⟩ ds. (1.2.10)

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (1.2.1):

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(1.2.11)

ãäå φ(t) ∈ C([−τ, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Ïîä ðåøåíèåì íà÷àëü-
íîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ y(t) ∈ C([−τ,∞)) ∩
C1((0,∞)).

Òåîðåìà 1.2.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1.2.11) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

−1

2

t∫
0

γ(ξ) dξ

 , t > 0. (1.2.12)

Î÷åâèäíî, ÷òî óòâåðæäåíèå òåîðåìû 1.2.1 íåïîñðåäñòâåííî âûòåêàåò
èç îöåíêè (1.2.12). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 1.2.2.

Äîêàçàòåëüñòâî òåîðåìû 1.2.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (1.2.11). Èñïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, ðàñ-
ñìîòðèì íà ðåøåíèè ñëåäóþùèé ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî,
ââåäåííûé â ðàáîòå [32],

V (t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds. (1.2.13)

Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

d

dt
y(t), y(t)

⟩
+

⟨
H(t)y(t),

d

dt
y(t)

⟩
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+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Ó÷èòûâàÿ, ÷òî y(t) � ðåøåíèå çàäà÷è (1.2.11), èìååì

d

dt
V (t, y) =

⟨[
d

dt
H(t) +H(t)A(t) + A∗(t)H(t) +K(0)

]
y(t), y(t)

⟩
+⟨H(t)B(t)y(t− τ), y(t)⟩+ ⟨B∗(t)H(t)y(t), y(t− τ)⟩

−⟨K(τ)y(t− τ), y(t− τ)⟩+
t∫

t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Èñïîëüçóÿ ìàòðèöó Q(t), îïðåäåëåííóþ â (1.2.4), èìååì

d

dt
V (t, y) = −

⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (1.2.14)

Â ñèëó ïðåäñòàâëåíèÿ (1.2.5) ïîëó÷àåì⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ ⟨P (t)y(t), y(t)⟩,

ãäå P (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ
â (1.2.6). Òîãäà

⟨P (t)y(t), y(t)⟩ ≥ pmin(t)∥y(t)∥2,
ãäå pmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Ïîñêîëü-
êó

hmin(t)∥y(t)∥2 ≤ ⟨H(t)y(t), y(t)⟩ ≤ ∥H(t)∥∥y(t)∥2, (1.2.15)

ãäå hmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t), òî⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩.
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Èñïîëüçóÿ (1.2.8), èç (1.2.14) âûòåêàåò íåðàâåíñòâî

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) çàäàíî â (1.2.9). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà èìååì
îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (1.2.10). Èñïîëüçóÿ (1.2.15), ñ ó÷åòîì îïðåäåëå-
íèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

∥y(t)∥2 ≤ 1

hmin(t)
⟨H(t)y(t), y(t)⟩

≤ V (t, y)

hmin(t)
≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
.

Îòñþäà ñëåäóåò îöåíêà (1.2.12).
Òåîðåìà 1.2.2 äîêàçàíà.

Çàìå÷àíèå. Ôóíêöèÿ γ(t) â îöåíêå (1.2.12) õàðàêòåðèçóåò ñêîðîñòü
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåìû (1.2.1).

Ó÷èòûâàÿ ïðåäñòàâëåíèå (1.2.5), òåîðåìó 1.2.1 ìîæíî ïåðåôîðìóëèðî-
âàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 1.2.3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t) èK(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.3) è äèôôåðåíöèàëüíîìó íåðà-

âåíñòâó
d

dt
H(t) +H(t)A(t) + A∗(t)H(t)

+H(t)B(t)K−1(τ)B∗(t)H(t) < −K(0) (1.2.16)

ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.2.1) ýêñïîíåíöèàëüíî
óñòîé÷èâî.
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Äîêàçàòåëüñòâî. Ïðè âûïîëíåíèè óñëîâèé (1.2.2), (1.2.3), â ñèëó
ïðåäñòàâëåíèÿ (1.2.5) ìàòðèöà Q(t) ïîëîæèòåëüíî îïðåäåëåíà, åñëè ìàò-
ðèöà P (t) ïîëîæèòåëüíî îïðåäåëåíà. Ó÷èòûâàÿ âèä ìàòðèöû P (t) â
(1.2.6), òåîðåìà 1.2.3 äîêàçàíà.

Çàìåòèì, ÷òî óñëîâèÿ (1.2.3) íà K(s) ìîæíî îñëàáèòü, ïðè ýòîì îò-
êàçàòüñÿ îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Q(t),
çàäàííîé â (1.2.4).

Òåîðåìà 1.2.4 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöà H(t), óäî-
âëåòâîðÿþùàÿ óñëîâèÿì (1.2.2), è ìàòðèöà K(s):

K(s) ∈ C1[0, τ ], K(s) = K∗(s) ≥ 0,
d

ds
K(s) ≤ 0, s ∈ [0, τ ], (1.2.17)

òàêèå, ÷òî äëÿ ìàòðèöû Q(t) â (1.2.4) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v

)
,

(
u
v

)⟩
≥ ⟨S(t)u, u⟩, u, v ∈ Cn, t ∈ [0, T ], (1.2.18)

ãäå S(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðå-

ðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóåò ÷èñëî k > 0, óäîâëåòâîðÿ-
þùåå (1.2.8), òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.2.1) ýêñïîíåíöèàëü-

íî óñòîé÷èâî, ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (1.2.11) èìååò ìåñòî îöåí-

êà (1.2.12), ãäå

γ(t) = min

{
smin(t)

∥H(t)∥
, k

}
, (1.2.19)

smin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû S(t).

Â îöåíêå (1.2.12) èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðîäîëæåíèÿ îïðåäå-
ëåííûõ âûøå ôóíêöèè smin(t) è ìàòðèöû H(t) íà âñþ ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðå-
ìû 1.2.4, òî â ñèëó (1.2.18)

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) ≤ −S(t)−K(0),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7), ãäå G(t) �
ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà. Êàê îòìå÷àëîñü âûøå,
èç [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì H(t) è
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S(t) T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå
îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöó K(s), óäîâëåòâîðÿ-
þùóþ óñëîâèÿì òåîðåìû 1.2.4, ðàññìîòðèì íà ðåøåíèè çàäà÷è (1.2.11)
ôóíêöèîíàë (1.2.13). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.2.2, ïîñëå äèô-
ôåðåíöèðîâàíèÿ ïîëó÷àåì (1.2.14). Â ñèëó (1.2.18) èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ ⟨S(t)y(t), y(t)⟩ ≥ smin(t)∥y(t)∥2,

ãäå smin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû S(t). Èñ-
ïîëüçóÿ (1.2.8) è (1.2.15), èç (1.2.14) èìååì

d

dt
V (t, y) ≤ − smin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) > 0 çàäàíî â (1.2.19). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðå-
ìû 1.2.2, èìååì íåðàâåíñòâî (1.2.12).
Òåîðåìà 1.2.4 äîêàçàíà.

Çàìå÷àíèå. Åñëè B(t) ≡ 0, òåîðåìà 1.2.4 äàåò óñëîâèå ýêñïîíåíöè-
àëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè

dx

dt
= A(t)x, (1.2.20)

à òàêæå îöåíêó äëÿ ðåøåíèÿ ýòîé ñèñòåìû, óñòàíîâëåííóþ â [29]. Äåé-
ñòâèòåëüíî, âûáèðàÿ K(s) ≡ 0, èç (1.2.18) ìû ïðèõîäèì ê òîìó, ÷òî íó-
ëåâîå ðåøåíèå ñèñòåìû (1.2.20) ýêñïîíåíöèàëüíî óñòîé÷èâî, åñëè ñóùå-
ñòâóåò ýðìèòîâî ðåøåíèå H(t) êðàåâîé çàäà÷è (1.2.7) ñ G(t) ≥ S(t) > 0.
Ïîñêîëüêó K(s) ≡ 0, ìû ìîæåì âûáðàòü k ëþáûì ïîëîæèòåëüíûì. Òî-

ãäà γ(t) =
smin(t)

∥H(t)∥
è (1.2.12) äàåò îöåíêó äëÿ ðåøåíèé ñèñòåìû (1.2.20)

ñëåäóþùåãî âèäà (ñì. [29]):

∥x(t)∥ ≤

√
∥H(0)∥
hmin(t)

∥x(0)∥ exp
(
−1

2

∫ t

0

smin(ξ)

∥H(ξ)∥
dξ

)
.
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Îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû S(t) ìîæíî
îòêàçàòüñÿ è îñëàáèòü óñëîâèå (1.2.18). Ñîîòâåòñòâóþùèé ðåçóëüòàò ïðè-
âåäåí íèæå.

Òåîðåìà 1.2.5 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöà

H(t) ∈ C1[0, T ], H(t) = H∗(t) > 0, t ∈ [0, T ], (1.2.21)

è ìàòðèöà K(s), óäîâëåòâîðÿþùàÿ óñëîâèÿì (1.2.17), òàêèå, ÷òî äëÿ
ìàòðèöû Q(t) â (1.2.4) ñïðàâåäëèâî íåðàâåíñòâî⟨

Q(t)

(
u
v

)
,

(
u
v

)⟩
≥ p(t)⟨H(t)u, u⟩, u, v ∈ Cn, t ∈ [0, T ], (1.2.22)

ãäå p(t) ∈ C([0, T ]). Åñëè ñóùåñòâóåò k > 0 òàêîå, ÷òî âûïîëíå-

íî (1.2.8) è

T∫
0

γ(ξ)dξ > 0, ãäå γ(ξ) = min{p(ξ), k}, (1.2.23)

òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (1.2.11) èìååò ìåñòî îöåíêà (1.2.12).

Â îöåíêå (1.2.12) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ìàòðèöû H(t) è ôóíêöèè p(t) íà âñþ ïîëóîñü {t ≥ 0}.

Çàìå÷àíèå. Íåòðóäíî óáåäèòüñÿ, ÷òî îöåíêà (1.2.12) ïðè óñëîâèè
(1.2.23) ãàðàíòèðóåò ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé çàäà÷è (1.2.11)
ïðè t → ∞. Äåéñòâèòåëüíî, â ñèëó T -ïåðèîäè÷íîñòè γ(t), ïðè ëþáîì
t = jT + η, j = 0, 1, 2 . . . , 0 ≤ η < T , èìååì∫ t

0

γ(ξ)dξ = j

∫ T

0

γ(ξ)dξ +

∫ η

0

γ(ξ)dξ

=
t

T

∫ T

0

γ(ξ)dξ − η

T

∫ T

0

γ(ξ)dξ +

∫ η

0

γ(ξ)dξ

≥ γ1t− η(γ1 − γ2) ≥ γ1t− T (γ1 − γ2), (1.2.24)

ãäå

γ1 =
1

T

∫ T

0

γ(ξ)dξ > 0, γ2 = min
ξ∈[0,T ]

γ(ξ).
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Òîãäà èç (1.2.12) ïîëó÷àåì

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−γ1t

2
+
T (γ1 − γ2)

2

)
. (1.2.25)

Äîêàçàòåëüñòâî òåîðåìû 1.2.5. Èñïîëüçóÿ ìàòðèöû H(t) è K(s),
óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 1.2.5, ðàññìîòðèì íà ðåøåíèè çàäà-
÷è (1.2.11) ôóíêöèîíàë (1.2.13). Ïðîäîëæèì T -ïåðèîäè÷åñêèì îáðàçîì
ìàòðèöó H(t) è ôóíêöèþ p(t) íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ îáîçíà-
÷åíèÿ. Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.2.2, ïîñëå äèôôåðåíöèðîâàíèÿ
ïîëó÷àåì (1.2.14). Â ñèëó (1.2.22) èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ p(t)⟨H(t)y(t), y(t)⟩.

Èñïîëüçóÿ (1.2.8), èç (1.2.22) èìååì

d

dt
V (t, y) ≤ −p(t) ⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) îïðåäåëåíî â (1.2.23). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðå-
ìû 1.2.2, èìååì íåðàâåíñòâî (1.2.12).
Òåîðåìà 1.2.5 äîêàçàíà.

Çàìå÷àíèå. Êàê âèäèì èç ôîðìóëèðîâîê äîêàçàííûõ âûøå òåîðåì,
óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ôîðìóëèðóþòñÿ â òåð-
ìèíàõ ðàçëè÷íûõ ìàòðè÷íûõ íåðàâåíñòâ. Óñòàíîâëåííûå îöåíêè õàðàê-
òåðèçóþò ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé, ïðè ýòîì âñå
âåëè÷èíû óêàçàíû â ÿâíîì âèäå.

1.3 Ðîáàñòíàÿ óñòîé÷èâîñòü äëÿ ñèñòåì äèôôåðåí-

öèàëüíûõ óðàâíåíèé çàïàçäûâàþùåãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
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âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0, (1.3.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùåñòâåí-
íîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäû-
âàíèÿ, F (t, u1, u2) � íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ìû ïðåäïîëàãàåì, ÷òî F (t, u1, u2) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå
G ⊂ [0,∞)× Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥+ q2∥u2∥, t ≥ 0, uj ∈ Rn, qj ≥ 0. (1.3.2)

Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
ñèñòåìû (1.3.1). Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè
íóëåâîãî ðåøåíèÿ ñèñòåìû (1.3.1) è ïîëó÷èì îöåíêè, õàðàêòåðèçóþùèå
ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (1.3.1) íà áåñêîíå÷íîñòè. Èç
äîêàçàííûõ óòâåðæäåíèé áóäóò âûòåêàòü ðåçóëüòàòû î ðîáàñòíîé óñòîé-
÷èâîñòè ðåøåíèé ëèíåéíûõ ñèñòåì (1.2.1).
Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïà-

ðàãðàôà. Íà÷íåì ñ íàèáîëåå ïðîñòûõ ïî ôîðìóëèðîâêå óòâåðæäåíèé.

Òåîðåìà 1.3.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1. Åñëè ìàòðè-

öà

Q(t)−
(
q1 +

√
q21 + q22

)
∥H(t)∥I

ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ], òîãäà íóëåâîå ðåøåíèå ñèñòå-
ìû (1.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Íèæå ìû óñòàíîâèì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðå-
øåíèé ñèñòåìû (1.3.1). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîòðåáóåò-
ñÿ ââåñòè ðÿä îáîçíà÷åíèé. Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðå-
ìû 1.3.1, îïðåäåëèì ìàòðèöó

Qq(t) = Q(t)− q(t)I,

ãäå

q(t) =

(
q1 +

√
q21 + q22

)
∥H(t)∥. (1.3.3)
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Ïåðåïèøåì å¼ â âèäå

Qq(t) =

(
I Qq

12(t)(Q
q
22(t))

−1

0 I

)(
P q(t) 0
0 Qq

22(t)

)
×
(

I 0
(Qq

22(t))
−1(Qq

12(t))
∗ I

)
, (1.3.4)

ãäå

Qq
11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− q(t)I,

Qq
12(t) = −H(t)B(t), Qq

22(t) = K(τ)− q(t)I,

P q(t) = Qq
11(t)−Qq

12(t)(Q
q
22(t))

−1(Qq
12(t))

∗

= − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− q(t)I

−H(t)B(t)(K(τ)− q(t)I)−1B∗(t)H(t). (1.3.5)

Î÷åâèäíî, åñëè Qq(t) ïîëîæèòåëüíî îïðåäåëåíà, òî ìàòðèöà P q(t) òàêæå
ïîëîæèòåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pqmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû P q(t).
Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.3.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− q(t)I,

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è âèäà (1.2.7)
äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà. Êàê îòìå÷àëîñü ðàíåå, â
ýòîì ñëó÷àå èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì
îòðåçêå [0, T ]. Ïðîäîëæèì ìàòðèöó H(t) è ôóíêöèþ pqmin(t) T -ïåðèîäè-
÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå.
Èñïîëüçóÿ ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå hmin(t) > 0 ìàòðèöû H(t)
è ÷èñëî k > 0, óäîâëåòâîðÿþùåå (1.2.8), îïðåäåëèì ôóíêöèþ

γq(t) = min

{
pqmin(t)

∥H(t)∥
, k

}
. (1.3.6)

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (1.3.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(1.3.7)
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ãäå φ(t) ∈ C([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ
y(t) ∈ C([−τ,∞)) ∩ C1((0,∞)).

Òåîðåìà 1.3.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.3.1.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1.3.7) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

−1

2

t∫
0

γq(ξ) dξ

 , t > 0. (1.3.8)

Î÷åâèäíî, ÷òî óòâåðæäåíèå òåîðåìû 1.3.1 íåïîñðåäñòâåííî âûòåêàåò
èç îöåíêè (1.3.8). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 1.3.2.

Äîêàçàòåëüñòâî òåîðåìû 1.3.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (1.3.7). Èñïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, êàê è
â ëèíåéíîì ñëó÷àå, ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë Ëÿïóíî-
âà � Êðàñîâñêîãî (1.2.13), ââåäåííûé â ðàáîòå [32]. Äèôôåðåíöèðóÿ åãî,
ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

d

dt
y(t), y(t)

⟩
+

⟨
H(t)y(t),

d

dt
y(t)

⟩
+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Ó÷èòûâàÿ, ÷òî y(t) � ðåøåíèå çàäà÷è (1.3.7), èìååì

d

dt
V (t, y) = −

⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+W (t) +

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds, (1.3.9)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (1.2.4),

W (t) = ⟨H(t)F (t, y(t), y(t− τ)), y(t)⟩+ ⟨H(t)y(t), F (t, y(t), y(t− τ))⟩ .
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Â ñèëó (1.3.2)

|W (t)| ≤ 2∥H(t)∥ (q1∥y(t)∥+ q2∥y(t− τ)∥)∥y(t)∥. (1.3.10)

Î÷åâèäíî,
|W (t)| ≤ q(t)(∥y(t)∥2 + ∥y(t− τ)∥2), (1.3.11)

ãäå ôóíêöèÿ q(t) îïðåäåëåíà â (1.3.3). Òîãäà èç (1.3.9) ïîëó÷àåì

d

dt
V (t, y) = −

⟨
Qq(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (1.3.12)

Â ñèëó ïðåäñòàâëåíèÿ (1.3.4) èìååì⟨
Qq(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ ⟨P q(t)y(t), y(t)⟩,

ãäå P q(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ
â (1.3.5). Òîãäà

⟨P q(t)y(t), y(t)⟩ ≥ pqmin(t)∥y(t)∥
2,

ãäå pqmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P q(t). Èñ-
ïîëüçóÿ (1.2.15), ïîëó÷àåì⟨

Qq(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pqmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ .

Â ñèëó (1.2.8) èç (1.3.12) èìååì

d

dt
V (t, y) ≤ − pqmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γq(t)V (t, y),

ãäå ôóíêöèÿ γq(t) çàäàíà â (1.3.6). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðà-
âåíñòâà èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γq(ξ)dξ

)
,
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ãäå V (0, φ) îïðåäåëåíî â (1.2.10). Èñïîëüçóÿ (1.2.15), ñ ó÷åòîì îïðåäåëå-
íèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

∥y(t)∥2 ≤ 1

hmin(t)
⟨H(t)y(t), y(t)⟩

≤ V (t, y)

hmin(t)
≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γq(ξ)dξ

)
.

Îòñþäà ïîëó÷àåì îöåíêó (1.3.8).
Òåîðåìà 1.3.2 äîêàçàíà.

Ó÷èòûâàÿ ïðåäñòàâëåíèå (1.3.4), òåîðåìó 1.3.1 ìîæíî ïåðåôîðìóëèðî-
âàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 1.3.3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t) èK(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.3) è ìàòðè÷íûì íåðàâåíñòâàì

K(τ) > q(t)I,

d

dt
H(t) +H(t)A(t) + A∗(t)H(t)

+H(t)B(t)(K(τ)− q(t)I)−1B∗(t)H(t) < −K(0)− q(t)I,

ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.3.1) ýêñïîíåíöèàëüíî
óñòîé÷èâî.

Çàìå÷àíèå. Ôóíêöèÿ γq(t) â îöåíêå (1.3.8) õàðàêòåðèçóåò ñêîðîñòü
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåìû (1.3.1). Îíà çàâèñèò îò
ôóíêöèè q(t), êîòîðàÿ âîçíèêàåò ïðè îöåíèâàíèè ïðàâîé ÷àñòè íåðàâåí-
ñòâà (1.3.10). Çàìåòèì, ÷òî ïðàâóþ ÷àñòü ýòîãî íåðàâåíñòâà ìîæíî îöåíè-
âàòü ðàçíûìè ñïîñîáàìè, ÷òî äàåò âîçìîæíîñòü óïðàâëÿòü ïàðàìåòðàìè
â îöåíêå äëÿ ðåøåíèé ñèñòåìû (1.3.1). Íèæå ìû ïðèâåäåì íåêîòîðûå
ðåçóëüòàòû.
Î÷åâèäíî, ÷òî äëÿ ëþáîãî α > 0 ñïðàâåäëèâî íåðàâåíñòâî

q1u
2
1 + q2u1u2 ≤

(
q1 +

q22
4α

)
u21 + αu22. (1.3.13)

Ñ èñïîëüçîâàíèåì (1.3.13) ïðàâóþ ÷àñòü íåðàâåíñòâà (1.3.10) ìîæíî îöå-
íèòü ñëåäóþùèì îáðàçîì

|W (t)| ≤ β1(t)∥y(t)∥2 + β2(t)∥y(t− τ)∥2, (1.3.14)
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ãäå

β1(t) = 2∥H(t)∥
(
q1 +

q22
4α(t)

)
, β2(t) = 2∥H(t)∥α(t), (1.3.15)

α(t) > 0 � ïðîèçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ. Íàïðèìåð, âûáèðàÿ,

α(t) =

(
q1 +

√
q21 + q22

)
2

,

ìû ïîëó÷àåì, ÷òî
β1(t) = β2(t) = q(t),

è îöåíêà (1.3.14) ïåðåõîäèò â (1.3.11).
Èñïîëüçóÿ îöåíêó (1.3.14), ñôîðìóëèðóåì àíàëîãè òåîðåì 1.3.1 è 1.3.2.

Ââåäåì ìàòðèöó

Qβ(t) = Q(t)−
(
β1(t) 0
0 β2(t)

)
I,

ãäå Q(t) îïðåäåëåíà â (1.2.4).

Òåîðåìà 1.3.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1. Åñëè ìàòðè-

öà Qβ(t) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ], òîãäà íóëåâîå ðåøå-

íèå ñèñòåìû (1.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Íèæå ìû óñòàíîâèì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðå-
øåíèé ñèñòåìû (1.3.1). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîòðåáóåòñÿ
ââåñòè ðÿä îáîçíà÷åíèé. Ïåðåïèøåì ìàòðèöó Qβ(t) â âèäå

Qβ(t) =

(
I Qβ

12(t)(Q
β
22(t))

−1

0 I

)(
P β(t) 0

0 Qβ
22(t)

)

×
(

I 0

(Qβ
22(t))

−1(Qβ
12(t))

∗ I

)
, (1.3.16)

ãäå

Qβ
11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− β1(t)I,

Qβ
12(t) = −H(t)B(t), Qβ

22(t) = K(τ)− β2(t)I,
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P β(t) = Qβ
11(t)−Qβ

12(t)(Q
β
22(t))

−1(Qβ
12(t))

∗

= − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− β1(t)I

−H(t)B(t)(K(τ)− β2(t)I)
−1B∗(t)H(t). (1.3.17)

Î÷åâèäíî, åñëè Qβ(t) ïîëîæèòåëüíî îïðåäåëåíà, òî ìàòðèöà P β(t) òàêæå
ïîëîæèòåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pβmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû P β(t).
Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.3.3, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− β1(t)I,

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è âèäà (1.2.7)
äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà. Êàê îòìå÷àëîñü ðàíåå, â
ýòîì ñëó÷àå èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì
îòðåçêå [0, T ]. Ïðîäîëæèì ìàòðèöó H(t) è ôóíêöèþ pβmin(t) T -ïåðèîäè-
÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå.
Èñïîëüçóÿ ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå hmin(t) > 0 ìàòðèöû H(t)
è ÷èñëî k > 0, óäîâëåòâîðÿþùåå (1.2.8), îïðåäåëèì ôóíêöèþ

γβ(t) = min

{
pβmin(t)

∥H(t)∥
, k

}
. (1.3.18)

Òåîðåìà 1.3.5 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.3.4.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1.3.7) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

−1

2

t∫
0

γβ(ξ) dξ

 , t > 0. (1.3.19)

Óòâåðæäåíèå òåîðåìû 1.3.4 ñëåäóåò èç îöåíêè (1.3.19). Äîêàçàòåëüñòâî
òåîðåìû 1.3.5 ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è äîêàçàòåëüñòâî òåîðå-
ìû 1.3.2, ñ èñïîëüçîâàíèåì (1.3.14), (1.3.16), (1.3.17).

Êàê â ïàðàãðàôå 1.2, óñëîâèÿ (1.2.3) íà K(s) ìîæíî îñëàáèòü, ïðè
ýòîì îòêàçàòüñÿ îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû
Qβ(t).
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Òåîðåìà 1.3.6 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t) èK(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.17), òàêèå, ÷òî äëÿ ìàòðèöû

Qβ(t) ñïðàâåäëèâî íåðàâåíñòâî⟨
Qβ(t)

(
u
v

)
,

(
u
v

)⟩
≥ ⟨Sβ(t)u, u⟩, u, v ∈ Cn, t ∈ [0, T ], (1.3.20)

ãäå Sβ(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðå-

ðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóåò k > 0, óäîâëåòâîðÿþùåå (1.2.8),
òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (1.3.7) èìååò ìåñòî îöåíêà (1.3.19), ãäå

γβ(t) = min

{
sβmin(t)

∥H(t)∥
, k

}
, (1.3.21)

sβmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû Sβ(t).

Â îöåíêå (1.3.19) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ îïðåäåëåííûõ âûøå ôóíêöèè sβmin(t) è ìàòðèöû H(t) íà âñþ
ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî òåîðåìû 1.3.6. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû 1.3.6, òî â ñèëó (1.3.20)

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) ≤ −Sβ(t)−K(0)− β1(t)I,

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7), ãäå G(t) �
ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà. Êàê îòìå÷àëîñü âûøå,
èç [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì H(t) è
Sβ(t) T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå
îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöó K(s), óäîâëåòâî-
ðÿþùóþ óñëîâèÿì òåîðåìû 1.3.6, ðàññìîòðèì íà ðåøåíèè çàäà÷è (1.3.7)
ôóíêöèîíàë (1.2.13). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.3.2, ïîñëå äèô-
ôåðåíöèðîâàíèÿ ïîëó÷àåì (1.3.9). Èñïîëüçóÿ (1.3.14), èìååì

d

dt
V (t, y) ≤ −

⟨
Qβ(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (1.3.22)
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Â ñèëó (1.3.20) èìååì⟨
Qβ(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ ⟨Sβ(t)y(t), y(t)⟩ ≥ sβmin(t)∥y(t)∥

2,

ãäå sβmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû Sβ(t).
Èñïîëüçóÿ (1.2.8) è (1.2.15), èç (1.3.22) èìååì

d

dt
V (t, y) ≤ − sβmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γβ(t)V (t, y),

ãäå γβ(t) > 0 îïðåäåëåíî â (1.3.21). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå
òåîðåìû 1.3.2, èìååì íåðàâåíñòâî (1.3.19).
Òåîðåìà 1.3.6 äîêàçàíà.

Îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Sβ(t) òàêæå
ìîæíî îòêàçàòüñÿ è îñëàáèòü óñëîâèå (1.3.20). Ñîîòâåòñòâóþùèé ðåçóëü-
òàò ïðèâåäåí íèæå.

Òåîðåìà 1.3.7 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t) èK(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.21) è (1.2.17) ñîîòâåòñòâåííî, òàêèå,
÷òî äëÿ ìàòðèöû Qβ(t) ñïðàâåäëèâî íåðàâåíñòâî⟨
Qβ(t)

(
u
v

)
,

(
u
v

)⟩
≥ pβ(t)⟨H(t)u, u⟩, u, v ∈ Cn, t ∈ [0, T ], (1.3.23)

ãäå pβ(t) ∈ C([0, T ]). Åñëè ñóùåñòâóåò k > 0 òàêîå, ÷òî âûïîëíå-

íî (1.2.8) è

T∫
0

γβ(ξ)dξ > 0, ãäå γβ(ξ) = min{pβ(ξ), k}, (1.3.24)

òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (1.3.7) èìååò ìåñòî îöåíêà (1.3.19).
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Â îöåíêå (1.3.19) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ôóíêöèè pβ(t) è ìàòðèöû H(t) íà âñþ ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ìàòðèöûH(t) èK(s), óäîâëåòâîðÿþùèå
óñëîâèÿì òåîðåìû 1.3.7, ðàññìîòðèì íà ðåøåíèè çàäà÷è (1.3.7) ôóíê-
öèîíàë (1.2.13). Ïðîäîëæèì T -ïåðèîäè÷åñêèì îáðàçîì ìàòðèöó H(t) è
ôóíêöèþ pβ(t) íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ îáîçíà÷åíèÿ. Êàê ïðè
äîêàçàòåëüñòâå òåîðåìû 1.3.6, ïîëó÷àåì (1.3.22). Â ñèëó (1.3.23) èìååì⟨

Qβ(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pβ(t)⟨H(t)y(t), y(t)⟩.

Èñïîëüçóÿ (1.2.8), èç (1.3.22) èìååì

d

dt
V (t, y) ≤ −pβ(t) ⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γβ(t)V (t, y),

ãäå γβ(t) îïðåäåëåíî â (1.3.24). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðå-
ìû 1.3.2, èìååì íåðàâåíñòâî (1.3.19).
Òåîðåìà 1.3.7 äîêàçàíà.

Çàìå÷àíèå. Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàþò óòâåðæäåíèÿ î ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ ñèñòåì âèäà (1.2.1). Äåéñòâèòåëüíî, ðàññìîò-
ðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + ∆A(t)y(t) + ∆B(t)y(t− τ), (1.3.25)

ãäå ∆A(t), ∆B(t) � ïðîèçâîëüíûå ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâ-
íûìè ýëåìåíòàìè òàêèå, ÷òî

∥∆A(t)∥ ≤ q1, ∥∆B(t)∥ ≤ q2, t ≥ 0.

Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u1, u2) = ∆A(t)u1 +∆B(t)u2
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óäîâëåòâîðÿåò íåðàâåíñòâó (1.3.2). Òîãäà òåîðåìû 1.3.1�1.3.7 äàþò óñëî-
âèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (1.2.1) è îöåíêè
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé âîçìóùåííîé ñèñòåìû (1.3.25) ïðè
t→ ∞.

1.4 Íåëèíåéíûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-

íåíèé çàïàçäûâàþùåãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0, (1.4.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùåñòâåí-
íîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäû-
âàíèÿ, F (t, u1, u2) � íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ìû ïðåäïîëàãàåì, ÷òî F (t, u1, u2) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå
G ⊂ [0,∞)× Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2, t ≥ 0, uj ∈ Rn, (1.4.2)

qj, ωj ≥ 0, j = 1, 2.
Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé

ñèñòåìû (1.4.1). Ñëó÷àé ω1 = ω2 = 0 áûë ïîäðîáíî èññëåäîâàí â ïàðàãðà-
ôå 1.3. Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ñèñòåìû (1.4.1) ïðè ω1+ω2 ̸= 0.
Ìû óñòàíîâèì îöåíêè íà ìíîæåñòâà ïðèòÿæåíèÿ è ïîëó÷èì îöåíêè, õà-
ðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (1.4.1) íà áåñ-
êîíå÷íîñòè. Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíûõ ðå-
çóëüòàòîâ ïàðàãðàôà.
Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (1.4.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(1.4.3)
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ãäå φ(t) ∈ C([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ
y(t) ∈ C([−τ, t′)) ∩ C1((0, t′)), t′ > 0.

Âíà÷àëå ðàññìîòðèì ñëó÷àé q2 = 0.
Íà÷íåì ñ íàèáîëåå ïðîñòûõ ïî ôîðìóëèðîâêå óòâåðæäåíèé. Ïðåäïîëî-

æèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1, êîòîðûå ãàðàíòèðóþò ýêñïî-
íåíöèàëüíóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ëèíåéíîé ñèñòåìû (1.2.1).
Òîãäà îïðåäåëåíû ìàòðèöû Q(t), P (t), çàäàííûå â (1.2.4), (1.2.6) ñîîòâåò-
ñòâåííî, êîòîðûå ÿâëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè ýðìèòîâûìè
ìàòðèöàìè. Êàê îòìå÷àëîñü â ïàðàãðàôå 1.2, H(t) > 0 íà âñåì îòðåçêå
[0, T ]. Ïðîäîëæèì ìàòðèöó H(t) è ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå
pmin(t) ìàòðèöû P (t) T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0},
ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ìèíèìàëüíîå ñîáñòâåííîå çíà-
÷åíèå hmin(t) > 0 ìàòðèöû H(t) è ÷èñëî k > 0, óäîâëåòâîðÿþùåå (1.2.8),
ðàññìîòðèì ôóíêöèþ γ(t), çàäàííóþ â (1.2.9), è îïðåäåëèì

Rω1/2 =

1− exp

(
−ω1

2

T∫
0

γ(s)

∥H(s)∥
ds

)

×

q1ω1

T∫
0

∥H(ξ)∥
(hmin(ξ))1+ω1/2

exp

(
−ω1

2

ξ∫
0

γ(s)

∥H(s)∥
ds

)
dξ

−1

. (1.4.4)

Òåîðåìà 1.4.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1. Òîãäà íóëå-

âîå ðåøåíèå ñèñòåìû (1.4.1) ýêñïîíåíöèàëüíî óñòîé÷èâî, è ìíîæåñòâî

âåùåñòâåííîçíà÷íûõ ôóíêöèé

E =

{
φ(t) ∈ C([−τ, 0]) : V (0, φ) < R

}
(1.4.5)

ÿâëÿåòñÿ ìíîæåñòâîì ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ. Ïðè ýòîì äëÿ

ðåøåíèÿ çàäà÷è (1.4.3) ñ íà÷àëüíûìè äàííûìè φ(t) ∈ E èìååò ìåñòî

îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

−1

2

t∫
0

γ(ξ) dξ


×
(
1−R−ω1/2(V (0, φ))ω1/2

)−1/ω1

, t > 0, (1.4.6)
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ãäå V (0, φ) îïðåäåëåíî â (1.2.10).

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3). Èñ-
ïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, êàê è â ëèíåéíîì ñëó-
÷àå, ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-
ãî (1.2.13), ââåäåííûé â ðàáîòå [32]. Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

d

dt
y(t), y(t)

⟩
+

⟨
H(t)y(t),

d

dt
y(t)

⟩
+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Ó÷èòûâàÿ, ÷òî y(t) � ðåøåíèå çàäà÷è (1.4.3), èìååì

d

dt
V (t, y) = −

⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+W (t) +

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds, (1.4.7)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (1.2.4),

W (t) = ⟨H(t)F (t, y(t), y(t− τ)), y(t)⟩+ ⟨H(t)y(t), F (t, y(t), y(t− τ))⟩ .

Â ñèëó (1.4.2) ïðè q2 = 0 èìååì

|W (t)| ≤ 2q1∥H(t)∥ ∥y(t)∥2+ω1.

Èñïîëüçóÿ (1.2.15), ïîëó÷àåì îöåíêó

|W (t)| ≤ 2q1∥H(t)∥
(hmin(t))1+ω1/2

⟨H(t)y(t), y(t)⟩1+ω1/2 . (1.4.8)

Â ñèëó ïðåäñòàâëåíèÿ (1.2.5) ïîëó÷àåì⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pmin(t)∥y(t)∥2,
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ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t), çà-
äàííîé â (1.2.6). Èñïîëüçóÿ (1.2.15), èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ .

Â ñèëó (1.2.8) è (1.4.8) èç (1.4.7) èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds

+
2q1∥H(t)∥

(hmin(t))1+ω1/2
⟨H(t)y(t), y(t)⟩1+ω1/2 .

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y) +

2q1∥H(t)∥
(hmin(t))1+ω1/2

(V (t, y))1+ω1/2,

ãäå ôóíêöèÿ γ(t) çàäàíà â (1.2.9).
Ââåäåì îáîçíà÷åíèå

α(t) =
2q1∥H(t)∥

(hmin(t))1+ω1/2
. (1.4.9)

Ïî ïîñòðîåíèþ α(t) > 0, γ(t) > 0 � íåïðåðûâíûå T -ïåðèîäè÷åñêèå
ôóíêöèè. Î÷åâèäíî, ïîñëåäíåå íåðàâåíñòâî ïåðåïèøåòñÿ â âèäå

d

dt
V (t, y) ≤ −γ(t)V (t, y) + α(t)(V (t, y))1+ω1/2.

Îòñþäà â ñèëó íåðàâåíñòâà Ãðîíóîëëà (ñì., íàïðèìåð, [90]) ïîëó÷àåì
îöåíêó

V (t, y) ≤ exp

−
t∫

0

γ(ξ) dξ

V (0, φ)

×

1− ω1

2
(V (0, φ))ω1/2

t∫
0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ

−2/ω1

, (1.4.10)

ãäå V (0, φ) îïðåäåëåíî â (1.2.10).
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Îöåíèì âûðàæåíèå, ñòîÿùåå â êâàäðàòíûõ ñêîáêàõ:

U(t) = 1− ω1

2
(V (0, φ))ω1/2

t∫
0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ

≥ 1− ω1

2
(V (0, φ))ω1/2

∞∫
0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ. (1.4.11)

Ðàññìîòðèì èíòåãðàë

J =

∞∫
0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ

=

T∫
0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ+

2T∫
T

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ+. . .

= J1 + J2 + . . . .

Â ñèëó T -ïåðèîäè÷íîñòè ôóíêöèé α(t) è γ(t) ïîëó÷àåì

Jk = exp

−(k − 1)ω1

2

T∫
0

γ(s) ds

 J1, k = 2, 3, . . . .

Ïîýòîìó, ó÷èòûâàÿ, ÷òî γ(t) > 0, èíòåãðàë J ïðåäñòàâèì â âèäå

J =

1− exp

−ω1

2

T∫
0

γ(s) ds

−1

J1

=

1− exp

−ω1

2

T∫
0

γ(s) ds

−1 T∫
0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ.

Îòñþäà â ñèëó (1.4.11) ïîëó÷àåì

U(t) ≥ 1− ω1

2
(V (0, φ))ω1/2

1− exp

−ω1

2

T∫
0

γ(s) ds

−1
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×
T∫

0

α(ξ) exp

−ω1

2

ξ∫
0

γ(s) ds

 dξ.

Â ñèëó îáîçíà÷åíèé (1.4.9) èìååì

U(t) ≥ 1−R−ω1/2(V (0, φ))ω1/2,

ãäå R îïðåäåëåíî â (1.4.4). Åñëè φ(t) ïðèíàäëåæèò ìíîæåñòâó E , îïðå-
äåëåííîìó â (1.4.5), òî U(t) > 0. Ñëåäîâàòåëüíî, èç (1.4.10) äëÿ ðåøåíèÿ
çàäà÷è (1.4.3) èìååì îöåíêó

V (t, y) ≤ exp

(
−

t∫
0

γ(ξ)dξ

)
V (0, φ)

(
1−R−ω1/2(V (0, φ))ω1/2

)−2/ω1

,

èç êîòîðîé âûòåêàåò ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ
ñèñòåìû (1.4.1), à òàêæå íåðàâåíñòâî (1.4.6).
Òåîðåìà 1.4.1 äîêàçàíà.

Çàìå÷àíèå. Óñòàíîâëåííûå îöåíêè õàðàêòåðèçóþò ìíîæåñòâî ïðèòÿ-
æåíèÿ íóëåâîãî ðåøåíèÿ è ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøå-
íèé ñèñòåìû (1.4.1), ïðè ýòîì âñå âåëè÷èíû óêàçàíû â ÿâíîì âèäå.

Êàê â ëèíåéíîì ñëó÷àå (ñì. ïàðàãðàô 1.2), àíàëîãè÷íûå ðåçóëüòàòû
äëÿ íåëèíåéíûõ ñèñòåì ìîæíî ïîëó÷èòü ïðè ìåíåå îãðàíè÷èòåëüíûõ
òðåáîâàíèÿõ ïî ñðàâíåíèþ ñ òåîðåìîé 1.4.1.
Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.4, êîòîðûå òàêæå

ãàðàíòèðóþò ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ëèíåé-
íîé ñèñòåìû (1.2.1). Òîãäà îïðåäåëåíà ìàòðèöà S(t), çàäàííàÿ â (1.2.18),
êîòîðàÿ ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ýðìèòîâîé ìàòðèöåé. Êàê
îòìå÷àëîñü â ïàðàãðàôå 1.2, H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì
ìàòðèöó H(t) è ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå smin(t) ìàòðèöû S(t)
T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáî-
çíà÷åíèå. Èñïîëüçóÿ ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå hmin(t) > 0 ìàò-
ðèöûH(t) è ÷èñëî k > 0, óäîâëåòâîðÿþùåå (1.2.8), ðàññìîòðèì ôóíêöèþ
γ(t), çàäàííóþ â (1.2.19), è îïðåäåëèì Rs ïî ôîðìóëå (1.4.4).

Òåîðåìà 1.4.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.4. Òîãäà íóëå-

âîå ðåøåíèå ñèñòåìû (1.4.1) ýêñïîíåíöèàëüíî óñòîé÷èâî, è ìíîæåñòâî
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âåùåñòâåííîçíà÷íûõ ôóíêöèé

E =

{
φ(t) ∈ C([−τ, 0]) : V (0, φ) < Rs

}
(1.4.12)

ÿâëÿåòñÿ ìíîæåñòâîì ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ. Ïðè ýòîì äëÿ

ðåøåíèÿ çàäà÷è (1.4.3) ñ íà÷àëüíûìè äàííûìè φ(t) ∈ E èìååò ìåñòî

îöåíêà âèäà (1.4.6).

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3). Èñ-
ïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, êàê è â ëèíåéíîì ñëó-
÷àå ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-
ãî (1.2.13). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.4.1 ïîñëå äèôôåðåíöèðî-
âàíèÿ ïîëó÷àåì (1.4.7). Â ñèëó (1.2.15) è (1.2.18) èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ smin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ ,

ãäå smin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû S(t). Ñëå-
äîâàòåëüíî, èñïîëüçóÿ (1.2.8) è (1.4.8), èç (1.4.7) ïîëó÷àåì

d

dt
V (t, y) ≤ − smin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds

+
2q1∥H(t)∥

(hmin(t))1+ω1/2
⟨H(t)y(t), y(t)⟩1+ω1/2 .

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y) +

2q1∥H(t)∥
(hmin(t))1+ω1/2

(V (t, y))1+ω1/2,

ãäå ôóíêöèÿ γ(t) çàäàíà â (1.2.19). Ïîâòîðÿÿ äàëåå ðàccóæäåíèÿ èç äî-
êàçàòåëüñòâà òåîðåìû 1.4.1, ïîëó÷àåì òðåáóåìóþ îöåíêó.
Òåîðåìà 1.4.2 äîêàçàíà.

Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.5, êîòîðûå òàêæå
ãàðàíòèðóþò ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ëèíåé-
íîé ñèñòåìû (1.2.1). Òîãäà îïðåäåëåíà ôóíêöèÿ p(t) ∈ C([0, T ]), çàäàííàÿ
â (1.2.22). Ïðîäîëæèì ìàòðèöó H(t) è ôóíêöèþ p(t) T -ïåðèîäè÷åñêèì
îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ
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ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå hmin(t) > 0 ìàòðèöû H(t) è ÷èñëî
k > 0, óäîâëåòâîðÿþùåå (1.2.8), ðàññìîòðèì ôóíêöèþ γ(t), çàäàííóþ
â (1.2.23), è îïðåäåëèì Rp ïî ôîðìóëå (1.4.4).

Òåîðåìà 1.4.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.5. Òîãäà íóëå-

âîå ðåøåíèå ñèñòåìû (1.4.1) ýêñïîíåíöèàëüíî óñòîé÷èâî, è ìíîæåñòâî

âåùåñòâåííîçíà÷íûõ ôóíêöèé

E =

{
φ(t) ∈ C([−τ, 0]) : V (0, φ) < Rp

}
(1.4.13)

ÿâëÿåòñÿ ìíîæåñòâîì ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ. Ïðè ýòîì äëÿ

ðåøåíèÿ çàäà÷è (1.4.3) ñ íà÷àëüíûìè äàííûìè φ(t) ∈ E èìååò ìåñòî

îöåíêà âèäà (1.4.6).

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3). Èñ-
ïîëüçóÿ ìàòðèöûH(t) èK(s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 1.2.5,
êàê è â ëèíåéíîì ñëó÷àå, ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë
Ëÿïóíîâà � Êðàñîâñêîãî (1.2.13). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.4.1
ïîñëå äèôôåðåíöèðîâàíèÿ ïîëó÷àåì (1.4.7). Â ñèëó (1.2.22) èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ p(t) ⟨H(t)y(t), y(t)⟩ .

Ñëåäîâàòåëüíî, èñïîëüçóÿ (1.2.8) è (1.4.8), èç (1.4.7) ïîëó÷àåì

d

dt
V (t, y) ≤ −p(t) ⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds

+
2q1∥H(t)∥

(hmin(t))1+ω1/2
⟨H(t)y(t), y(t)⟩1+ω1/2 .

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y) +

2q1∥H(t)∥
(hmin(t))1+ω1/2

(V (t, y))1+ω1/2,

ãäå ôóíêöèÿ γ(t) çàäàíà â (1.2.23). Äàëåå íóæíî ïîâòîðèòü ðàññóæäåíèÿ
èç äîêàçàòåëüñòâà òåîðåìû 1.4.1. Îòìåòèì, ÷òî ïðè ýòîì íå òðåáóåòñÿ

ïîëîæèòåëüíîñòü ôóíêöèè γ(t), äîñòàòî÷íî òîãî, ÷òî

T∫
0

γ(s) ds > 0.
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Òåîðåìà 1.4.3 äîêàçàíà.

Ðàññìîòðèì òåïåðü îáùèé ñëó÷àé, êîãäà q1 + q2 ̸= 0.

Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1, êîòîðûå ãàðàí-
òèðóþò ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ëèíåéíîé ñè-
ñòåìû (1.2.1). Òîãäà îïðåäåëåíû ìàòðèöû Q(t), P (t), çàäàííûå â (1.2.4),
(1.2.6) ñîîòâåòñòâåííî, êîòîðûå ÿâëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè
ýðìèòîâûìè. Êàê îòìå÷àëîñü â ïàðàãðàôå 1.2, H(t) > 0 íà âñåì îòðåç-
êå [0, T ]. Ïðîäîëæèì ìàòðèöû H(t) è P (t) T -ïåðèîäè÷åñêèì îáðàçîì
íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Îáîçíà÷èì ÷åðåç
hmin(t), pmin(t), qmin ìèíèìàëüíûå ñîáñòâåííûå çíà÷åíèÿ ìàòðèö H(t),
P (t), Q22(t) ñîîòâåòñòâåííî. Â ñèëó T -ïåðèîäè÷íîñòè ìàòðèö H(t), P (t)
hmin(t) ≥ hmin > 0, pmin(t) ≥ pmin > 0. Ïîñêîëüêó Q22(t) � ïîñòîÿííàÿ
ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, òî qmin > 0.
Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3), îïðåäåëåííîå ïðè t ∈

[0, t′), t′ > 0. Èñïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, êàê è
â ëèíåéíîì ñëó÷àå ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë Ëÿïóíî-
âà � Êðàñîâñêîãî V (t, y), çàäàííûé â (1.2.13). Ñïðàâåäëèâà ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà 1.4.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1. Òîãäà ïðè ëþ-

áîì ε > 0 äëÿ ðåøåíèÿ çàäà÷è (1.4.3) èìååò ìåñòî îöåíêà

d

dt
V (t, y) ≤ −

[
pmin(t)

∥H(t)∥
− δ(∥y(t− τ)∥)

(
∥(Q22(t))

−1Q∗
12(t)∥+

1

4ε

)]

×∥H(t)∥∥y(t)∥2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds

+
2q1∥H(t)∥

(hmin(t))1+ω1/2
(V (t, y))1+ω1/2

− [qmin − ε∥H(t)∥δ(∥y(t− τ)∥)] ∥z(t)∥2, t ∈ [0, t′), (1.4.14)

ãäå

z(t) = (Q22(t))
−1Q∗

12(t)y(t) + y(t− τ), (1.4.15)

δ(s) = 2q2s
ω2, s ≥ 0, (1.4.16)

k > 0 óäîâëåòâîðÿåò (1.2.8).
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Äîêàçàòåëüñòâî. Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.4.1, äèôôåðåí-
öèðóÿ V (t, y) è ó÷èòûâàÿ, ÷òî y(t)� ðåøåíèå çàäà÷è (1.4.3), èìååì (1.4.7).
Â ñèëó ïðåäñòàâëåíèÿ (1.2.5) ïîëó÷àåì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pmin(t)∥y(t)∥2 + qmin∥z(t)∥2, (1.4.17)

ãäå pmin(t), qmin � ìèíèìàëüíûå ñîáñòâåííûå çíà÷åíèÿ ìàòðèö P (t),Q22(t)
ñîîòâåòñòâåííî, z(t) îïðåäåëåíî â (1.4.15).
Â ñèëó (1.4.2) èìååì

|W (t)| ≤ 2q1∥H(t)∥ ∥y(t)∥2+ω1 + 2q2∥H(t)∥ ∥y(t)∥∥y(t− τ)∥1+ω2.

Èñïîëüçóÿ îïðåäåëåíèå z(t), ïîëó÷àåì

|W (t)| ≤ 2q1∥H(t)∥ ∥y(t)∥2+ω1

+2q2∥H(t)∥ ∥y(t− τ)∥ω2
[
∥(Q22(t))

−1Q∗
12(t)∥∥y(t)∥2 + ∥y(t)∥∥z(t)∥

]
.

Î÷åâèäíî, äëÿ ëþáîãî ε > 0 ñïðàâåäëèâî íåðàâåíñòâî

|W (t)| ≤ 2q1∥H(t)∥ ∥y(t)∥2+ω1

+2q2∥H(t)∥ ∥y(t− τ)∥ω2

[(
∥(Q22(t))

−1Q∗
12(t)∥+

1

4ε

)
∥y(t)∥2 + ε∥z(t)∥2

]
.

Èñïîëüçóÿ (1.2.15), ïîëó÷àåì

|W (t)| ≤ 2q1∥H(t)∥
(hmin(t))1+ω1/2

⟨H(t)y(t), y(t)⟩1+ω1/2 + 2q2∥H(t)∥ ∥y(t− τ)∥ω2

×
[(

∥(Q22(t))
−1Q∗

12(t)∥+
1

4ε

)
∥y(t)∥2 + ε∥z(t)∥2

]
. (1.4.18)

Ñëåäîâàòåëüíî, ó÷èòûâàÿ (1.2.8), (1.4.17) è (1.4.18), èç (1.4.7) ïîëó÷àåì

d

dt
V (t, y) ≤ −

[
pmin(t)

∥H(t)∥
− 2q2∥y(t− τ)∥ω2

(
∥(Q22(t))

−1Q∗
12(t)∥+

1

4ε

)]

×∥H(t)∥∥y(t)∥2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds
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+
2q1∥H(t)∥

(hmin(t))1+ω1/2
⟨H(t)y(t), y(t)⟩1+ω1/2

− [qmin − 2q2ε∥H(t)∥ ∥y(t− τ)∥ω2] ∥z(t)∥2.
Èñïîëüçóÿ îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) è ôóíêöèè δ(s) â (1.4.16),
èìååì (1.4.14).
Òåîðåìà 1.4.4 äîêàçàíà.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

qmax = max
t∈[0,T ]

∥(Q22(t))
−1Q∗

12(t)∥, (1.4.19)

q̃ = max
t∈[0,T ]

q1∥H(t)∥
(hmin(t))1+ω1/2

, (1.4.20)

h = min
t∈[0,T ]

1

∥H(t)∥
. (1.4.21)

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî

ε =
qmin

2pmin

(
qmax +

√
q2max +

pmin

qmin

)
, (1.4.22)

ρ > 0 òàêîå, ÷òî

δ(ρ) <
qminh

ε
. (1.4.23)

Îáîçíà÷èì

γ(t) = min

{(
pmin(t)

∥H(t)∥
− (qmax + (4ε)−1)δ(ρ)

)
, k

}
. (1.4.24)

Rω1/2 =

1− exp

−ω1

2

T∫
0

γ(ξ)dξ


×

q̃ω1

T∫
0

exp

−ω1

2

η∫
0

γ(ξ)dξ

 dη

−1

, (1.4.25)

Φ1 = max
s∈[−τ,0]

∥φ(s)∥, (1.4.26)

Φ2 =

√
V (0, φ)

hmin

(
1−R−ω1/2(V (0, φ))ω1/2

)−1/ω1

. (1.4.27)
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Ïîñêîëüêó ε > 0 îïðåäåëÿåòñÿ â (1.4.22) è ρ > 0 óäîâëåòâîðÿåò óñëî-
âèþ (1.4.23), òî íåòðóäíî ïîêàçàòü, ÷òî γ(t) > 0.

Òåîðåìà 1.4.5 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.2.1. Ïðåäïîëîæèì,

÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) â çàäà÷å (1.4.3) ïðèíàäëåæèò ìíîæåñòâó

E = {φ(s) ∈ C([−τ, 0]) : V (0, φ) < R, max{Φ1,Φ2} < ρ} .

Òîãäà ðåøåíèå çàäà÷è (1.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t > 0. (1.4.28)

Äîêàçàòåëüñòâî.Ìû ïîêàæåì, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3)
îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0} è óäîâëåòâîðÿåò îöåíêå (1.4.28).
Ïóñòü t ∈ [0, τ ]. Ïîñêîëüêó Φ1 < ρ, òî

pmin(t) > ∥H(t)∥(qmax + (4ε)−1)δ(∥φ(t− τ)∥),

qmin > ∥H(t)∥εδ(∥φ(t− τ)∥).
Ñëåäîâàòåëüíî, ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèîíàëà V (t, y), îáîçíà÷å-
íèÿ (1.4.20) è (1.4.24), èç íåðàâåíñòâà (1.4.14) èìååì

d

dt
V (t, y) + γ(t)V (t, y) ≤ 2q̃(V (t, y))1+ω1/2. (1.4.29)

Ïîñêîëüêó V (0, φ) < R, ãäå R > 0 îïðåäåëåíî â (1.4.25), òî â ñèëó íåðà-
âåíñòâà Ãðîíóîëëà [90], ïîëó÷àåì îöåíêó

V (t, y) ≤ V (0, φ)(
1−

(
R−1V (0, φ)

)ω1/2
)2/ω1

exp

−
t∫

0

γ(ξ)dξ

 ,

îòêóäà èìååì íåðàâåíñòâî

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 . (1.4.30)
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Èç ýòîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3) îïðåäå-
ëåíî íà âñåì îòðåçêå [0, τ ], ò. å. t′ > τ .
Îòìåòèì, ÷òî äëÿ ñïðàâåäëèâîñòè íåðàâåíñòâà (1.4.30) ïðè t ∈ [0, τ ]

áûëî äîñòàòî÷íî, ÷òîáû Φ1 < ρ è V (0, φ) < R.
Èç (1.4.30) âûòåêàåò, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ(t) ïðèíàäëåæèò

ìíîæåñòâó E , òî ∥y(t)∥ < ρ ïðè t ∈ [0, τ ]. Òîãäà ïðè t ∈ [τ, 2τ ]

pmin(t) > ∥H(t)∥(qmax + (4ε)−1)δ(∥y(t− τ)∥),
qmin > ∥H(t)∥εδ(∥y(t− τ)∥).

Îòñþäà âûòåêàåò îöåíêà (1.4.29) ïðè t ∈ [τ, t2), ãäå t2 = min{2τ, t′}. Ñëå-
äîâàòåëüíî, êàê è âûøå, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà è îïðåäåëå-
íèå ôóíêöèîíàëà V (t, y), ïîëó÷àåì íåðàâåíñòâî (1.4.30). Èç ýòîé îöåíêè
âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3) îïðåäåëåíî íà âñåì îò-
ðåçêå [0, 2τ ], ò. å. t′ > 2τ . Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E , òî ∥y(t)∥ < ρ

ïðè t ∈ [0, 2τ ].
Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìû ïîëó÷àåì, ÷òî ðåøåíèå çàäà-

÷è (1.4.3) îïðåäåëåíî ïðè âñåõ t > 0 è óäîâëåòâîðÿåò îöåíêå (1.4.28).
Òåîðåìà 1.4.5 äîêàçàíà.

Åñòåñòâåííî âîçíèêàåò âîïðîñ: ìîæíî ëè, êàê â ïàðàãðàôå 1.2, îòêà-
çàòüñÿ îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Q(t), çà-
äàííîé â (1.2.4)?
Âíà÷àëå ìû ñôîðìóëèðóåì àíàëîã òåîðåìû 1.2.5, êîòîðûé ãàðàíòèðóåò

ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé ëèíåéíîé ñèñòåìû (1.2.1).

Òåîðåìà 1.4.6 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöà

H(t) ∈ C1[0, T ], H(t) = H∗(t) > 0, t ∈ [0, T ], (1.4.31)

è ìàòðèöà K(s), óäîâëåòâîðÿþùàÿ óñëîâèÿì (1.2.17), òàêèå, ÷òî äëÿ
ìàòðèöû Q(t) â (1.2.4) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v

)
,

(
u
v

)⟩
≥ p(t)⟨H(t)u, u⟩+s(t)∥v∥2, u, v ∈ Cn, t ∈ [0, T ],

(1.4.32)
ãäå p(t), s(t) ∈ C([0, T ]), s(t) > 0. Åñëè ñóùåñòâóåò k > 0 òàêîå, ÷òî

âûïîëíåíî (1.2.8) è
T∫

0

γ(ξ)dξ > 0, ãäå γ(ξ) = min{p(ξ), k}, (1.4.33)
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òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (1.2.11) èìååò ìåñòî îöåíêà (1.2.12).

Â îöåíêå (1.2.12) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ìàòðèöû H(t) è ôóíêöèè p(t) íà âñþ ïîëóîñü {t ≥ 0}. Ñïðà-
âåäëèâîñòü òåîðåìû 1.4.6 ñëåäóåò èç òåîðåìû 1.2.5, ïîñêîëüêó èç îöåí-
êè (1.4.32) âûòåêàåò íåðàâåíñòâî (1.2.22).

Ïåðåéäåì òåïåðü ê ðàññìîòðåíèþ íåëèíåéíîé ñèñòåìû (1.4.1) è íà-
÷àëüíîé çàäà÷è (1.4.3) äëÿ ýòîé ñèñòåìû. Ïðåäïîëîæèì, ÷òî âûïîëíåíû
óñëîâèÿ òåîðåìû 1.4.6. Ïðîäîëæèì T -ïåðèîäè÷åñêèì îáðàçîì ìàòðèöó
H(t), ôóíêöèè p(t), s(t) íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ îáîçíà÷åíèÿ.
Îáîçíà÷èì ÷åðåç hmin(t) ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû
H(t). Â ñèëó T -ïåðèîäè÷íîñòè H(t) è s(t), î÷åâèäíî, hmin(t) ≥ hmin > 0,
s(t) ≥ smin > 0.
Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3), îïðåäåëåííîå ïðè t ∈

[0, t′), t′ > 0. Èñïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, êàê è
â ëèíåéíîì ñëó÷àå ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë Ëÿïóíî-
âà � Êðàñîâñêîãî V (t, y), çàäàííûé â (1.2.13). Ñïðàâåäëèâà ñëåäóþùàÿ
òåîðåìà.

Òåîðåìà 1.4.7 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.4.6. Òîãäà ïðè ëþ-

áîì ε > 0 äëÿ ðåøåíèÿ çàäà÷è (1.4.3) èìååò ìåñòî îöåíêà

d

dt
V (t, y) ≤ −

[
p(t)− δ(∥y(t− τ)∥)∥H(t)∥

4εhmin(t)

]
⟨H(t)y(t), y(t)⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ds+ 2q1∥H(t)∥
(hmin(t))1+ω1/2

(V (t, y))1+ω1/2

− [s(t)− ε∥H(t)∥δ(∥y(t− τ)∥)] ∥y(t− τ)∥2, (1.4.34)

ãäå ôóíêöèÿ δ(s) îïðåäåëåíà â (1.4.16), k > 0 óäîâëåòâîðÿåò (1.2.8).

Äîêàçàòåëüñòâî. Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 1.4.1, äèôôåðåí-
öèðóÿ V (t, y) è ó÷èòûâàÿ, ÷òî y(t)� ðåøåíèå çàäà÷è (1.4.3), èìååì (1.4.7).
Â ñèëó (1.4.32) ïîëó÷àåì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
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≥ p(t)⟨H(t)y(t), y(t)⟩+ s(t)∥y(t− τ)∥2. (1.4.35)

Â ñèëó (1.4.2) èìååì

|W (t)| ≤ 2q1∥H(t)∥ ∥y(t)∥2+ω1 + 2q2∥H(t)∥ ∥y(t)∥∥y(t− τ)∥1+ω2.

Î÷åâèäíî, äëÿ ëþáîãî ε > 0 ñïðàâåäëèâî íåðàâåíñòâî

|W (t)| ≤ 2q1∥H(t)∥ ∥y(t)∥2+ω1

+2q2∥H(t)∥ ∥y(t− τ)∥ω2

[
1

4ε
∥y(t)∥2 + ε∥y(t− τ)∥2

]
.

Èñïîëüçóÿ (1.2.15), ïîëó÷àåì

|W (t)| ≤ 2q1∥H(t)∥
(hmin(t))1+ω1/2

⟨H(t)y(t), y(t)⟩1+ω1/2

+
q2∥H(t)∥ ∥y(t− τ)∥ω2

2εhmin(t)
⟨H(t)y(t), y(t)⟩

+2q2ε∥H(t)∥ ∥y(t− τ)∥2+ω2. (1.4.36)

Ñëåäîâàòåëüíî, ó÷èòûâàÿ (1.2.8), (1.4.35) è (1.4.36), èç (1.4.7) ïîëó÷àåì

d

dt
V (t, y) ≤ −

[
p(t)− q2∥H(t)∥ ∥y(t− τ)∥ω2

2εhmin(t)

]
⟨H(t)y(t), y(t)⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ds

+
2q1∥H(t)∥

(hmin(t))1+ω1/2
⟨H(t)y(t), y(t)⟩1+ω1/2

− [s(t)− 2q2ε∥H(t)∥ ∥y(t− τ)∥ω2] ∥y(t− τ)∥2.
Èñïîëüçóÿ îïðåäåëåíèÿ ôóíêöèîíàëà (1.2.13) è ôóíêöèè δ(s) â (1.4.16),
èìååì (1.4.34).
Òåîðåìà 1.4.7 äîêàçàíà.

Ââåäåì îáîçíà÷åíèÿ:

h = min
t∈[0,T ]

1

∥H(t)∥
, p̃ =

T∫
0

p(s) ds, h̃ =

T∫
0

∥H(s)∥
hmin(s)

ds, (1.4.37)
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Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî

ε =

√
sminhh̃

2
√
p̃

, (1.4.38)

ρ > 0 òàêîå, ÷òî

δ(ρ) <
sminh

ε
. (1.4.39)

Îáîçíà÷èì

γ̃(t) = min

{(
p(t)− δ(ρ)∥H(t)∥

4εhmin(t)

)
, k

}
, (1.4.40)

R̃ω1/2 =

1− exp

−ω1

2

T∫
0

γ̃(ξ)dξ


×

q̃ω1

T∫
0

exp

−ω1

2

η∫
0

γ̃(ξ)dξ

 dη

−1

. (1.4.41)

Ïîñêîëüêó ε > 0 îïðåäåëÿåòñÿ â (1.4.38) è ρ > 0 óäîâëåòâîðÿåò óñëî-
âèþ (1.4.39), òî íåòðóäíî ïîêàçàòü, ÷òî

T∫
0

γ̃(ξ) dξ > 0.

Òîãäà, êàê îòìå÷àëîñü â ïàðàãðàôå 1.2 (ñì. íåðàâåíñòâî (1.2.24)), ñïðà-
âåäëèâà îöåíêà

t∫
0

γ̃(ξ) dξ ≥ γ̃1t− T (γ̃1 − γ̃2),

ãäå

γ̃1 =
1

T

∫ T

0

γ̃(ξ)dξ, γ̃2 = min
ξ∈[0,T ]

γ̃(ξ).

Îáîçíà÷èì

Φ̃2 = Φ2 exp

(
T (γ̃1 − γ̃2)

2

)
, (1.4.42)

ãäå Φ2 îïðåäåëåíî â (1.4.27).
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Òåîðåìà 1.4.8 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1.4.6. Ïðåäïîëîæèì,

÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) â çàäà÷å (1.4.3) ïðèíàäëåæèò ìíîæåñòâó

E =
{
φ(s) ∈ C([−τ, 0]) : V (0, φ) < R̃, max{Φ1, Φ̃2} < ρ

}
,

ãäå Φ1, Φ̃2, R̃ îïðåäåëåíû â (1.4.26), (1.4.42), (1.4.41) ñîîòâåòñòâåííî.
Òîãäà ðåøåíèå çàäà÷è (1.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ̃(ξ)dξ

 , t > 0. (1.4.43)

Äîêàçàòåëüñòâî.Ìû ïîêàæåì, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3)
îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0} è óäîâëåòâîðÿåò îöåíêå (1.4.43).
Ïóñòü t ∈ [0, τ ]. Ïîñêîëüêó Φ1 < ρ, òî

p(t)− ∥H(t)∥δ(∥φ(t− τ)∥)
4εhmin(t)

≥ p(t)− ∥H(t)∥δ(ρ)
4εhmin(t)

,

smin > ∥H(t)∥εδ(∥φ(t− τ)∥).
Ñëåäîâàòåëüíî, ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèîíàëà V (t, y), îáîçíà÷å-
íèÿ (1.4.20) è (1.4.40), èç íåðàâåíñòâà (1.4.34) èìååì

d

dt
V (t, y) + γ̃(t)V (t, y) ≤ 2q̃(V (t, y))1+ω1/2. (1.4.44)

Ïîñêîëüêó V (0, φ) < R̃, ãäå R̃ > 0 îïðåäåëåíî â (1.4.41), òî â ñèëó íåðà-
âåíñòâà Ãðîíóîëëà [90] ïîëó÷àåì îöåíêó

V (t, y) ≤ V (0, φ)(
1−

(
R̃−1V (0, φ)

)ω1/2
)2/ω1

exp

−
t∫

0

γ̃(ξ)dξ

 ,

îòêóäà èìååì íåðàâåíñòâî

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ̃(ξ)dξ

 . (1.4.45)

Èç ýòîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3) îïðåäå-
ëåíî íà âñåì îòðåçêå [0, τ ], ò. å. t′ > τ .
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Îòìåòèì, ÷òî äëÿ ñïðàâåäëèâîñòè íåðàâåíñòâà (1.4.45) ïðè t ∈ [0, τ ]
áûëî äîñòàòî÷íî, ÷òîáû Φ1 < ρ è V (0, φ) < R̃.
Èç (1.4.45) âûòåêàåò, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ(t) ïðèíàäëåæèò

ìíîæåñòâó E , òî ∥y(t)∥ < ρ ïðè t ∈ [0, τ ]. Òîãäà ïðè t ∈ [τ, 2τ ]

p(t)− ∥H(t)∥δ(∥y(t− τ)∥)
4εhmin(t)

≥ p(t)− ∥H(t)∥δ(ρ)
4εhmin(t)

,

smin > ∥H(t)∥εδ(∥y(t− τ)∥).
Îòñþäà âûòåêàåò îöåíêà (1.4.44) ïðè t ∈ [τ, t2), ãäå t2 = min{2τ, t′}. Ñëå-
äîâàòåëüíî, êàê è âûøå, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà è îïðåäåëå-
íèå ôóíêöèîíàëà V (t, y), ïîëó÷àåì íåðàâåíñòâî (1.4.45). Èç ýòîé îöåíêè
âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (1.4.3) îïðåäåëåíî íà âñåì îò-
ðåçêå [0, 2τ ], ò. å. t′ > 2τ . Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E , òî ∥y(t)∥ < ρ
ïðè t ∈ [0, 2τ ].
Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìû ïîëó÷àåì, ÷òî ðåøåíèå çàäà-

÷è (1.4.3) îïðåäåëåíî ïðè âñåõ t > 0 è óäîâëåòâîðÿåò îöåíêå (1.4.43).
Òåîðåìà 1.4.8 äîêàçàíà.

Çàìå÷àíèå 1. Ôóíêöèè γ(t) è γ̃(t) â ïîëó÷åííûõ îöåíêàõ õàðàêòåðè-
çóþò ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåìû (1.4.1).

Çàìå÷àíèå 2. Åñëè q2 = 0, óòâåðæäåíèå òåîðåìû 1.4.5 äàåò òåîðå-
ìó 1.4.1, óòâåðæäåíèå òåîðåìû 1.4.8 � òåîðåìó 1.4.3.

Çàìå÷àíèå 3. Åñëè q1 = q2 = 0 (ëèíåéíûé ñëó÷àé), óòâåðæäåíèå
òåîðåìû 1.4.1 äàåò òåîðåìó 1.2.2, óòâåðæäåíèå òåîðåìû 1.4.2 � òåîðå-
ìó 1.2.4, óòâåðæäåíèå òåîðåìû 1.4.3 � òåîðåìó 1.2.5.

1.5 Ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé çàïàç-

äûâàþùåãî òèïà ñ ïàðàìåòðîì

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ñèñòåìû ñëåäóþùåãî âèäà:

d

dt
y(t) = µA(t)y(t) +B(t)y(t− τ), t > 0, (1.5.1)
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ãäåA(t),B(t)� ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñêè-
ìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ, µ > 0 � ïàðàìåòð. Ìû
ïðåäïîëàãàåì, ÷òî ñïåêòð ìàòðèöû A(t) ïðèíàäëåæèò ëåâîé ïîëóïëîñ-
êîñòè C− = {λ ∈ C : Reλ < 0} ïðè âñåõ t ≥ 0. Èñïîëüçóÿ ðåçóëüòàòû
ðàáîò [29, 32, 33] è óòâåðæäåíèÿ èç ïàðàãðàôîâ 1.1, 1.2, ìû äîêàæåì,
÷òî â ýòîì ñëó÷àå ñóùåñòâóåò µ∗ > 0 òàêîå, ÷òî íóëåâîå ðåøåíèå ñèñòå-
ìû (1.5.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè µ > µ∗, è ïðåäëîæèì ñïîñîá
îïðåäåëåíèÿ µ∗.
Äëÿ ïîëó÷åíèÿ îñíîâíûõ ðåçóëüòàòîâ íàì ïîòðåáóþòñÿ âñïîìîãàòåëü-

íûå óòâåðæäåíèÿ äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé

d

dt
y = µA(t)y, (1.5.2)

ãäå ñïåêòð ìàòðèöû A(t) ïðèíàäëåæèò ëåâîé ïîëóïëîñêîñòè C− ïðè âñåõ
t ≥ 0 è µ > 0.
Õîðîøî èçâåñòíû ïðèìåðû ïåðèîäè÷åñêèõ ìàòðèö A(t) òàêèõ, ÷òî íó-

ëåâîå ðåøåíèå ñèñòåìû (1.5.2) íå ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì
ïðè ïðîèçâîëüíûõ µ > 0 (ñì, íàïðèìåð, [19]). Äåéñòâèòåëüíî, ðàññìîò-
ðèì ñèñòåìó âèäà (1.5.2), ãäå

A(t) =

(
−2 cos(4t)− 1 2 sin(4t) + 2
2 sin(4t)− 2 2 cos(4t)− 1

)
è µ = 1. Î÷åâèäíî, λ1 = −1, λ2 = −1 ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿ-
ìè ìàòðèöû A(t). Íåòðóäíî ïðîâåðèòü, ÷òî âåêòîð-ôóíêöèÿ

y(t) =

(
y1(t)
y2(t)

)
=

(
et sin(2t)
et cos(2t)

)
ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (1.5.2) ïðè µ = 1. Î÷åâèäíî,

∥y(t)∥ → ∞, t→ ∞,

è íóëåâîå ðåøåíèå ýòîé ñèñòåìû íå ÿâëÿåòñÿ óñòîé÷èâûì. Ýòîò ïðèìåð
ïîêàçûâàåò, ÷òî íóëåâîå ðåøåíèå ñèñòåìû (1.5.2) íå ÿâëÿåòñÿ àñèìïòîòè-
÷åñêè óñòîé÷èâûì ïðè ïðîèçâîëüíûõ µ > 0, íåñìîòðÿ íà òî, ÷òî ñïåêòð
ìàòðèöû A(t) ïðèíàäëåæèò ëåâîé ïîëóïëîñêîñòè C− ïðè âñåõ t ≥ 0.
Îäíàêî, ñîãëàñíî ðåçóëüòàòàì Ì.Ã. Êðåéíà, íóëåâîå ðåøåíèå ñèñòå-

ìû (1.5.2) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè äîñòàòî÷íî áîëüøèõ µ ≫ 0
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(ñì. [28]). Íèæå ìû óêàæåì ñïîñîá îïðåäåëåíèÿ çíà÷åíèÿ µ0 > 0 òàêî-
ãî, ÷òî íóëåâîå ðåøåíèå ñèñòåìû (1.5.2) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè
µ > µ0.
Ïîñêîëüêó ñïåêòð ìàòðèöû A(t) ïðèíàäëåæèò ëåâîé ïîëóïëîñêîñòè

C− ïðè âñåõ t ∈ [0, T ], òî â ñèëó êðèòåðèÿ Ëÿïóíîâà ïðè êàæäîì ôèêñè-
ðîâàííîì t ∈ [0, T ] ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå H(t) = H∗(t) > 0
óðàâíåíèÿ Ëÿïóíîâà

HA(t) + A∗(t)H = −I.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Hmax = max
t∈[0,T ]

∥H(t)∥, νmax = max
t∈[0,T ]

ν(H(t)),

ãäå ν(H(t)) = ∥H(t)∥ ∥H−1(t)∥ � ÷èñëî îáóñëîâëåííîñòè ìàòðèöû H(t).

Òåîðåìà 1.5.1 Ïóñòü N � òàêîå ÷èñëî, ÷òî âûïîëíåíî íåðàâåíñòâî

max
|t−s|≤ T

N

∥A(t)− A(s)∥ ≤ 1

4Hmax
√
νmax

.

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.5.2) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè

µ > µ0 =
2NHmax

T
ln νmax. (1.5.3)

Äîêàçàòåëüñòâî.Ïóñòü Y (t)� ìàòðèöàíò ñèñòåìû (1.5.2), ò.å. Y (t)�
ðåøåíèå çàäà÷è Êîøè

d

dt
Y = µA(t)Y, t > 0,

Y
∣∣
t=0

= I.

Î÷åâèäíî, ïðè êàæäîì ôèêñèðîâàííîì tj ≥ 0 ìàòðèöà Y (t) ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è Êîøè

d

dt
Y = µA(t)Y, t > tj ≥ 0,

Y
∣∣
t=tj

= Yj,
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ãäå Yj = Y (tj). Ïåðåïèøåì çàäà÷ó Êîøè â âèäå

d

dt
Y = µA(tj)Y + µ(A(t)− A(tj))Y, t > tj ≥ 0,

Y
∣∣
t=tj

= Yj.

Î÷åâèäíî, ðåøåíèå ýòîé çàäà÷è ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî ìàò-
ðè÷íîãî óðàâíåíèÿ

Y (t) = exp ((t− tj)µA(tj))Yj

+

t∫
tj

exp ((t− s)µA(tj))µ(A(s)− A(tj))Y (s) ds.

Ñëåäîâàòåëüíî,

∥Y (t)∥ ≤ ∥exp ((t− tj)µA(tj))∥ ∥Yj∥

+µ

t∫
tj

∥exp ((t− s)µA(tj))∥ ∥A(s)− A(tj)∥ ∥Y (s)∥ ds. (1.5.4)

Ïîñêîëüêó ñïåêòð ìàòðèöû A(tj) ïðèíàäëåæèò ëåâîé ïîëóïëîñêîñòè C−,
òî â ñèëó îöåíêè Êðåéíà [28] èìååì

∥exp (tA(tj))∥ ≤
√
ν(Hj) exp

(
− t

2∥Hj∥

)
, t > 0, (1.5.5)

ãäå Hj � ðåøåíèå ìàòðè÷íîãî óðàâíåíèÿ Ëÿïóíîâà

HjA(tj) + A∗(tj)Hj = −I,

ν(Hj) = ∥Hj∥ ∥H−1
j ∥. Èñïîëüçóÿ (1.5.5), èç (1.5.4) ïîëó÷àåì

∥Y (t)∥ ≤
√
ν(Hj) exp

(
−(t− tj)µ

2∥Hj∥

)
∥Yj∥

+µ
√
ν(Hj)

t∫
tj

exp

(
−(t− s)µ

2∥Hj∥

)
∥A(s)− A(tj)∥ ∥Y (s)∥ ds.
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Ñîãëàñíî óñëîâèÿì òåîðåìû, åñëè t ∈
[
tj, tj +

T
N

]
, òî

∥A(t)− A(tj)∥ ≤ 1

4Hmax
√
νmax

.

Ñëåäîâàòåëüíî,

∥Y (t)∥ ≤
√
νmax exp

(
−(t− tj)µ

2Hmax

)
∥Yj∥

+
µ

4Hmax

t∫
tj

exp

(
−(t− s)µ

2Hmax

)
∥Y (s)∥ ds.

Â ñèëó íåðàâåíñòâà Ãðîíóîëëà (ñì., íàïðèìåð, [90]) ïîëó÷àåì

∥Y (t)∥ ≤
√
νmax∥Yj∥ exp

(
−(t− tj)µ

4Hmax

)
, t ∈

[
tj, tj +

T

N

]
. (1.5.6)

Ïóñòü tj =
jT
N , j = 0, . . . , N . Èç (1.5.6) èìååì

∥Yj∥ ≤
√
νmax∥Yj−1∥ exp

(
− Tµ

4NHmax

)
, j = 1, . . . , N.

Ïîñêîëüêó ∥Y0∥ = ∥Y (0)∥ = 1, òî

∥Yj∥ ≤ (
√
νmax)

j
exp

(
− jTµ

4NHmax

)
, j = 1, . . . , N.

Òîãäà èç (1.5.6) âûòåêàåò íåðàâåíñòâî

∥Y (t)∥ ≤ (
√
νmax)

j+1
exp

(
− tµ

4Hmax

)
, t ∈ [tj, tj+1], j = 0, . . . , N − 1.

Ñëåäîâàòåëüíî, äëÿ ìàòðèöàíòà ñèñòåìû (1.5.2) ïîëó÷àåì îöåíêó

∥Y (t)∥ ≤ (
√
νmax)

N
exp

(
− tµ

4Hmax

)
, t ∈ [0, T ]. (1.5.7)

Òîãäà äëÿ ìàòðèöû ìîíîäðîìèè ñïðàâåäëèâî íåðàâåíñòâî

∥Y (T )∥ ≤ (
√
νmax)

N
exp

(
− µT

4Hmax

)
. (1.5.8)



64

Åñëè µ óäîâëåòâîðÿåò íåðàâåíñòâó (1.5.3), òî ∥Y (T )∥ < 1 è ñïåêòð ìàòðè-
öû ìîíîäðîìèè Y (T ) ïðèíàäëåæèò åäèíè÷íîìó êðóãó {λ ∈ C : |λ| < 1}.
Ñëåäîâàòåëüíî, â ñèëó ñïåêòðàëüíîãî êðèòåðèÿ íóëåâîå ðåøåíèå ñèñòå-
ìû (1.5.2) àñèìïòîòè÷åñêè óñòîé÷èâî.
Òåîðåìà 1.5.1 äîêàçàíà.

Çàìå÷àíèå 1. Ñëåäóåò îòìåòèòü, ÷òî ÷èñëîN , óäîâëåòâîðÿþùåå óñëî-
âèÿì òåîðåìû 1.5.1, ñóùåñòâóåò â ñèëó íåïðåðûâíîñòè ýëåìåíòîâ ìàòðè-
öû A(t) íà [0, T ].

Çàìå÷àíèå 2. Èç äîêàçàòåëüñòâà òåîðåìû ñëåäóåò, ÷òî âñå ðåøåíèÿ
ñèñòåìû (1.5.2) ñòðåìÿòñÿ ê íóëþ ïðè t→ ∞.

Ïåðåéäåì òåïåðü ê ðàññìîòðåíèþ ñèñòåì ñ çàïàçäûâàíèåì âèäà (1.5.1).
Èñïîëüçóÿ ðåçóëüòàòû, óñòàíîâëåííûå âûøå äëÿ ñèñòåìû îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (1.5.2), ìû óêàæåì µ∗ òàêîå, ÷òî íóëåâîå
ðåøåíèå ñèñòåìû (1.5.1) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè µ > µ∗.

Òåîðåìà 1.5.2 Ïóñòü N � òàêîå ÷èñëî, ÷òî âûïîëíåíî íåðàâåíñòâî

max
|t−s|≤ T

N

∥A(t)− A(s)∥ ≤ 1

4Hmax
√
νmax

,

è ïóñòü µ∗ > 0 óäîâëåòâîðÿåò ðàâåíñòâó

µ∗

(
1− (νmax)

N exp

(
− µ∗T

2Hmax

))
= 4eατ/2Hmax (νmax)

N max
t∈[0,T ]

∥B(t)∥ (1.5.9)

ïðè íåêîòîðîì α > 0. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.5.1) àñèìï-
òîòè÷åñêè óñòîé÷èâî ïðè µ > µ∗.

Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 1.2.3, åñëè ñóùåñòâóþò ìàòðèöû
L(t) è K(s), óäîâëåòâîðÿþùèå óñëîâèÿìè (1.2.2), (1.2.3) è ìàòðè÷íîìó
äèôôåðåíöèàëüíîìó íåðàâåíñòâó òèïà Ðèêêàòè âèäà (1.2.16)

d

dt
L(t) + µL(t)A(t) + µA∗(t)L(t)

+L(t)B(t)K−1(τ)B∗(t)L(t) +K(0) < 0, (1.5.10)
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òîãäà íóëåâîå ðåøåíèå ñèñòåìû (1.5.1) àñèìïòîòè÷åñêè óñòîé÷èâî. Ïîêà-
æåì, ÷òî òàêèå ìàòðèöû L(t) è K(s) ñóùåñòâóþò. Íåòðóäíî âèäåòü, ÷òî
µ∗ > µ0, ãäå µ0 îïðåäåëåíî â (1.5.3). Ñëåäîâàòåëüíî, â ñèëó òåîðåìû 1.5.1
íóëåâîå ðåøåíèå ñèñòåìû (1.5.2) àñèìïòîòè÷åñêè óñòîé÷èâî ïðè µ > µ∗,
ïðè÷åì èìååò ìåñòî íåðàâåíñòâî (1.5.7). Ñëåäîâàòåëüíî, ñîãëàñíî òåîðå-
ìå 1.1.1 (ñì. òàêæå [29]) ïðè òàêèõ µ ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå
L(t) = L∗(t) êðàåâîé çàäà÷è

d

dt
L+ µLA(t) + µA∗(t)L = −I, 0 < t < T,

L(0) = L(T ) > 0.

(1.5.11)

Èñïîëüçóÿ ìàòðèöàíò Y (t) ñèñòåìû (1.5.2), ðåøåíèå ýòîé çàäà÷è ìîæåò
áûòü âûïèñàíî â ñëåäóþùåì âèäå [29]:

L(t) = (Y −1(t))∗

 ∞∫
t

(Y (s))∗Y (s) ds

Y −1(t)

=

∞∫
0

(Y (η + t)Y −1(t))∗(Y (η + t)Y −1(t)) dη.

Ðàññìîòðèì ìàòðèöó

Ỹ (η) = Y (η + t)Y −1(t)

ïðè êàæäîì ôèêñèðîâàííîì t. Î÷åâèäíî, îíà ÿâëÿåòñÿ ìàòðèöàíòîì ñè-
ñòåìû

d

dη
ỹ(η) = µA(η + t)ỹ(η).

Â ñèëó (1.5.7) èìååì

∥Ỹ (η)∥ ≤ (
√
νmax)

N
exp

(
− µη

4Hmax

)
, η ∈ [0, T ]. (1.5.12)

Èñïîëüçóÿ ñâîéñòâî ìàòðèöàíòà

Ỹ (η + kT ) ≡ Ỹ (η)Y k(T ), k = 1, 2, . . . ,
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ïåðåïèøåì ôîðìóëó äëÿ ðåøåíèÿ L(t) çàäà÷è (1.5.11) ñëåäóþùèì îáðà-
çîì

L(t) =

∞∫
0

(Ỹ (η))∗Ỹ (η) dη =
∞∑
k=0

(k+1)T∫
kT

(Ỹ (η))∗Ỹ (η) dη

=

T∫
0

(Ỹ (η))∗Ỹ (η) dη + (Y (T ))∗

 T∫
0

(Ỹ (η))∗Ỹ (η) dη

Y (T )

+(Y 2(T ))∗

 T∫
0

(Ỹ (η))∗Ỹ (η) dη

Y 2(T ) + . . . .

Îáîçíà÷èì D =
T∫
0

(Ỹ (η))∗Ỹ (η) dη. Òîãäà, î÷åâèäíî, ìû ïîëó÷àåì íåðà-

âåíñòâî

∥L(t)∥ ≤ ∥D∥+ ∥Y (T )∥2∥D∥+ ∥Y (T )∥4∥D∥+ . . . .

Ó÷èòûâàÿ (1.5.3) è (1.5.8), èìååì ∥Y (T )∥2 < 1. Ñëåäîâàòåëüíî,

∥L(t)∥ ≤ 1

1− ∥Y (T )∥2
∥D∥.

Èñïîëüçóÿ îïðåäåëåíèå D è (1.5.12), ïîëó÷àåì

∥D∥ ≤
T∫

0

∥Ỹ (η)∥2dη ≤ (νmax)
N

T∫
0

exp

(
− µη

2Hmax

)
dη

=
2Hmax (νmax)

N

µ

(
1− exp

(
− µT

2Hmax

))
≤ 2Hmax (νmax)

N

µ
.

Òîãäà â ñèëó (1.5.8) èìååì

∥L(t)∥ ≤ 2Hmax (νmax)
N

µ

(
1− (νmax)

N exp

(
− µT

2Hmax

))−1

. (1.5.13)

Âîçüìåì K(s) = 1
2e

−αsI. Òîãäà ïðîâåðêà íåðàâåíñòâà (1.5.10) äëÿ ìàò-
ðèö L(t) è K(s) ñâîäèòñÿ ê ïðîâåðêå íåðàâåíñòâà

2eατL(t)B(t)B∗(t)L(t)− 1

2
I < 0. (1.5.14)
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Â ñèëó (1.5.13) ïîëó÷àåì

∥2eατL(t)B(t)B∗(t)L(t)∥ ≤ 2eατ∥L(t)∥2∥B(t)∥2

≤ 8eατ (Hmax)
2 (νmax)

2N

µ2

×
(
1− (νmax)

N exp

(
− µT

2Hmax

))−2

∥B(t)∥2.

Ñëåäîâàòåëüíî, äëÿ ëþáîé íåïðåðûâíîé ìàòðèöû B(t) è ëþáîãî τ > 0,

∥2eατL(t)B(t)B∗(t)L(t)∥ < 1

2

ïðè µ > µ∗, ãäå µ∗ çàäàíî â (1.5.9); ò.å. èìååò ìåñòî (1.5.14). Ñëåäîâà-
òåëüíî, íóëåâîå ðåøåíèå ñèñòåìû (1.5.1) àñèìïòîòè÷åñêè óñòîé÷èâî.
Òåîðåìà 1.5.2 äîêàçàíà.

Çàìå÷àíèå 1. Èç òåîðåìû 1.5.2 è ðåçóëüòàòîâ ïàðàãðàôà 1.2 ñëåäóåò,
÷òî âñå ðåøåíèÿ ñèñòåìû (1.5.1) ñòðåìÿòñÿ ê íóëþ ïðè t → ∞ ñ ýêñïî-
íåíöèàëüíîé ñêîðîñòüþ.

Çàìå÷àíèå 2. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1.5.2 ñ èñïîëüçîâà-
íèåì ðåçóëüòàòîâ ïàðàãðàôîâ 1.3 è 1.4 íåòðóäíî óñòàíîâèòü óòâåðæäåíèÿ
îá ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ñèñòåì âèäà

d

dt
y(t) = µA(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ)), t > 0,

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùåñòâåí-
íîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäû-
âàíèÿ, µ > 0 � ïàðàìåòð, F (t, u1, u2) � íåïðåðûâíàÿ âåùåñòâåííîçíà÷-
íàÿ âåêòîð-ôóíêöèÿ, ÿâëÿþùàÿñÿ ëèïøèöåâîé ïî u1 íà ëþáîì êîìïàêòå
G ⊂ [0,∞)× Rn × Rn è óäîâëåòâîðÿþùàÿ íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2, t ≥ 0, uj ∈ Rn,

qj, ωj ≥ 0, j = 1, 2.
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1.6 Íåêîòîðûå îáîáùåíèÿ

Â ýòîì ïàðàãðàôå ìû îáñóäèì íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòà-
íîâëåííûõ â ïðåäûäóùèõ ïàðàãðàôàõ. Ïîëó÷åííûå ðåçóëüòàòû ìîæíî
ðàñïðîñòðàíèòü íà ñèñòåìû ñ íåñêîëüêèìè çàïàçäûâàíèÿìè

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj)

+ F (t, y(t), y(t− τ1), . . . , y(t− τm)), t > 0. (1.6.1)

Äëÿ ýòîãî äîñòàòî÷íî èñïîëüçîâàòü, íàïðèìåð, ôóíêöèîíàë ñëåäóþùåãî
âèäà:

⟨H(t)y(t), y(t))⟩+
m∑
j=1

t∫
t−τj

⟨Kj(t− s)y(s), y(s)⟩ds.

Ñîîòâåòñòâóþùèå óòâåðæäåíèÿ âûòåêàþò èç ðåçóëüòàòîâ, óñòàíîâëåí-
íûõ äëÿ áîëåå îáùåãî êëàññà ñèñòåì íåéòðàëüíîãî òèïà â ãëàâå 2 â ïà-
ðàãðàôå 2.5 .

Ðàññìîòðèì ñèñòåìû ñ ïåðåìåííûì çàïàçäûâàíèåì

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + F (t, y(t), y(t− τ(t))) , t > 0.

(1.6.2)
Äëÿ ýòèõ ñèñòåì ìîæíî ïîëó÷èòü ðåçóëüòàòû îá óñòîé÷èâîñòè ðåøåíèé,
èñïîëüçóÿ, íàïðèìåð, ôóíêöèîíàë ñëåäóþùåãî âèäà:

⟨H(t)y(t), y(t))⟩+
t∫

t−τ(t)

⟨Kj(t− s)y(s), y(s)⟩ds.

Ñîîòâåòñòâóþùèå óòâåðæäåíèÿ âûòåêàþò èç ðåçóëüòàòîâ, óñòàíîâëåí-
íûõ äëÿ áîëåå îáùåãî êëàññà ñèñòåì íåéòðàëüíîãî òèïà â ãëàâàõ 3, 4.
Â ïàðàãðàôå 3.5 ðàññìîòðåíû ñèñòåìû ñ îãðàíè÷åííûì çàïàçäûâàíèåì,
â ãëàâå 4 � ñèñòåìû ñ ïåðåìåííûì çàïàçäûâàíèåì, êîòîðîå ìîæåò áûòü
íåîãðàíè÷åííûì.

Ðåçóëüòàòû, óñòàíîâëåííûå â ïàðàãðàôå 1.4, ìîãóò áûòü èñïîëüçîâàíû
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äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé íåëèíåéíûõ ñèñòåì:

d

dt
y(t) = f(t, y(t), y(t− τ)), t > 0, (1.6.3)

ïî ïåðâîìó ïðèáëèæåíèþ.

Ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî àêòèâíî èñïîëüçóþòñÿ ïðè èñ-
ñëåäîâàíèè êîíêðåòíûõ ñèñòåì, âîçíèêàþùèõ â ïðèëîæåíèÿõ. Íàïðè-
ìåð, â ðàáîòàõ [86, 152, 153] ñ èñïîëüçîâàíèåì ôóíêöèîíàëîâ âèäà (1.2.13)
ïîëó÷åíû îöåíêè íà ñêîðîñòü ñòàáëèçàöèè ïðîöåññîâ.

Îòìåòèì, ÷òî ôóíêöèîíàëû âèäà (1.2.13) ìîãóò áûòü èñïîëüçîâàíû
äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ñèñòåì ñ ðàñïðåäåëåííûì çàïàçäûâàíè-
åì. Â ÷àñòíîñòè, ïðè èçó÷åíèè ñèñòåì ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòà-
ìè

d

dt
y(t) = A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds+F

t, y(t), t∫
t−τ

y(s)ds

 , t > 0,

ïîêàçàë ñâîþ ýôôåêòèâíîñòü ñëåäóþùèé ôóíêöèîíàë (ñì., íàïðèìåð,
[99]):

H(t)y(t), y(t)⟩+
τ∫

0

t∫
t−η

⟨L(t− s)y(s), y(s)⟩dsdη

+

t∫
t−τ

⟨M(t− s)y(s), y(s)⟩ds.

Íåòðóäíî çàìåòèòü, ÷òî ýòîò ôóíêöèîíàë âõîäèò â êëàññ (1.2.13) ïðè

K(ξ) = (τ − ξ)L(ξ) +M(ξ).

Â ïîñëåäóþùèõ ãëàâàõ ðàññìîòðåíû ôóíêöèîíàëû Ëÿïóíîâà � Êðà-
ñîâñêîãî áîëåå îáùåãî âèäà.



Ãëàâà 2

Ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü

ðåøåíèé ñèñòåì íåéòðàëüíîãî òèïà

ñ ïîñòîÿííîé ìàòðèöåé

ïðè ïðîèçâîäíîé

2.1 Ïîñòàíîâêà çàäà÷è è ñîäåðæàíèå ãëàâû

Â ýòîé ãëàâå ìû ðàññìîòðèì êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ)

+ F (t, y(t), y(t− τ)), t > 0, (2.1.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n× n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñ-
êèìè ýëåìåíòàìè, ò. å.

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t),

C � ïîñòîÿííàÿ ìàòðèöà ðàçìåðà n×n, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ.
Åñëè C ̸= 0, ñèñòåìû âèäà (2.1.1) íàçûâàþòñÿ ñèñòåìàìè íåéòðàëüíîãî
òèïà [102]. Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü
ðåøåíèé óêàçàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ è ïîëó÷èì îöåíêè, õàðàêòåðèçóþùèå
ñêîðîñòü óáûâàíèÿ ðåøåíèé ñèñòåì âèäà (2.1.1) ïðè t→ ∞.
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Â ïàðàãðàôå 2.2 ìû èññëåäóåì ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ), t > 0. (2.1.2)

Â ïàðàãðàôå 2.3 ìû óñòàíîâèì óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëè-
íåéíûõ ñèñòåì (2.1.2) è èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðå-
øåíèé íåëèíåéíûõ ñèñòåì âèäà (2.1.1) ïðè

∥F (t, u1, u2)∥ ≤ q1∥u1∥+ q2∥u2∥, qj ≥ 0, j = 1, 2.

Â ïàðàãðàôå 2.4 ìû èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
íåëèíåéíûõ ñèñòåì âèäà (2.1.1) ïðè

∥F (t, u1, u2)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2,

qj ≥ 0, ωj ≥ 0, j = 1, 2.

Ìû óñòàíîâèì îöåíêè íà îáëàñòè ïðèòÿæåíèÿ è îöåíêè ðåøåíèé, õàðàê-
òåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå íà áåñêîíå÷íîñòè. Â ïàðàãðà-
ôå 2.5 ñîäåðæàòñÿ íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòàíîâëåííûõ â
ïðåäûäóùèõ ïàðàãðàôàõ, â òîì ÷èñëå íà ñëó÷àé íåñêîëüêèõ çàïàçäûâà-
íèé.

Ðåçóëüòàòû, ïðåäñòàâëåííûå â ýòîé ãëàâå, îïóáëèêîâàíû â ðàáîòàõ [35,
36, 37, 112, 113, 115, 117].

2.2 Ëèíåéíûå ñèñòåìû íåéòðàëüíîãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ëèíåéíûå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ), t > 0, (2.2.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n× n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñ-
êèìè ýëåìåíòàìè, C � ïîñòîÿííàÿ ìàòðèöà ðàçìåðà n×n, τ > 0 � ïàðà-
ìåòð çàïàçäûâàíèÿ. Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé-
÷èâîñòü ðåøåíèé óêàçàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöè-
àëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2.1) è ïîëó÷èì îöåí-
êè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (2.2.1) íà
áåñêîíå÷íîñòè.
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Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó ðåçóëüòàòîâ ïàðàãðàôà.
Íà÷íåì ñ íàèáîëåå ïðîñòîãî ïî ôîðìóëèðîâêå óòâåðæäåíèÿ.

Òåîðåìà 2.2.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t) èK(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.3) è òàêèå, ÷òî ìàòðèöà

Q(t) =

(
Q11(t) Q12(t)
Q∗

12(t) Q22(t)

)
, (2.2.2)

ãäå

Q11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0),

Q12(t) =
d

dt
H(t)C −H(t)B(t) + A∗(t)H(t)C, (2.2.3)

Q22(t) = −C∗ d

dt
H(t)C + C∗H(t)B(t) +B∗(t)H(t)C +K(τ),

ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòå-

ìû (2.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (2.1.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(2.2.4)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Ïîä ðåøåíèåì íà-
÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ y(t) ∈ C([−τ,∞))
òàêóþ, ÷òî y(t) ∈ C1([(k − 1)τ, kτ ]), k = 0, 1, 2, . . . .
Â ïðåäïîëîæåíèè, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1, íèæå ìû

óñòàíîâèì îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (2.2.4), õàðàêòåðèçóþùèå
ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ìû ââåäåì ðÿä îáîçíà÷åíèé. Åñëè ìàò-

ðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.2.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7). Òîãäà, êàê óæå
îòìå÷àëîñü ðàíåå, èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà
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âñåì îòðåçêå [0, T ]. Ïðîäîëæèì ýòó ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì
íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàò-
ðèöó H(t) è ìàòðèöó K(s), óäîâëåòâîðÿþùóþ óñëîâèÿì òåîðåìû 2.2.1,
ðàññìîòðèì íà ðåøåíèè y(t) çàäà÷è (2.2.4) ôóíêöèîíàë Ëÿïóíîâà � Êðà-
ñîâñêîãî

V (t, y) = ⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

+

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds, (2.2.5)

ââåäåííûé â ðàáîòå [35], è îïðåäåëèì

V (0, φ) = ⟨H(0)(φ(0)− Cφ(−τ)), (φ(0)− Cφ(−τ))⟩

+

0∫
−τ

⟨K(−s)φ(s), φ(s)⟩ds. (2.2.6)

Î÷åâèäíî, ïðè C = 0ôóíêöèîíàë (2.2.5) ñîâïàäàåò ñ ôóíêöèîíàëîì (1.2.13),
ïðåäëîæåííûì â [32].
Ðàññìîòðèì ìàòðèöó

S(t) =

(
I 0
C∗ I

)
Q(t)

(
I C
0 I

)
=

(
S11(t) S12(t)
S∗
12(t) S22(t)

)
, (2.2.7)

ãäå ìàòðèöàQ(t) îïðåäåëåíà â (2.2.2) ñ ýëåìåíòàìè (2.2.3). Òîãäà èç îïðå-
äåëåíèÿ Q(t) âûòåêàåò, ÷òî

S11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0),

S12(t) = −H(t)A(t)C −H(t)B(t)−K(0)C,

S22(t) = K(τ)− C∗K(0)C.

(2.2.8)

Â ñèëó ïîëîæèòåëüíîé îïðåäåëåííîñòèQ(t) ìàòðèöà S(t) òàêæå ïîëîæè-
òåëüíî îïðåäåëåíà. Îòñþäà, î÷åâèäíî, èìååì S22(t) > 0. Òîãäà ìàòðèöó
S(t) ìîæíî ïðåäñòàâèòü â âèäå

S(t) =

(
I S12(t)(S22(t))

−1

0 I

)
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×
(
S11(t)− S12(t)(S22(t))

−1S∗
12(t) 0

0 S22(t)

)(
I 0

(S22(t))
−1S∗

12(t) I

)
. (2.2.9)

Èç íàøèõ ðàññóæäåíèé âûòåêàåò, ÷òî óñëîâèå ïîëîæèòåëüíîé îïðåäåëåí-
íîñòè ìàòðèöû Q(t) ýêâèâàëåíòíî ïîëîæèòåëüíîé îïðåäåëåííîñòè ýðìè-
òîâûõ ìàòðèö

P (t) = S11(t)− S12(t)(S22(t))
−1S∗

12(t), S22(t).

Ïî ïîñòðîåíèþ

P (t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)

−(H(t)A(t)C +K(0)C +H(t)B(t))[K(τ)− C∗K(0)C]−1

×(H(t)A(t)C +K(0)C +H(t)B(t))∗. (2.2.10)

Îáîçíà÷èì ÷åðåç hmin(t), pmin(t) ìèíèìàëüíûå ñîáñòâåííûå çíà÷åíèÿ ìàò-
ðèöH(t), P (t) ñîîòâåòñòâåííî. ÏîñêîëüêóH(t) > 0, P (t) > 0, òî hmin(t) >
0, pmin(t) > 0. Ïóñòü k > 0 � ìàêñèìàëüíîå ÷èñëî òàêîå, ÷òî âûïîëíå-
íî (1.2.8). Îáîçíà÷èì

Φ1 = max
t∈[−τ,0]

∥φ(t)∥, Φ2 = max
t∈[0,T ]

√
V (0, φ)

hmin(t)
, (2.2.11)

γ(t) = min

{
pmin(t)

∥H(t)∥
, k

}
, (2.2.12)

β(t) =
γ(t)

2
, β+ = max

t∈[0,T ]
β(t), β− = min

t∈[0,T ]
β(t). (2.2.13)

Îòìåòèì, ÷òî èç ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû S22(t) è
óñëîâèé íà ìàòðèöó K(s) ñëåäóåò, ÷òî ïîëîæèòåëüíî îïðåäåëåííàÿ ýð-
ìèòîâà ìàòðèöà K(0) óäîâëåòâîðÿåò äèñêðåòíîìó óðàâíåíèþ Ëÿïóíîâà

K(0)− C∗K(0)C = G,

ãäå G = G∗ > 0. Ñëåäîâàòåëüíî, â ñèëó êðèòåðèÿ Ëÿïóíîâà (ñì., íà-
ïðèìåð, [28]) ñïåêòð ìàòðèöû C ïðèíàäëåæèò åäèíè÷íîìó êðóãó {λ ∈
C : |λ| < 1}. Òîãäà ∥Cj∥ → 0 ïðè j → ∞. Ïóñòü l � ìèíèìàëüíîå
íàòóðàëüíîå ÷èñëî òàêîå, ÷òî ∥C l∥ < 1.
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Ïåðåéäåì ê ôîðìóëèðîâêå óòâåðæäåíèé. Ìû âûäåëÿåì òðè ñëó÷àÿ.
Â çàâèñèìîñòè îò âåëè÷èíû ∥C l∥ íèæå ìû óñòàíîâèì îöåíêè ðåøåíèé
íà÷àëüíîé çàäà÷è (2.2.4), åñëè

∥C l∥ < e−lβ+τ , e−lβ+τ ≤ ∥C l∥ ≤ e−lβ−τ , e−lβ−τ < ∥C l∥ < 1,

ãäå β+ è β− îïðåäåëåíû â (2.2.13).

Òåîðåìà 2.2.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1 è

∥C l∥ < e−lβ+τ . (2.2.14)

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1− ∥C l∥elβ+τ

)−1
l−1∑
j=0

∥Cj∥ejβ+τ

+max
{
∥C∥eβ+τ , . . . , ∥C l∥elβ+τ

}
Φ1

]
e
−

t∫
0

β(ξ) dξ
, t > 0, (2.2.15)

ãäå Φ1, Φ2, β(t), β
+ îïðåäåëåíû â (2.2.11), (2.2.13).

Òåîðåìà 2.2.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1 è

e−lβ+τ ≤ ∥C l∥ ≤ e−lβ−τ .

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1 +

t

lτ

) l−1∑
j=0

∥Cj∥ejβ+τ

+max
{
1, ∥C∥eβ+τ , . . . , ∥C l−1∥e(l−1)β+τ

}
Φ1

]
e
−

t∫
0

β̃(ξ) dξ
, t > 0, (2.2.16)

ãäå Φ1, Φ2, β(t), β
+, β− îïðåäåëåíû â (2.2.11), (2.2.13),

β̃(t) = min

{
β(t), − 1

lτ
ln ∥C l∥

}
. (2.2.17)
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Òåîðåìà 2.2.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1 è

e−lβ−τ < ∥C l∥ < 1. (2.2.18)

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1−

(
∥C l∥elβ−τ

)−1
)−1 l−1∑

j=0

∥Cj∥ejβ−τ

+∥C l∥
1
l−1max

{
1, ∥C∥, . . . , ∥C l−1∥

}
Φ1

]
exp

(
t

lτ
ln ∥C l∥

)
, t > 0,

(2.2.19)
ãäå Φ1, Φ2, β

− îïðåäåëåíû â (2.2.11), (2.2.13).

Âíà÷àëå äîêàæåì íåñêîëüêî âñïîìîãàòåëüíûõ ëåìì. Â ñëåäóþùåé ëåì-
ìå ìû ïîëó÷èì îöåíêó äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4), êîòîðàÿ
èìååò ïðåäâàðèòåëüíûé õàðàêòåð è áóäåò íàìè ñóùåñòâåííî èñïîëüçî-
âàòüñÿ ïðè ïîëó÷åíèè îñíîâíûõ ðåçóëüòàòîâ.

Ëåììà 2.2.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1. Òîãäà äëÿ ðå-

øåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) èìååò ìåñòî îöåíêà

∥y(t)− Cy(t− τ)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γ(ξ)

2
dξ

)
, t > 0, (2.2.20)

ãäå V (0, φ), γ(t) îïðåäåëåíû â (2.2.6), (2.2.12) ñîîòâåòñòâåííî, hmin(t) �
ìèíèìàëüìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.2.4). Èñ-
ïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, ðàññìîòðèì ôóíêöèî-
íàë Ëÿïóíîâà � Êðàñîâñêîãî (2.2.5) íà ðåøåíèè. Äèôôåðåíöèðóÿ åãî,
ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))

⟩
+⟨H(t)(A(t)y(t) +B(t)y(t− τ)), (y(t)− Cy(t− τ))⟩
+⟨H(t)(y(t)− Cy(t− τ)), (A(t)y(t) +B(t)y(t− τ))⟩
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+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Èñïîëüçóÿ ìàòðèöó Q(t), èìååì

d

dt
V (t, y) = −

⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (2.2.21)

Â ñèëó (2.2.7) è (2.2.9) ìîæíî çàïèñàòü⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
=
⟨[
S11(t)− S12(t)(S22(t))

−1S∗
12(t)

]
(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))

⟩
+⟨S22(t)z(t), z(t)⟩,

ãäå Sij(t) îïðåäåëåíû â (2.2.8),

z(t) = (S22(t))
−1S∗

12(t)(y(t)− Cy(t− τ)) + y(t− τ).

Îòñþäà ïîëó÷àåì ⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
= ⟨P (t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩+ ⟨S22(t)z(t), z(t)⟩ ,

ãäå ìàòðèöà P (t) çàäàíà â (2.2.10). Ñëåäîâàòåëüíî,⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ ⟨P (t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

≥ pmin(t)∥y(t)− Cy(t− τ)∥2,
ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Èñ-
ïîëüçóÿ ìàòðèöó H(t), èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
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≥ pmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩ .

Â ñèëó (2.2.21) îòñþäà ïîëó÷àåì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Èñïîëüçóÿ óñëîâèå (1.2.8), èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (2.2.5) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y), (2.2.22)

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k

}
. Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà

èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ) dξ

)
.

Î÷åâèäíî,

∥y(t)−Cy(t−τ)∥2 ≤ 1

hmin(t)
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩ ,

ãäå hmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t). Òîãäà ñ
ó÷åòîì îïðåäåëåíèÿ ôóíêöèîíàëà (2.2.5) èç (2.2.22) ïîëó÷àåì òðåáóåìîå
íåðàâåíñòâî (2.2.20).
Ëåììà 2.2.1 äîêàçàíà.

Îïèðàÿñü íà ïîëó÷åííûé ðåçóëüòàò, íèæå ìû ïîëó÷àåì îöåíêè ðåøå-
íèé íà÷àëüíîé çàäà÷è (2.2.4) íà ïðîìåæóòêàõ t ∈ [kτ, (k + 1)τ), k =
0, 1, . . . .



79

Ëåììà 2.2.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1. Òîãäà äëÿ ðå-

øåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k +
1)τ), k = 0, 1, . . . , èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2

k∑
j=0

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ
+ ∥Ck+1∥Φ1, (2.2.23)

ãäå Φ1, Φ2, β(t) îïðåäåëåíû â (2.2.11), (2.2.13).

Äîêàçàòåëüñòâî. Î÷åâèäíî, â ñèëó (2.2.20) ïðè t ∈ [0, τ) ñ ó÷åòîì
îáîçíà÷åíèé (2.2.11), (2.2.13) èìååì

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ)∥ ≤ Φ2e

−
t∫
0

β(ξ) dξ
+ ∥C∥Φ1,

÷òî äàåò òðåáóåìîå íåðàâåíñòâî (2.2.23) ïðè k = 0.
Ïóñòü t ∈ [τ, 2τ). Â ñèëó (2.2.20) ñ ó÷åòîì îáîçíà÷åíèé (2.2.11), (2.2.13)

èìååì

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ)− C2y(t− 2τ)∥+ ∥C2y(t− 2τ)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥C∥ ∥y(t− τ)− Cy(t− 2τ)∥+ ∥C2∥ ∥y(t− 2τ)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+ Φ2∥C∥e

−
t−τ∫
0

β(ξ) dξ
+ ∥C2∥Φ1,

÷òî äàåò òðåáóåìîå íåðàâåíñòâî (2.2.23) ïðè k = 1.
Ïóñòü t ∈ [kτ, (k + 1)τ). Íåòðóäíî âûïèñàòü öåïî÷êó íåðàâåíñòâ:

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ)−C2y(t− 2τ)∥+ ∥C2y(t− 2τ)−C3y(t− 3τ)∥

+ · · ·+ ∥Cky(t− kτ)− Ck+1y(t− (k + 1)τ)∥+ ∥Ck+1y(t− (k + 1)τ)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+∥C∥ ∥y(t−τ)−Cy(t−2τ)∥+∥C2∥ ∥y(t−2τ)−Cy(t−3τ)∥

+ · · ·+ ∥Ck∥ ∥y(t− kτ)− Cy(t− (k + 1)τ)∥+ ∥Ck+1∥ ∥y(t− (k + 1)τ)∥.
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Â ñèëó (2.2.20) ïîëó÷àåì

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ Φ2∥C∥e

−
t−τ∫
0

β(ξ) dξ
+ Φ2∥C2∥e

−
t−2τ∫
0

β(ξ) dξ
+ . . .

+Φ2∥Ck∥e
−

t−kτ∫
0

β(ξ) dξ
+ ∥Ck+1∥Φ1,

÷òî äàåò òðåáóåìîå íåðàâåíñòâî (2.2.23).
Ëåììà 2.2.2 äîêàçàíà.

Ïåðåéäåì íåïîñðåäñòâåííî ê ïîëó÷åíèþ îöåíîê äëÿ ðåøåíèé íà÷àëü-
íîé çàäà÷è (2.2.4) íà âñåé ïîëóïðÿìîé {t > 0}.

Äîêàçàòåëüñòâî òåîðåìû 2.2.2. Èñïîëüçóÿ (2.2.23), äëÿ ðåøåíèÿ
íà÷àëüíîé çàäà÷è (2.2.4) íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k + 1)τ), k =
0, 1, . . . , ìîæíî âûïèñàòü íåðàâåíñòâà

∥y(t)∥ ≤

Φ2

k∑
j=0

∥Cj∥e
t∫

t−jτ

β(ξ) dξ

+ ∥Ck+1∥e
t∫
0

β(ξ) dξ
Φ1

 e− t∫
0

β(ξ) dξ

≤

[
Φ2

k∑
j=0

∥Cj∥ejβ+τ + ∥Ck+1∥e(k+1)β+τΦ1

]
e
−

t∫
0

β(ξ) dξ
,

ãäå β+ îïðåäåëåíî â (2.2.13). Îòñþäà, ó÷èòûâàÿ óñëîâèå (2.2.14) íà ∥C l∥,
äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) íà âñåé ïîëóïðÿìîé {t > 0} ïîëó-
÷àåì îöåíêó

∥y(t)∥ ≤

[
Φ2

∞∑
j=0

∥Cj∥ejβ+τ

+max
{
∥C∥eβ+τ , . . . , ∥C l∥elβ+τ

}
Φ1

]
e
−

t∫
0

β(ξ) dξ
. (2.2.24)

Ðàññìîòðèì ðÿä
∞∑
j=0

∥Cj∥ejβ+τ . Î÷åâèäíî,

∞∑
j=0

∥Cj∥ejβ+τ =
l−1∑
j=0

∥Cj∥ejβ+τ +
2l−1∑
j=l

∥Cj∥ejβ+τ +
3l−1∑
j=2l

∥Cj∥ejβ+τ + . . . .
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Ñëåäîâàòåëüíî,

∞∑
j=0

∥Cj∥ejβ+τ ≤
l−1∑
j=0

∥Cj∥ejβ+τ + ∥C l∥elβ+τ
l−1∑
j=0

∥Cj∥ejβ+τ

+
(
∥C l∥elβ+τ

)2 l−1∑
j=0

∥Cj∥ejβ+τ + . . .

=

(
1 + ∥C l∥elβ+τ +

(
∥C l∥elβ+τ

)2
+ . . .

) l−1∑
j=0

∥Cj∥ejβ+τ .

Îòñþäà, ïîñêîëüêó ñîãëàñíî óñëîâèþ (2.2.14) ∥C l∥elβ+τ < 1, èìååì

∞∑
j=0

∥Cj∥ejβ+τ ≤
(
1− ∥C l∥elβ+τ

)−1
l−1∑
j=0

∥Cj∥ejβ+τ .

Èñïîëüçóÿ ýòî íåðàâåíñòâî, èç (2.2.24) ïîëó÷àåì îöåíêó (2.2.15).
Òåîðåìà 2.2.2 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.2.3. Âíà÷àëå ïðîâåäåì äîêàçàòåëüñòâî
â ñëó÷àå l = 1. Èç îöåíêè (2.2.23) äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4)
íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k + 1)τ), k = 0, 1, . . . , èìååì

∥y(t)∥ ≤ Φ2

k∑
j=0

e

t∫
t−jτ

1
τ ln ∥C∥ dξ−

t−jτ∫
0

β(ξ) dξ

+ ∥Ck+1∥Φ1. (2.2.25)

Â ñèëó îïðåäåëåíèÿ ôóíêöèè β̃(t) â (2.2.17) äëÿ ôóíêöèé, ñòîÿùèõ â
ïîêàçàòåëå ýêñïîíåíò, ñïðàâåäëèâû íåðàâåíñòâà

t∫
t−jτ

1

τ
ln ∥C∥ dξ −

t−jτ∫
0

β(ξ) dξ ≤ −
t∫

0

β̃(ξ) dξ.

Ñëåäîâàòåëüíî, èç (2.2.25) ïîëó÷àåì

∥y(t)∥ ≤ Φ2(k + 1)e
−

t∫
0

β̃(ξ) dξ
+ ∥Ck+1∥Φ1.
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Îòñþäà íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k + 1)τ), k = 0, 1, . . . , èìååì

∥y(t)∥ ≤ Φ2

(
1 +

t

τ

)
e
−

t∫
0

β̃(ξ) dξ
+ ∥C∥k+1Φ1

= Φ2

(
1 +

t

τ

)
e
−

t∫
0

β̃(ξ) dξ
+ e(k+1) ln ∥C∥Φ1

≤ Φ2

(
1 +

t

τ

)
e
−

t∫
0

β̃(ξ) dξ
+ e

t
τ ln ∥C∥Φ1.

Â ñèëó îïðåäåëåíèÿ ôóíêöèè β̃(t) ïîëó÷àåì

∥y(t)∥ ≤ Φ2

(
1 +

t

τ

)
e
−

t∫
0

β̃(ξ) dξ
+ e

−
t∫
0

β̃(ξ) dξ
Φ1,

÷òî äàåò òðåáóåìîå íåðàâåíñòâî (2.2.16) â ñëó÷àå l = 1.
Ïóñòü l ≥ 2. Êàê äîêàçàíî â ëåììå 2.2.2, äëÿ ðåøåíèÿ íà÷àëüíîé çà-

äà÷è (2.2.4) íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k + 1)τ), k = 0, 1, . . . , ñïðà-
âåäëèâà îöåíêà (2.2.23).
Âíà÷àëå ðàññìîòðèì ñëó÷àé, êîãäà l ≤ k ≤ 2l − 1. Îáîçíà÷èì ïåðâîå

ñëàãàåìîå â (2.2.23) ÷åðåç I1(t) è ïåðåïèøåì åãî ñëåäóþùèì îáðàçîì:

I1(t) = Φ2

l−1∑
j=0

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ
+ Φ2

k∑
j=l

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ

= Φ2

l−1∑
j=0

∥Cj∥e
t∫

t−jτ

β(ξ) dξ

e
−

t∫
0

β(ξ) dξ
+ Φ2

k∑
j=l

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ
.

Ñ ó÷åòîì îïðåäåëåíèÿ ÷èñëà β+ â (2.2.13) èìååì

I1(t) ≤ Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

k∑
j=l

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ

≤ Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

k−l∑
j=0

∥C l∥∥Cj∥e
−

t−(l+j)τ∫
0

β(ξ) dξ
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= Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

k−l∑
j=0

∥Cj∥e
t−lτ∫

t−(l+j)τ

β(ξ) dξ

∥C l∥e
−

t−lτ∫
0

β(ξ) dξ

≤ Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

k−l∑
j=0

∥Cj∥ejβ+τ ∥C l∥e
−

t−lτ∫
0

β(ξ) dξ
.

Èñïîëüçóÿ îïðåäåëåíèå ôóíêöèè β̃(t) â (2.2.17), ïîëó÷àåì

∥C l∥e
−

t−lτ∫
0

β(ξ) dξ
= e

t∫
t−lτ

1
lτ ln ∥Cl∥ dξ−

t−lτ∫
0

β(ξ) dξ

≤ e
−

t∫
0

β̃(ξ) dξ
.

Ñëåäîâàòåëüíî,

I1(t) ≤ Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

k−l∑
j=0

∥Cj∥ejβ+τ e
−

t∫
0

β̃(ξ) dξ
.

Ïîñêîëüêó l ≤ k ≤ 2l − 1, òî 1 ≤ t

lτ
< 2. Òîãäà

I1(t) ≤ Φ2

(
1 +

t

lτ

) l−1∑
j=0

∥Cj∥ejβ+τ e
−

t∫
0

β̃(ξ) dξ
. (2.2.26)

Ðàññìîòðèì âòîðîå ñëàãàåìîå â îöåíêå (2.2.23) ïðè t ∈ [kτ, (k + 1)τ):

I2(t) = ∥Ck+1∥Φ1.

Åñëè l ≤ k ≤ 2l − 2, òî

I2(t) ≤ ∥C l∥ ∥Ck+1−l∥Φ1 = e

t∫
t−lτ

1
lτ ln ∥Cl∥ dξ

∥Ck+1−l∥Φ1

= e

t∫
t−lτ

1
lτ ln ∥Cl∥ dξ−

t−lτ∫
0

β(ξ) dξ

e

t−lτ∫
0

β(ξ) dξ
∥Ck+1−l∥Φ1.

Îòñþäà â ñèëó îïðåäåëåíèé β+ â (2.2.13) è β̃(t) â (2.2.17) ïîëó÷àåì

I2(t) ≤ e
−

t∫
0

β̃(ξ) dξ
e(t−lτ)β+∥Ck+1−l∥Φ1 ≤ e

−
t∫
0

β̃(ξ) dξ
e(k+1−l)β+τ∥Ck+1−l∥Φ1.

Ñëåäîâàòåëüíî,

I2(t) ≤ max
{
∥C∥eβ+τ , . . . , ∥C l−1∥e(l−1)β+τ

}
e
−

t∫
0

β̃(ξ) dξ
Φ1. (2.2.27)
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Åñëè k = 2l − 1, òî (2l − 1)τ ≤ t < 2lτ . Òîãäà, î÷åâèäíî, èìååì

I2(t) ≤ ∥C l∥2Φ1 = e2 ln ∥C
l∥Φ1 ≤ e

t
lτ ln ∥Cl∥Φ1

= e

t∫
0

1
lτ ln ∥Cl∥ dξ

Φ1 ≤ e
−

t∫
0

β̃(ξ) dξ
Φ1.

Ñ ó÷åòîì îöåíêè (2.2.27) ïðè l ≤ k ≤ 2l − 1 äëÿ âòîðîãî ñëàãàåìîãî â
(2.2.23) èìååì íåðàâåíñòâî

I2(t) ≤ max
{
1, ∥C∥eβ+τ , . . . , ∥C∥l−1e(l−1)β+τ

}
e
−

t∫
0

β̃(ξ) dξ
Φ1. (2.2.28)

Îöåíêè (2.2.26) è (2.2.28) äàþò òðåáóåìîå íåðàâåíñòâî (2.2.16) â ñëó÷àå
l ≥ 2 ïðè t ∈ [kτ, (k+1)τ), l ≤ k ≤ 2l−1. Îòìåòèì, ÷òî ïîëó÷åíèå îöåíêè
(2.2.16) ïðè 0 ≤ k ≤ l − 1 íå âûçûâàåò çàòðóäíåíèé.
Ïåðåéäåì òåïåðü ê ñëó÷àþ ml ≤ k ≤ (m + 1)l − 1, m = 2, 3, . . . .

Âíà÷àëå ðàññìîòðèì ïåðâîå ñëàãàåìîå I1(t) â (2.2.23) è ïåðåïèøåì åãî
ñëåäóþùèì îáðàçîì:

I1(t) = Φ2

l−1∑
j=0

∥Cj∥e
t∫

t−jτ

β(ξ) dξ

e
−

t∫
0

β(ξ) dξ
+ Φ2

2l−1∑
j=l

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ
+ . . .

+Φ2

ml−1∑
j=(m−1)l

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ
+ Φ2

k∑
j=ml

∥Cj∥e
−

t−jτ∫
0

β(ξ) dξ
.

Ñ ó÷åòîì îïðåäåëåíèÿ ÷èñëà β+ â (2.2.13) èìååì

I1(t) ≤ Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

l−1∑
j=0

∥C l∥ ∥Cj∥e
−

t−(l+j)τ∫
0

β(ξ) dξ
+ . . .

+Φ2

l−1∑
j=0

∥C l∥m−1∥Cj∥e
−

t−((m−1)l+j)τ∫
0

β(ξ) dξ
+Φ2

k−ml∑
j=0

∥C l∥m∥Cj∥e
−

t−(ml+j)τ∫
0

β(ξ) dξ

= Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+Φ2

l−1∑
j=0

∥Cj∥e
t−lτ∫

t−(l+j)τ

β(ξ) dξ

∥C l∥e
−

t−lτ∫
0

β(ξ) dξ
+. . .

+Φ2

l−1∑
j=0

∥Cj∥e

t−(m−1)lτ∫
t−((m−1)l+j)τ

β(ξ) dξ

∥C l∥m−1e
−

t−(m−1)lτ∫
0

β(ξ) dξ
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+Φ2

k−ml∑
j=0

∥Cj∥e
t−mlτ∫

t−(ml+j)τ

β(ξ) dξ

∥C l∥me
−

t−mlτ∫
0

β(ξ) dξ

≤ Φ2

l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β(ξ) dξ
+ Φ2

l−1∑
j=0

∥Cj∥ejβ+τ∥C l∥e
−

t−lτ∫
0

β(ξ) dξ
+ . . .

+Φ2

l−1∑
j=0

∥Cj∥ejβ+τ∥C l∥m−1e
−

t−(m−1)lτ∫
0

β(ξ) dξ

+Φ2

k−ml∑
j=0

∥Cj∥ejβ+τ∥C l∥me
−

t−mlτ∫
0

β(ξ) dξ
.

Êàê âûøå, èñïîëüçóÿ îïðåäåëåíèå β̃(t) â (2.2.17), ïðè i = 1, . . . ,m ïîëó-
÷àåì

∥C l∥ie
−

t−ilτ∫
0

β(ξ) dξ
= e

t∫
t−ilτ

1
lτ ln ∥Cl∥ dξ−

t−ilτ∫
0

β(ξ) dξ

≤ e
−

t∫
0

β̃(ξ) dξ
.

Ñëåäîâàòåëüíî,

I1(t) ≤ Φ2(1 +m)
l−1∑
j=0

∥Cj∥ejβ+τe
−

t∫
0

β̃(ξ) dξ
.

Ïîñêîëüêó ml ≤ k ≤ (m+ 1)l − 1, òî m ≤ t

lτ
< m+ 1. Òîãäà

I1(t) ≤ Φ2

(
1 +

t

lτ

) l−1∑
j=0

∥Cj∥ejβ+τ e
−

t∫
0

β̃(ξ) dξ
. (2.2.29)

Ðàññìîòðèì âòîðîå ñëàãàåìîå I2(t) â îöåíêå (2.2.23) ïðè t ∈ [kτ, (k +
1)τ). Åñëè ml ≤ k ≤ (m+ 1)l − 2, òî

I2(t) ≤ ∥C l∥m ∥Ck+1−ml∥Φ1

= e

t∫
t−mlτ

1
lτ ln ∥Cl∥ dξ−

t−mlτ∫
0

β(ξ) dξ

e

t−mlτ∫
0

β(ξ) dξ
∥Ck+1−ml∥Φ1

≤ e
−

t∫
0

β̃(ξ) dξ
e(t−mlτ)β+∥Ck+1−ml∥Φ1 ≤ e

−
t∫
0

β̃(ξ) dξ
e(k+1−ml)β+τ∥Ck+1−ml∥Φ1.
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Ñëåäîâàòåëüíî,

I2(t) ≤ max
{
∥C∥eβ+τ , . . . , ∥C l−1∥e(l−1)β+τ

}
e
−

t∫
0

β̃(ξ) dξ
Φ1. (2.2.30)

Åñëè k = (m+1)l−1, òî ((m+1)l−1)τ ≤ t < (m+1)lτ . Òîãäà, î÷åâèäíî,
èìååì

I2(t) ≤ ∥C l∥m+1Φ1 = e(m+1) ln ∥Cl∥Φ1 ≤ e
t
lτ ln ∥Cl∥Φ1 ≤ e

−
t∫
0

β̃(ξ) dξ
Φ1.

Ñ ó÷åòîì îöåíêè (2.2.30) ïðè ml ≤ k ≤ (m+ 1)l− 1 äëÿ âòîðîãî ñëàãàå-
ìîãî â (2.2.23) èìååì íåðàâåíñòâî

I2(t) ≤ max
{
1, ∥C∥eβ+τ , . . . , ∥C l−1∥e(l−1)β+τ

}
e
−

t∫
0

β̃(ξ) dξ
Φ1. (2.2.31)

Â ñèëó ïðîèçâîëüíîñòè m îöåíêè (2.2.29) è (2.2.31) äàþò òðåáóåìîå
íåðàâåíñòâî (2.2.16) â ñëó÷àå l ≥ 2 ïðè âñåõ t > 0.
Òåîðåìà 2.2.3 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.2.4. Èñïîëüçóÿ íåðàâåíñòâî (2.2.23), äî-
êàçàííîå â ëåììå 2.2.2, äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.2.4) íà êàæäîì
ïðîìåæóòêå t ∈ [kτ, (k + 1)τ), k = 0, 1, . . . , ìîæíî âûïèñàòü îöåíêó

∥y(t)∥ ≤ Φ2

k∑
j=0

∥Cj∥e−β−(t−jτ) + ∥Ck+1∥Φ1, (2.2.32)

ãäå β− îïðåäåëåíî â (2.2.13).
Âíà÷àëå ðàññìîòðèì ïåðâîå ñëàãàåìîå â (2.2.32). Î÷åâèäíî, ïðè 0 ≤

k ≤ l − 1
k∑

j=0

∥Cj∥ejβ−τ ≤
l−1∑
j=0

∥Cj∥ejβ−τ .

Ïóñòü l ≤ k ≤ 2l − 1. Òîãäà

k∑
j=0

∥Cj∥ejβ−τ =
l−1∑
j=0

∥Cj∥ejβ−τ +
k∑

j=l

∥Cj∥ejβ−τ

≤
l−1∑
j=0

∥Cj∥ejβ−τ + ∥C l∥elβ−τ
k−l∑
j=0

∥Cj∥ejβ−τ
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≤ ∥C l∥elβ−τ

[
1 +

(
∥C l∥elβ−τ

)−1
] l−1∑

j=0

∥Cj∥ejβ−τ .

Ïóñòü ml ≤ k ≤ (m+ 1)l − 1, m = 2, 3, . . . . Î÷åâèäíî,

k∑
j=0

∥Cj∥ejβ−τ ≤
l−1∑
j=0

∥Cj∥ejβ−τ

+∥C l∥elβ−τ
l−1∑
j=0

∥Cj∥ejβ−τ + · · ·+ ∥Cml∥emlβ−τ
k−ml∑
j=0

∥Cj∥ejβ−τ

≤
[
1 + ∥C l∥elβ−τ + · · ·+ ∥C l∥memlβ−τ

] l−1∑
j=0

∥Cj∥ejβ−τ .

Ñëåäîâàòåëüíî,

k∑
j=0

∥Cj∥ejβ−τ ≤ ∥C l∥memlβ−τ

[
1 +

(
∥C l∥elβ−τ

)−1

+ · · ·+
(
∥C l∥elβ−τ

)−m
]

×
l−1∑
j=0

∥Cj∥ejβ−τ ≤ ∥C l∥memlβ−τ

×
[
1 +

(
∥C l∥elβ−τ

)−1

+ · · ·+
(
∥C l∥elβ−τ

)−m

+ . . .

] l−1∑
j=0

∥Cj∥ejβ−τ .

Ïîñêîëüêó ∥C l∥elβ−τ > 1 ñîãëàñíî óñëîâèþ (2.11), òî

k∑
j=0

∥Cj∥ejβ−τ ≤ ∥C l∥memlβ−τ

[
1−

(
∥C l∥elβ−τ

)−1
]−1 l−1∑

j=0

∥Cj∥ejβ−τ .

Ó÷èòûâàÿ, ÷òî mlτ ≤ t < (m+ 1)lτ , ïîëó÷àåì

k∑
j=0

∥Cj∥e−β−(t−jτ) ≤ ∥C l∥me−β−(t−mlτ)

[
1−

(
∥C l∥elβ−τ

)−1
]−1

×
l−1∑
j=0

∥Cj∥ejβ−τ ≤ ∥C l∥
t
lτ

[
1−

(
∥C l∥elβ−τ

)−1
]−1 l−1∑

j=0

∥Cj∥ejβ−τ .
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Òàêèì îáðàçîì, äëÿ ïåðâîãî ñëàãàåìîãî â (2.2.32) ïðè ëþáîì k ïîëó-
÷àåì îöåíêó

Φ2

k∑
j=0

∥Cj∥e−β−(t−jτ) ≤ Φ2

[
1−

(
∥C l∥elβ−τ

)−1
]−1

×

(
l−1∑
j=0

∥Cj∥ejβ−τ

)
exp

(
t

lτ
ln ∥C l∥

)
. (2.2.33)

Ðàññìîòðèì òåïåðü âòîðîå ñëàãàåìîå â (2.2.32). Î÷åâèäíî, ïðè 0 ≤ k ≤
l − 2

∥Ck+1∥ ≤ max
{
∥C∥, . . . , ∥C l−1∥

}
.

Ïóñòü ml − 1 ≤ k ≤ (m+ 1)l − 2, m = 1, 2, . . . . Òîãäà

∥Ck+1∥ ≤ ∥C l∥m∥Ck+1−ml∥ ≤ ∥C l∥mmax
{
1, ∥C∥, . . . , ∥C l−1∥

}
.

Ïîñêîëüêó ∥C l∥ < 1 è t < ((m+ 1)l − 1)τ , òî

∥C l∥m ≤ ∥C l∥
t−(l−1)τ

lτ = ∥C l∥
1
l−1 exp

(
t

lτ
ln ∥C l∥

)
.

Òîãäà â ñèëó ïðîèçâîëüíîñòè m èìååì

∥Ck+1∥ ≤ ∥C l∥
1
l−1max

{
1, ∥C∥, . . . , ∥C l−1∥

}
exp

(
t

lτ
ln ∥C l∥

)
äëÿ ëþáîãî k. Ó÷èòûâàÿ îöåíêó (2.2.33) äëÿ ïåðâîãî ñëàãàåìîãî â (2.2.32),
ïðèõîäèì ê íåðàâåíñòâó (2.2.19).
Òåîðåìà 2.2.4 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.2.1.Èç îöåíîê (2.2.15), (2.2.16), (2.2.19),
óñòàíîâëåííûõ â òåîðåìàõ 2.2.2�2.2.4, âûòåêàåò ýêñïîíåíöèàëüíàÿ óñòîé-
÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2.1) ïðè âûïîëíåíèè óñëîâèé òåî-
ðåìû 2.2.1.
Òåîðåìà 2.2.1 äîêàçàíà.

Çàìå÷àíèå 1. Êàê âèäèì èç ôîðìóëèðîâîê äîêàçàííûõ âûøå òåî-
ðåì, óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé ôîðìóëèðóþòñÿ â
òåðìèíàõ ìàòðè÷íûõ íåðàâåíñòâ. Óñòàíîâëåííûå îöåíêè õàðàêòåðèçóþò
ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé, ïðè ýòîì âñå âåëè÷èíû
óêàçàíû â ÿâíîì âèäå.
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Çàìå÷àíèå 2. Îòìåòèì, ÷òî îñíîâîé äëÿ ïîëó÷åíèÿ îöåíîê ðåøåíèé
íà÷àëüíîé çàäà÷è (2.2.4) ÿâèëîñü íåðàâåíñòâî (2.2.20), óñòàíîâëåííîå â
ëåììå 2.2.1. Ôàêòè÷åñêè, ïðè äîêàçàòåëüñòâå òåîðåì 2.2.2�2.2.4 ìû ïðåä-
ëîæèëè ñïîñîá ïîëó÷åíèÿ îöåíîê ðåøåíèé íà÷àëüíîé çàäà÷è äëÿ íåîä-
íîðîäíûõ ôóíêöèîíàëüíî-ðàçíîñòíûõ óðàâíåíèé

y(t) = Cy(t− τ) + f(t), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],
(2.2.34)

ãäå ñïåêòð ìàòðèöû C ïðèíàäëåæèò åäèíè÷íîãî êðóãó {λ ∈ C : |λ| < 1},
à ïðàâàÿ ÷àñòü óäîâëåòâîðÿåò îöåíêå

∥f(t)∥ ≤ σ1(t) exp

(
−
∫ t

0

σ2(ξ) dξ

)
, (2.2.35)

σj(t) > 0 � T -ïåðèîäè÷åñêèå ôóíêöèè.

Çàìå÷àíèå 3. Èíîãäà èññëåäîâàòåëåé ïîìèìî îöåíîê íà ðåøåíèå y(t)

íà÷àëüíîé çàäà÷è (2.2.4) èíòåðåñóþò îöåíêè íà ïðîèçâîäíóþ
d

dt
y(t). Îò-

ìåòèì, ÷òî, èñïîëüçóÿ ïðåäëîæåííóþ ìåòîäèêó, òàêèå îöåíêè íåòðóäíî
ïîëó÷èòü, åñëè ðåøåíèå ñèñòåìû (2.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî, ò.å.
óäîâëåòâîðÿåò îöåíêå âèäà

∥y(t)∥ ≤ α1e
−α2t, αj > 0.

Äåéñòâèòåëüíî, â ñèëó (2.2.4) âåêòîð-ôóíêöèÿ

z(t) =
d

dt
y(t)

ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíîé çàäà÷è äëÿ íåîäíîðîäíîãî ôóíêöèîíàëüíî-
ðàçíîñòíîãî óðàâíåíèÿ âèäà (2.2.34)

z(t) = Cz(t− τ) + g(t), t > 0,

z(t) = ψ(t), t ∈ [−τ, 0],

ãäå ψ(t) =
d

dt
φ(t), g(t) óäîâëåòâîðÿåò îöåíêå âèäà (2.2.35). Òîãäà, êàê

îòìå÷àëîñü â çàìå÷àíèè 2, èñïîëüçóÿ ñïîñîá, ïðåäëîæåííûé ïðè äîêàçà-
òåëüñòâå òåîðåì 2.2.2�2.2.4, íåòðóäíî ïîëó÷èòü îöåíêè äëÿ z(t).
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Çàìå÷àíèå 4. Ïðè ïîëó÷åíèè îöåíîê ðåøåíèé çàäà÷è (2.2.4) ìû èñ-
ïîëüçîâàëè òîò ôàêò, ÷òî ñïåêòð ìàòðèöû C ïðèíàäëåæèò åäèíè÷íîãî
êðóãó {λ ∈ C : |λ| < 1}, è ñëåäîâàòåëüíî, ñóùåñòâóåò íàòóðàëüíîå l,
íà÷èíàÿ ñ êîòîðîãî ∥C l∥ < 1. Â çàâèñèìîñòè îò ýòîé âåëè÷èíû áûëè
ïîëó÷åíû îöåíêè (2.2.15), (2.2.16), (2.2.19). Ñëåäóåò îòìåòèòü, ÷òî ïðè
îöåíèâàíèè ∥Cj∥ ìîæíî áûëî áû èñïîëüçîâàòü ðåøåíèå L = L∗ > 0
äèñêðåòíîãî óðàâíåíèÿ Ëÿïóíîâà

L− C∗LC = I.

Êàê èçâåñòíî (ñì., íàïðèìåð, [25, 28]),

∥Cj∥ ≤
(
1− 1

∥L∥

)j/2√
∥L∥∥L−1∥, j = 1, 2, . . . .

Îäíàêî â ýòîì ñëó÷àå îöåíêè áóäóò áîëåå ñëàáûìè ïî ñðàâíåíèþ ñ îöåí-
êàìè (2.2.15), (2.2.16), (2.2.19).

Çàìå÷àíèå 5. Åñëè C = 0, òî óòâåðæäåíèå òåîðåìû 2.2.2 ïåðåõîäèò â
óòâåðæäåíèå òåîðåìû 1.2.2, ïðè ýòîì îöåíêà (2.2.15) � â îöåíêó (1.2.12).

Êàê è â ñëó÷àå ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çàïàçäûâàþùåãî
òèïà, óñëîâèÿ (1.2.3) íà K(s) ìîæíî îñëàáèòü, ïðè ýòîì îòêàçàòüñÿ îò
òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Q(t), çàäàííîé â
(2.2.2).

Òåîðåìà 2.2.5 Ïóñòü ñïåêòð ìàòðèöû C ïðèíàäëåæèò åäèíè÷íîìó

êðóãó {λ ∈ C : |λ| < 1}. Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû

H(t) è K(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2) è (1.2.17), òàêèå, ÷òî
äëÿ ìàòðèöû Q(t) â (2.2.2) ñïðàâåäëèâî íåðàâåíñòâî⟨

Q(t)

(
u
v

)
,

(
u
v

)⟩
≥ ⟨P̃ (t)(u− Cv), (u− Cv)⟩, (2.2.36)

u, v ∈ Cn, t ∈ [0, T ],

ãäå P̃ (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðå-

ðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóåò ÷èñëî k > 0, óäîâëåòâîðÿ-
þùåå (1.2.8), òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.2.1) ýêñïîíåíöèàëü-

íî óñòîé÷èâî, ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (2.2.4) èìååò ìåñòî îöåíêà

(2.2.20), ãäå

γ(t) = min

{
p̃min(t)

∥H(t)∥
, k

}
, (2.2.37)
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p̃min(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P̃ (t).

Â îöåíêå (2.2.20) èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðîäîëæåíèÿ îïðåäå-
ëåííûõ âûøå ôóíêöèè p̃min(t) è ìàòðèöû H(t) íà âñþ ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðå-
ìû 2.2.5, òî â ñèëó (2.2.7) è (2.2.36)

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) ≤ −P̃ (t)−K(0),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7), ãäå G(t) �
ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà. Êàê îòìå÷àëîñü âûøå,
èç [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì H(t) è
P̃ (t) T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå
îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöó K(s), óäîâëåòâî-
ðÿþùóþ óñëîâèÿì òåîðåìû 2.2.5, ðàññìîòðèì íà ðåøåíèè çàäà÷è (2.2.4)
ôóíêöèîíàë (2.2.5). Êàê ïðè äîêàçàòåëüñòâå ëåììû 2.2.1, ïîñëå äèôôå-
ðåíöèðîâàíèÿ ïîëó÷àåì (2.2.21). Â ñèëó (2.2.36) èìååì⟨

Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ ⟨P̃ (t)(y(t)−Cy(t− τ)), (y(t)−Cy(t− τ))⟩ ≥ p̃min(t)∥y(t)−Cy(t− τ)∥2,
ãäå p̃min(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P̃ (t). Èñ-
ïîëüçóÿ (1.2.8) è (1.2.15), èç (2.2.21) èìååì

d

dt
V (t, y) ≤ − p̃min(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (2.2.5) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) > 0 çàäàíî â (2.2.37). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå ëåì-
ìû 2.2.1, èìååì íåðàâåíñòâî (2.2.20).
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Ïîâòîðÿÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâ òåîðåì 2.2.2�2.2.4, ïðè âû-
ïîëíåíèè óñëîâèé òåîðåìû 2.2.5 ïîëó÷àåì àíàëîãè÷íûå îöåíêè íà ðå-
øåíèå çàäà÷è (2.2.4), êîòîðûå ãàðàíòèðóþò ýêñïîíåíöèàëüíóþ óñòîé÷è-
âîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (2.2.1).
Òåîðåìà 2.2.5 äîêàçàíà.

Ïðèìåð.

Ðàññìîòðèì ñèñòåìó âèäà (2.2.1), ãäå

A =

(
−3 −2
1 0

)
, B =

(
0 a
a 0

)
, C =

(
0.1 0
0 0.1

)
, a ∈ R.

Â ðàáîòå [148] áûëî ïîêàçàíî, ÷òî åñëè |a| < 0.4, òî íóëåâîå ðåøåíèå
ñèñòåìû óñòîé÷èâî ïðè ëþáîì çàïàçäûâàíèè τ . Ýòà æå ñèñòåìà ðàññìàò-
ðèâàëàñü â ðàáîòå [139], ãäå óñòîé÷èâîñòü áûëà óñòàíîâëåíà ïðè óñëîâèè
|a| < 0.533. Â ðàáîòå [108] áûëà óñòàíîâëåíà ýêñïîíåíöèàëüíàÿ óñòîé-
÷èâîñòü, åñëè |a| ≤ 0.6213. Áîëåå òîãî, ïðè a = 0.6213 è τ = 1 áûëà
ïîëó÷åíà ñëåäóþùàÿ îöåíêà:

∥y(t)∥ ≤
(
c1∥y(0)∥+ c2 sup

−1≤s≤0
∥y(s)∥+ c3 sup

−1≤s≤0

∥∥∥∥ ddsy(s)
∥∥∥∥) e−0.00001559 t/2.

Ïðè òåõ æå çíà÷åíèÿõ ïàðàìåòðîâ, èñïîëüçóÿ ðåçóëüòàòû íàøåé ðàáîòû,
ìû ìîæåì óñòàíîâèòü ñëåäóþùóþ îöåíêó:

∥y(t)∥ ≤ d max
−1≤s≤0

∥y(s)∥e−0.147 t/2, d > 0. (2.2.38)

Äåéñòâèòåëüíî, âûáåðåì ìàòðèöû H è K(s) ñëåäóþùèì îáðàçîì:

H =

(
0.3 0.2
0.2 0.8

)
, K(s) = e−ksK0, k = 0.147, K0 =

(
0.8 0.2
0.2 0.2

)
.

Î÷åâèäíî, ýòè ìàòðèöû óäîâëåòâîðÿþò óñëîâèÿì (1.2.2) è (1.2.3). Ïî-
ñêîëüêó ìàòðèöà

Q =


0.6 0.2 −0.19426 −0.16639
0.2 0.6 −0.55704 −0.16426

−0.19426 −0.55704 0.7154872 0.2410018
−0.16639 −0.16426 0.2410018 0.1975108


ïîëîæèòåëüíî îïðåäåëåíà, òî ïî òåîðåìå 2.2.1 íóëåâîå ðåøåíèå ñèñòå-
ìû ýêñïîíåíöèàëüíî óñòîé÷èâî. Äëÿ ïîëó÷åíèÿ íåðàâåíñòâà (2.2.38) íàì
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íóæíî âû÷èñëèòü ìàòðèöó P , åå ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå pmin,

∥H∥ è β =
1

2
min

{
pmin

∥H∥
, k

}
. Â íàøåì ñëó÷àå

P =

(
0.4741402 0.1208201
0.1208201 0.1704705

)
, pmin = 0.1282659,

∥H∥ = 0.8701562, β =
1

2
min {0.1474056, 0.147} =

0.147

2
.

Ïîñêîëüêó ∥C∥ < e−βτ , ïî òåîðåìå 2.2.2 ïîëó÷àåì (2.2.38).
Ñëåäóåò îòìåòèòü, ÷òî èñïîëüçóÿ òå æå ìàòðèöû H è K0, íåòðóäíî

óñòàíîâèòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ïðè ïðîèçâîëüíîì ïîëîæè-
òåëüíîì çàïàçäûâàíèè τ , åñëè −0.9 ≤ a ≤ 0.78. Äîñòàòî÷íî âçÿòü, íà-
ïðèìåð, k = 0.015/τ .

2.3 Ðîáàñòíàÿ óñòîé÷èâîñòü äëÿ ñèñòåì íåéòðàëüíî-

ãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ)

+ F (t, y(t), y(t− τ)), t > 0, (2.3.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùåñòâåí-
íîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, C � ïîñòîÿííàÿ ìàòðèöà
ðàçìåðà n× n, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Ìû ïðåäïîëàãàåì, ÷òî
íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ F (t, u1, u2) ëèïøèöå-
âà ïî u1 íà ëþáîì êîìïàêòå G ⊂ [0,∞) × Rn × Rn è óäîâëåòâîðÿåò
íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥+ q2∥u2∥, t ≥ 0, uj ∈ Rn, qj ≥ 0. (2.3.2)

Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
óêàçàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷è-
âîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (2.3.1) è ïîëó÷èì îöåíêè, õàðàêòåðè-
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çóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (2.3.1) íà áåñêîíå÷íî-
ñòè. Èç äîêàçàííûõ óòâåðæäåíèé áóäóò âûòåêàòü ðåçóëüòàòû î ðîáàñòíîé
óñòîé÷èâîñòè ðåøåíèé ëèíåéíûõ ñèñòåì (2.2.1).
Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïà-

ðàãðàôà. Íà÷íåì ñ íàèáîëåå ïðîñòîãî ïî ôîðìóëèðîâêå óòâåðæäåíèÿ.
Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1, îïðåäåëèì ôóíê-
öèþ

q(t) =

(
q1 +

√
q21 + (q1∥C∥+ q2)2

)
∥H(t)∥ (2.3.3)

è ìàòðèöó
Sq(t) = S(t)− q(t)I, (2.3.4)

ãäå ìàòðèöà S(t) îïðåäåëåíà â (2.2.7).

Òåîðåìà 2.3.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1. Åñëè ìàòðè-

öà Sq(t) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ], òîãäà íóëåâîå ðåøåíèå
ñèñòåìû (2.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Íèæå ìû óñòàíîâèì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâàíèÿ ðå-
øåíèé ñèñòåìû (2.3.1). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîòðåáóåòñÿ
ââåñòè ðÿä îáîçíà÷åíèé. Â ñèëó (2.2.8) ýëåìåíòû ìàòðèöû

Sq(t) =

(
Sq
11(t) Sq

12(t)
(Sq

12(t))
∗ Sq

22(t)

)
èìåþò âèä

Sq
11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− q(t)I,

Sq
12(t) = −H(t)A(t)C −H(t)B(t)−K(0)C,

Sq
22(t) = K(τ)− C∗K(0)C − q(t)I.

(2.3.5)

Ïîñêîëüêó Sq(t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, òî åå ìîæíî ïðåä-
ñòàâèòü â âèäå

Sq(t) =

(
I Sq

12(t)(S
q
22(t))

−1

0 I

)(
Sq
11(t)− Sq

12(t)(S
q
22(t))

−1(Sq
12(t))

∗ 0
0 Sq

22(t)

)
×
(

I 0
(Sq

22(t))
−1(Sq

12(t))
∗ I

)
. (2.3.6)
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Ñëåäîâàòåëüíî, óñëîâèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Sq(t)
ýêâèâàëåíòíî ïîëîæèòåëüíîé îïðåäåëåííîñòè ýðìèòîâûõ ìàòðèö

P q(t) = Sq
11(t)− Sq

12(t)(S
q
22(t))

−1(Sq
12(t))

∗, Sq
22(t).

Ïî ïîñòðîåíèþ

P q(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− q(t)I,

−(H(t)A(t)C +K(0)C +H(t)B(t))

×[K(τ)− C∗K(0)C − q(t)I]−1

×(H(t)A(t)C +K(0)C +H(t)B(t))∗. (2.3.7)

Îáîçíà÷èì ÷åðåç pqmin(t) > 0 ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû
P q(t).
Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.3.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− q(t)I,

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è âèäà (1.2.7)
äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà. Êàê îòìå÷àëîñü ðàíåå, â
ýòîì ñëó÷àå èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì
îòðåçêå [0, T ]. Ïðîäîëæèì ìàòðèöó H(t) è ôóíêöèþ pqmin(t) T -ïåðèîäè-
÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå.
Èñïîëüçóÿ ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå hmin(t) > 0 ìàòðèöû H(t)
è ÷èñëî k > 0, óäîâëåòâîðÿþùåå (1.2.8), îïðåäåëèì ôóíêöèþ

γq(t) = min

{
pqmin(t)

∥H(t)∥
, k

}
. (2.3.8)

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (2.3.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ)

+ F (t, y(t), y(t− τ)), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(2.3.9)
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ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ
y(t) ∈ C([−τ,∞)) òàêóþ, ÷òî y(t) ∈ C1([(k − 1)τ, kτ ]), k = 0, 1, 2, . . . .

Âíà÷àëå äîêàæåì âñïîìîãàòåëüíûé ðåçóëüòàò, êîòîðûé áóäåò èñïîëü-
çîâàòüñÿ äëÿ äîêàçàòåëüñòâà òåîðåìû 2.3.1.

Òåîðåìà 2.3.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.3.1.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (2.3.9) èìååò ìåñòî îöåíêà

∥y(t)−Cy(t−τ)∥ ≤

√
V (0, φ)

hmin(t)
exp

−1

2

t∫
0

γq(ξ) dξ

 , t > 0. (2.3.10)

Äîêàçàòåëüñòâî òåîðåìû 2.3.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (2.3.9). Èñïîëüçóÿ ìàòðèöû H(t) è K(s), óêàçàííûå âûøå, êàê è
â ëèíåéíîì ñëó÷àå, ðàññìîòðèì íà ðåøåíèè çàäà÷è ôóíêöèîíàë Ëÿïó-
íîâà � Êðàñîâñêîãî (2.2.5). Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))

⟩

+

⟨
H(t)

d

dt
(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))

⟩
+

⟨
H(t)(y(t)− Cy(t− τ)),

d

dt
(y(t)− Cy(t− τ))

⟩
+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds.

Ó÷èòûâàÿ, ÷òî y(t) � ðåøåíèå çàäà÷è (2.3.9), èìååì

d

dt
V (t, y) = −

⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩

+W (t) +

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds,
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ãäå ìàòðèöà Q(t) îïðåäåëåíà â (2.2.2),

W (t) = ⟨H(t)F (t, y(t), y(t− τ)), (y(t)− Cy(t− τ))⟩

+ ⟨H(t)(y(t)− Cy(t− τ)), F (t, y(t), y(t− τ))⟩ .
Èñïîëüçóÿ (2.2.7), ïîëó÷àåì

d

dt
V (t, y) = −

⟨
S(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩

+W (t) +

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (2.3.11)

Â ñèëó (2.3.2)

|W (t)| ≤ 2∥H(t)∥ (q1∥y(t)∥+ q2∥y(t− τ)∥)∥y(t)− Cy(t− τ)∥

≤ 2q1∥H(t)∥∥y(t)− Cy(t− τ)∥2

+2(q1∥C∥+ q2)∥H(t)∥∥y(t− τ)∥∥y(t)− Cy(t− τ)∥. (2.3.12)

Î÷åâèäíî,

|W (t)| ≤ q(t)(∥y(t)− Cy(t− τ)∥2 + ∥y(t− τ)∥2), (2.3.13)

ãäå ôóíêöèÿ q(t) îïðåäåëåíà â (2.3.3). Òîãäà èç (2.3.11) ïîëó÷àåì

d

dt
V (t, y) ≤ −

⟨
Sq(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (2.3.14)

Â ñèëó (2.3.6) èìååì⟨
Sq(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩
≥ ⟨P q(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩,

ãäå P q(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ
â (2.3.7). Òîãäà

⟨P q(t)(y(t)−Cy(t− τ)), (y(t)−Cy(t− τ))⟩ ≥ pqmin(t)∥y(t)−Cy(t− τ)∥2,
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ãäå pqmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P q(t). Èñ-
ïîëüçóÿ (1.2.15), ïîëó÷àåì⟨

Sq(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩

≥ pqmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩ .

Â ñèëó (1.2.8) èç (2.3.14) èìååì

d

dt
V (t, y) ≤ − pqmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (2.2.5) ïîëó÷àåì

d

dt
V (t, y) ≤ −γq(t)V (t, y),

ãäå ôóíêöèÿ γq(t) çàäàíà â (2.3.8). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðà-
âåíñòâà èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γq(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (2.2.6). Èñïîëüçóÿ (1.2.15), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (2.2.5) ïîëó÷àåì

∥y(t)−Cy(t− τ)∥2 ≤ 1

hmin(t)
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

≤ V (t, y)

hmin(t)
≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γq(ξ)dξ

)
.

Îòñþäà ïîëó÷àåì îöåíêó (2.3.10).
Òåîðåìà 2.3.2 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.3.1. Íà îñíîâå îöåíêè (2.3.10), êàê â ïà-
ðàãðàôå 2.2, ïîâòîðÿÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâ òåîðåì 2.2.2�2.2.4,
ìîãóò áûòü ïîëó÷åíû àíàëîãè îöåíîê (2.2.15), (2.2.16), (2.2.19). Ýòè îöåí-
êè ãàðàíòèðóþò ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ñè-
ñòåìû (2.3.1).
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Òåîðåìà 2.3.1 äîêàçàíà.

Çàìå÷àíèå 1. Åñëè C = 0, òî óòâåðæäåíèå òåîðåìû 2.3.1 ïåðåõîäèò â
óòâåðæäåíèå òåîðåìû 1.3.1, óòâåðæäåíèå òåîðåìû 2.3.2 � â óòâåðæäåíèå
òåîðåìû 1.3.2.

Çàìå÷àíèå 2.Ôóíêöèÿ γq(t) â îöåíêå (2.3.10) õàðàêòåðèçóåò ñêîðîñòü
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåìû (2.3.1). Îíà çàâèñèò îò
ôóíêöèè q(t), êîòîðàÿ âîçíèêàåò ïðè îöåíèâàíèè ïðàâîé ÷àñòè íåðà-
âåíñòâà (2.3.12). Îäíàêî, ïðàâóþ ÷àñòü ýòîãî íåðàâåíñòâà ìîæíî îöåíè-
âàòü ðàçíûìè ñïîñîáàìè, ÷òî äàåò âîçìîæíîñòü óïðàâëÿòü ïàðàìåòðàìè
â îöåíêå äëÿ ðåøåíèé ñèñòåìû (2.3.1). Íèæå ìû ïðèâåäåì íåêîòîðûå
ðåçóëüòàòû.
Î÷åâèäíî, ÷òî äëÿ ëþáîãî α > 0 ñïðàâåäëèâî íåðàâåíñòâî

α1u
2
1 + α2u1u2 ≤

(
α1 +

α2
2

4α

)
u21 + αu22. (2.3.15)

Ñ èñïîëüçîâàíèåì (2.3.15) ïðàâóþ ÷àñòü íåðàâåíñòâà (2.3.12) ìîæíî îöå-
íèòü ñëåäóþùèì îáðàçîì

|W (t)| ≤ β1(t)∥y(t)∥2 + β2(t)∥y(t− τ)∥2, (2.3.16)

ãäå

β1(t) = 2∥H(t)∥
(
q1 +

(q1∥C∥+ q2)
2

4α(t)

)
, β2(t) = 2∥H(t)∥α(t), (2.3.17)

α(t) > 0 � ïðîèçâîëüíàÿ íåïðåðûâíàÿ ôóíêöèÿ. Íàïðèìåð, âûáèðàÿ

α(t) =
q1 +

√
q21 + (q1∥C∥+ q2)2

2
,

ìû ïîëó÷àåì, ÷òî
β1(t) = β2(t) = q(t),

è îöåíêà (2.3.16) ïåðåõîäèò â (2.3.13).
Èñïîëüçóÿ îöåíêó (2.3.16), ñôîðìóëèðóåì àíàëîãè òåîðåì 2.3.1 è 2.3.2.

Ââåäåì ìàòðèöó

Sβ(t) = S(t)−
(
β1(t) 0
0 β2(t)

)
I,

ãäå ýëåìåíòû ìàòðèöû S(t) îïðåäåëåíû â (2.2.8).
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Òåîðåìà 2.3.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1. Åñëè ìàòðè-

öà Sβ(t) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ], òîãäà íóëåâîå ðåøå-

íèå ñèñòåìû (2.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Äëÿ äîêàçàòåëüñòâà ýòîé òåîðåìû íàì íóæíî óñòàíîâèòü àíàëîã îöåí-
êè (2.3.10). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòà íàì ïîòðåáóåòñÿ ââåñòè ðÿä
îáîçíà÷åíèé. Ïî îïðåäåëåíèþ ýëåìåíòû ìàòðèöû

Sβ(t) =

(
Sβ
11(t) Sβ

12(t)

(Sβ
12(t))

∗ Sβ
22(t)

)
(2.3.18)

èìåþò âèä

Sβ
11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− β1(t)I,

Sβ
12(t) = −H(t)A(t)C −H(t)B(t)−K(0)C,

Sβ
22(t) = K(τ)− C∗K(0)C − β2(t)I.

(2.3.19)

Ìàòðèöó Sβ(t) ìîæíî ïðåäñòàâèòü â âèäå

Sβ(t) =

(
I Sβ

12(t)(S
β
22(t))

−1

0 I

)(
Sβ
11(t)− Sβ

12(t)(S
β
22(t))

−1(Sβ
12(t))

∗ 0

0 Sβ
22(t)

)

×
(

I 0

(Sβ
22(t))

−1(Sβ
12(t))

∗ I

)
. (2.3.20)

Îòñþäà âûòåêàåò, ÷òî óñëîâèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû
Sβ(t) ýêâèâàëåíòíî ïîëîæèòåëüíîé îïðåäåëåííîñòè ýðìèòîâûõ ìàòðèö

P β(t) = Sβ
11(t)− Sβ

12(t)(S
β
22(t))

−1(Sβ
12(t))

∗, Sβ
22(t).

Ïî ïîñòðîåíèþ

P β(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− β1(t)I,

−(H(t)A(t)C +K(0)C +H(t)B(t))

×[K(τ)− C∗K(0)C − β2(t)I]
−1

×(H(t)A(t)C +K(0)C +H(t)B(t))∗. (2.3.21)
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Îáîçíà÷èì ÷åðåç pβmin(t) > 0 ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû
P β(t).
Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.3.3, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− β1(t)I,

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è âèäà (1.2.7)
äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà. Êàê îòìå÷àëîñü ðàíåå, â
ýòîì ñëó÷àå èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì
îòðåçêå [0, T ]. Ïðîäîëæèì ìàòðèöó H(t) è ôóíêöèþ pβmin(t) T -ïåðèîäè-
÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå.
Èñïîëüçóÿ ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå hmin(t) > 0 ìàòðèöû H(t)
è ÷èñëî k > 0, óäîâëåòâîðÿþùåå (1.2.8), îïðåäåëèì ôóíêöèþ

γβ(t) = min

{
pβmin(t)

∥H(t)∥
, k

}
. (2.3.22)

Òåîðåìà 2.3.4 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.3.3.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (2.3.9) èìååò ìåñòî îöåíêà

∥y(t)− Cy(t− τ)∥ ≤

√
V (0, φ)

hmin(t)
exp

−1

2

t∫
0

γβ(ξ) dξ

 , t > 0. (2.3.23)

Äîêàçàòåëüñòâî òåîðåìû 2.3.4 ïðîâîäèòñÿ ïî òîé æå ñõåìå, ÷òî è äî-
êàçàòåëüñòâî òåîðåìû 2.3.2, ñ èñïîëüçîâàíèåì (2.3.16), (2.3.18)�(2.3.21).

Óòâåðæäåíèå òåîðåìû 2.3.3 ñëåäóåò èç îöåíêè (2.3.23). Äåéñòâèòåëüíî,
èñïîëüçóÿ ýòó îöåíêó, êàê â ïàðàãðàôå 2.2, ïîâòîðÿÿ ðàññóæäåíèÿ èç äî-
êàçàòåëüñòâ òåîðåì 2.2.2�2.2.4, íåòðóäíî ïîëó÷èòü àíàëîãè îöåíîê (2.2.15),
(2.2.16), (2.2.19). Ýòè îöåíêè ãàðàíòèðóþò ýêñïîíåíöèàëüíóþ óñòîé÷è-
âîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (2.3.1).

Çàìå÷àíèå. Åñëè C = 0, òî óòâåðæäåíèå òåîðåìû 2.3.3 ïåðåõîäèò â
óòâåðæäåíèå òåîðåìû 1.3.4, óòâåðæäåíèå òåîðåìû 2.3.4 � â óòâåðæäåíèå
òåîðåìû 1.3.5.

Óñëîâèÿ (1.2.3) íà K(s) ìîæíî îñëàáèòü, ïðè ýòîì îòêàçàòüñÿ îò òðå-
áîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Sβ(t).
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Òåîðåìà 2.3.5 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t) èK(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.17), òàêèå, ÷òî äëÿ ìàòðèöû

Sβ(t) ñïðàâåäëèâî íåðàâåíñòâî⟨
Sβ(t)

(
u− Cv

v

)
,

(
u− Cv

v

)⟩
≥ ⟨P̃ β(t)(u−Cv), (u−Cv)⟩, (2.3.24)

u, v ∈ Cn, t ∈ [0, T ],

ãäå P̃ β(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðå-

ðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóåò k > 0, óäîâëåòâîðÿþùåå (1.2.8),
òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (2.3.9) èìååò ìåñòî îöåíêà (2.3.23), ãäå

γβ(t) = min

{
p̃βmin(t)

∥H(t)∥
, k

}
, (2.3.25)

p̃βmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P̃ β(t).

Â îöåíêå (2.3.23) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ îïðåäåëåííûõ âûøå ôóíêöèè p̃βmin(t) è ìàòðèöû H(t) íà âñþ
ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî òåîðåìû 2.3.5. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû 2.3.5, òî â ñèëó (2.3.19) è (2.3.24)

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) ≤ −P̃ β(t)−K(0)− β1(t)I,

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7), ãäå G(t) �
ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà. Êàê îòìå÷àëîñü âûøå,
èç [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì H(t) è
P̃ β(t) T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå
îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöó K(s), óäîâëåòâî-
ðÿþùóþ óñëîâèÿì òåîðåìû 2.3.5, ðàññìîòðèì íà ðåøåíèè çàäà÷è (2.3.9)
ôóíêöèîíàë (2.2.5). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 2.3.2, ïîñëå äèô-
ôåðåíöèðîâàíèÿ ïîëó÷àåì (2.3.11). Èñïîëüçóÿ (2.3.16), ïîëó÷àåì

d

dt
V (t, y) ≤ −

⟨
Sβ(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩
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+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (2.3.26)

Â ñèëó (2.3.24) èìååì⟨
Sβ(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩
≥ ⟨P̃ β(t)(y(t)−Cy(t−τ)), (y(t)−Cy(t−τ))⟩ ≥ p̃βmin(t)∥y(t)−Cy(t−τ)∥

2,

ãäå p̃βmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P̃ β(t).
Èñïîëüçóÿ (1.2.8) è (1.2.15), èç (2.3.26) èìååì

d

dt
V (t, y) ≤ − p̃βmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (2.2.5) ïîëó÷àåì

d

dt
V (t, y) ≤ −γβ(t)V (t, y),

ãäå γβ(t) > 0 îïðåäåëåíî â (2.3.25). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå
òåîðåìû 2.3.2, èìååì íåðàâåíñòâî (2.3.23).
Òåîðåìà 2.3.5 äîêàçàíà.

Çàìå÷àíèå. Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàþò óòâåðæäåíèÿ î ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (2.2.1). Äåéñòâèòåëüíî,
ðàññìîòðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ)

+ ∆A(t)y(t) + ∆B(t)y(t− τ) + C
d

dt
y(t− τ), (2.3.27)

ãäå ∆A(t), ∆B(t) � ïðîèçâîëüíûå ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâ-
íûìè ýëåìåíòàìè òàêèå, ÷òî

∥∆A(t)∥ ≤ q1, ∥∆B(t)∥ ≤ q2, t ≥ 0.
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Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u1, u2) = ∆A(t)u1 +∆B(t)u2

óäîâëåòâîðÿåò íåðàâåíñòâó (2.3.2). Òîãäà òåîðåìû 2.3.1�2.3.5 äàþò óñëî-
âèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (2.2.1) è îöåíêè
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé âîçìóùåííîé ñèñòåìû (2.3.27) ïðè
t→ ∞.

2.4 Íåëèíåéíûå ñèñòåìû íåéòðàëüíîãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ)

+ F (t, y(t), y(t− τ)), t > 0, (2.4.1)

ãäå A(t), B(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùåñòâåí-
íîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, C � ïîñòîÿííàÿ ìàòðèöà
ðàçìåðà n× n, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Ìû ïðåäïîëàãàåì, ÷òî
íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ F (t, u1, u2) ëèïøèöå-
âà ïî u1 íà ëþáîì êîìïàêòå G ⊂ [0,∞) × Rn × Rn è óäîâëåòâîðÿåò
íåðàâåíñòâó

∥F (t, u1, u2)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2, t ≥ 0, uj ∈ Rn, (2.4.2)

qj, ωj ≥ 0, j = 1, 2.
Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé

ñèñòåìû (2.4.1). Ñëó÷àé ω1 = ω2 = 0 áûë ïîäðîáíî èññëåäîâàí â ïàðàãðà-
ôå 2.3. Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ñèñòåìû (2.4.1) ïðè ω1+ω2 ̸= 0.
Ìû óñòàíîâèì îöåíêè íà ìíîæåñòâà ïðèòÿæåíèÿ è ïîëó÷èì îöåíêè, õà-
ðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (2.4.1) íà áåñ-
êîíå÷íîñòè. Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíûõ ðå-
çóëüòàòîâ ïàðàãðàôà.
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Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (2.4.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C

d

dt
y(t− τ)

+ F (t, y(t), y(t− τ)), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(2.4.3)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ
y(t) ∈ C([−τ,∞)) òàêóþ, ÷òî y(t) ∈ C1([(k − 1)τ, kτ ]), k = 0, 1, 2, . . . .

Äàëåå ìû áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1.
Ðàññìîòðèì ìàòðèöû H(t) è K(s), óêàçàííûå â ýòîé òåîðåìå. Îòìå-
òèì, ÷òî èç ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Q(t) âûòåêàåò, ÷òî
Q11(t) > 0 íà [0, T ]. À ïîñêîëüêó H(0) = H(T ) > 0, òî, êàê îòìå÷àëîñü
ðàíåå, èç ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà [0, T ]. Ïðîäîëæèì ýòó
ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ
îáîçíà÷åíèå.
Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.4.3), îïðåäåëåííîå ïðè t ∈

[0, t′). Èñïîëüçóÿ óêàçàííóþ âûøå ìàòðèöóH(t) è ìàòðèöóK(s), óäîâëå-
òâîðÿþùóþ óñëîâèÿì òåîðåìû 2.2.1, ðàññìîòðèì íà ðåøåíèè y(t) ôóíê-
öèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (2.2.5).
Êàê â ïàðàãðàôå 2.2, ðàññìîòðèì ìàòðèöó S(t), îïðåäåëåííóþ â (2.2.7),

ñ ýëåìåíòàìè, çàäàííûìè â (2.2.8), è ìàòðèöó P (t), çàäàííóþ â (2.2.10).
Îáîçíà÷èì ÷åðåç hmin(t), pmin(t), smin(t) ìèíèìàëüíûå ñîáñòâåííûå çíà-

÷åíèÿ ìàòðèö H(t), P (t), S22(t) ñîîòâåòñòâåííî. Ïîñêîëüêó H(t) > 0,
P (t) > 0, òî â ñèëó T -ïåðèîäè÷íîñòè ýòèõ ìàòðèö hmin(t) ≥ hmin > 0,
pmin(t) ≥ pmin > 0. Èìååì òàêæå smin(t) ≡ smin > 0.
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.4.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1. Òîãäà ïðè ëþ-

áûõ ε1 > 0, ε2 > 0 äëÿ ðåøåíèÿ çàäà÷è (2.4.3) èìååò ìåñòî îöåíêà

d

dt
V (t, y) ≤ 2q1(1 + ε1)

ω1∥H(t)∥
(hmin(t))1+ω1/2

(V (t, y))1+ω1/2

−
(
pmin(t)

∥H(t)∥
− 2(smax + (4ε2)

−1)δ(∥y(t− τ)∥)
)
∥H(t)∥∥y(t)− Cy(t− τ)∥2



106

− (smin − 2∥H(t)∥ε2δ(∥y(t− τ)∥)) ∥z(t)∥2

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ds, t ∈ [0, t′), (2.4.4)

ãäå

smax = max
t∈[0,T ]

∥(S22(t))
−1S∗

12(t)∥, (2.4.5)

δ(s) = q1
(
1 + (ε1)

−1
)ω1 ∥C∥1+ω1sω1 + q2s

ω2, s ≥ 0, (2.4.6)

z(t) = (S22(t))
−1S∗

12(t)(y(t)− Cy(t− τ)) + y(t− τ) (2.4.7)

è k > 0 óäîâëåòâîðÿåò (1.2.8).

Äîêàçàòåëüñòâî. Ïðîäèôôåðåíöèðóåì ôóíêöèîíàë V (t, y). Ó÷èòû-
âàÿ, ÷òî y(t) � ðåøåíèå çàäà÷è (2.4.3), è èñïîëüçóÿ ìàòðèöó Q(t) èç
(2.2.2), ïðè t ∈ [0, t′) èìååì

d

dt
V (t, y) = −

⟨
Q(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
+⟨H(t)F (t, y(t), y(t− τ)), (y(t)− Cy(t− τ))⟩
+⟨H(t)(y(t)− Cy(t− τ)), F (t, y(t), y(t− τ))⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds. (2.4.8)

Ðàññìîòðèì ïåðâîå ñëàãàåìîå I1(t) èç ïðàâîé ÷àñòè. Î÷åâèäíî, åãî
ìîæíî çàïèñàòü â âèäå

I1(t) = −
⟨
S(t)

(
y(t)− Cy(t− τ)

y(t− τ)

)
,

(
y(t)− Cy(t− τ)

y(t− τ)

)⟩
,

ãäå ìàòðèöà S(t) îïðåäåëåíà â (2.2.7). Ïîñêîëüêó åå ìîæíî ïðåäñòàâèòü
â âèäå (2.2.9), òî äëÿ I1(t) ïîëó÷àåì îöåíêó

I1(t) ≤ −pmin(t)∥y(t) + Cy(t− τ)∥2 − smin∥z(t)∥2, (2.4.9)

ãäå âåêòîð-ôóíêöèÿ z(t) îïðåäåëåíà â (2.4.7).
Ðàññìîòðèì âòîðîå è òðåòüå ñëàãàåìûå

I2(t) = ⟨H(t)F (t, y(t), y(t− τ)), (y(t)− Cy(t− τ))⟩
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+⟨H(t)(y(t)− Cy(t− τ)), F (t, y(t), y(t− τ))⟩
èç ïðàâîé ÷àñòè (2.4.8). Â ñèëó (2.4.2)

I2(t) ≤ 2∥H(t)∥
(
q1∥y(t)∥1+ω1 + q2∥y(t− τ)∥1+ω2

)
∥y(t)− Cy(t− τ)∥.

Âîñïîëüçóåìñÿ ñëåäóþùèì íåðàâåíñòâîì:

(a+ b)1+ω ≤ (1 + ε)ωa1+ω + (1 + ε−1)ωb1+ω, a, b ≥ 0, ω, ε > 0.

Òîãäà
∥y(t)∥1+ω1 ≤ (∥y(t)− y(t− τ)∥+ ∥C∥∥y(t− τ)∥)1+ω1

≤ (1 + ε1)
ω1∥y(t)− Cy(t− τ)∥1+ω1 +

(
1 + ε1
ε1

)ω1

∥C∥1+ω1∥y(t− τ)∥1+ω1.

Íàïðèìåð, âûáèðàÿ ε1 = ∥C∥, ïîëó÷àåì

∥y(t)∥1+ω1 ≤ (∥y(t)− Cy(t− τ)∥+ ∥C∥∥y(t− τ)∥)1+ω1

≤ (1 + ∥C∥)ω1∥y(t)− Cy(t− τ)∥1+ω1 + (1 + ∥C∥)ω1∥C∥∥y(t− τ)∥1+ω1.

Ñëåäîâàòåëüíî,

I2(t) ≤ 2q1(1 + ε1)
ω1∥H∥∥y(t)− Cy(t− τ)∥2+ω1

+2∥H∥
[
q1

(
1 + ε1
ε1

)ω1

∥C∥1+ω1∥y(t− τ)∥ω1 + q2∥y(t− τ)∥ω2

]
×∥y(t− τ)∥∥y(t)− Cy(t− τ)∥.

Â ñèëó îïðåäåëåíèÿ z(t), î÷åâèäíî,

∥y(t− τ)∥ ≤ ∥(S22(t))
−1S∗

12(t)∥∥y(t)− Cy(t− τ)∥+ ∥z(t)∥.

Ñëåäîâàòåëüíî,

∥y(t− τ)∥∥y(t)− Cy(t− τ)∥ ≤ ∥(S22(t))
−1S∗

12(t)∥∥y(t)− Cy(t− τ)∥2

+∥z(t)∥∥y(t)− Cy(t− τ)∥

≤
(
∥(S22(t))

−1S∗
12(t)∥+

1

4ε2

)
∥y(t)− Cy(t− τ)∥2 + ε2∥z(t)∥2, ε2 > 0.

Îòñþäà èìååì íåðàâåíñòâî

I2(t) ≤ 2q1(1 + ε1)
ω1∥H(t)∥∥y(t) + Cy(t− τ)∥2+ω1
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+2∥H(t)∥
[
q1(1 + (ε1)

−1)ω1∥C∥1+ω1∥y(t− τ)∥ω1 + q2∥y(t− τ)∥ω2

]
×
(
smax + (4ε2)

−1
)
∥y(t)− Cy(t− τ)∥2

+2∥H(t)∥
[
q1(1 + (ε1)

−1)ω1∥C∥1+ω1∥y(t− τ)∥ω1

+q2∥y(t− τ)∥ω2

]
ε2∥z(t)∥2, (2.4.10)

ãäå ε1, ε2 > 0. Èñïîëüçóÿ î÷åâèäíóþ îöåíêó

∥y(t)−Cy(t− τ)∥2 ≤ 1

hmin(t)
⟨H(t)(y(t)− Cy(t− τ)), (y(t)− Cy(t− τ))⟩

è îïðåäåëåíèå V (t, y), èç íåðàâåíñòâà (2.4.10) ïîëó÷àåì

I2(t) ≤
2q1(1 + ε1)

ω1∥H(t)∥
(hmin(t))1+ω1/2

(V (t, y))1+ω1/2

+2∥H(t)∥(smax + (4ε2)
−1)δ(∥y(t− τ)∥)∥y(t)− Cy(t− τ)∥2

+2∥H(t)∥ε2δ(∥y(t− τ)∥)∥z(t)∥2, (2.4.11)

ãäå δ(s) îïðåäåëåíî â (2.4.6).
Ñëåäîâàòåëüíî, ó÷èòûâàÿ (1.2.8), èç (2.4.8), (2.4.9), (2.4.11) èìååì íåðà-

âåíñòâî (2.4.4).
Òåîðåìà 2.4.1 äîêàçàíà.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

q̃ = max
t∈[0,T ]

q1(1 + ε1)
ω1∥H(t)∥

(hmin(t))1+ω1/2
, (2.4.12)

p = min
t∈[0,T ]

pmin(t)

∥H(t)∥
, h = min

t∈[0,T ]

1

∥H(t)∥
. (2.4.13)

Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî

ε2 =
smin

2pmin

(
smax +

√
s2max +

pmin

smin

)
, (2.4.14)

ρ > 0 òàêîå, ÷òî

δ(ρ) <
sminh

2ε2
. (2.4.15)



109

Îáîçíà÷èì

γ(t) = min

{(
pmin(t)

∥H(t)∥
− 2(smax + (4ε2)

−1)δ(ρ)

)
, k

}
, (2.4.16)

Rω1/2 =

1− exp

−ω1

2

T∫
0

γ(ξ)dξ


×

q̃ω1

T∫
0

exp

−ω1

2

η∫
0

γ(ξ)dξ

 dη

−1

, (2.4.17)

β(t) =
γ(t)

2
, β+ = max

t∈[0,T ]
β(t), β− = min

t∈[0,T ]
β(t), (2.4.18)

Φ1 = max
s∈[−τ,0]

∥φ(s)∥, (2.4.19)

Φ2 =

√
V (0, φ)

hmin

(
1−R−ω1/2V (0, φ)ω1/2

)−1/ω1

. (2.4.20)

Ïîñêîëüêó ε2 > 0 îïðåäåëÿåòñÿ â (2.4.14) è ρ > 0 îïðåäåëÿåòñÿ óñëîâèåì
(2.4.15), òî íåòðóäíî ïîêàçàòü, ÷òî γ(t) ≥ γmin > 0. Ïîýòîìó β− > 0.
Â ïàðàãðàôå 2.2 îòìå÷àëîñü, ÷òî èç óñëîâèÿ ïîëîæèòåëüíîé îïðåäå-

ëåííîñòè ìàòðèöû Q(t) â (2.2.2) ñëåäóåò, ÷òî ñïåêòð ìàòðèöû C ïðèíàä-
ëåæèò åäèíè÷íîìó êðóãó {λ ∈ C : |λ| < 1}. Òîãäà ∥Cj∥ → 0 ïðè j → ∞.
Ïóñòü l � ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî òàêîå, ÷òî ∥C l∥ < 1.
Ïåðåéäåì ê ôîðìóëèðîâêå óòâåðæäåíèé.
Ìû âûäåëÿåì òðè ñëó÷àÿ. Â çàâèñèìîñòè îò âåëè÷èíû ∥C l∥ íèæå ìû

óñòàíîâèì îöåíêè ðåøåíèé â ñëó÷àÿõ:

∥C l∥ < e−lβ+τ , e−lβ+τ ≤ ∥C l∥ ≤ e−lβ−τ , e−lβ−τ < ∥C l∥ < 1,

ãäå β+ è β− îïðåäåëåíû â (2.4.18).

Òåîðåìà 2.4.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1 è

∥C l∥ < e−lβ+τ . (2.4.21)

Ïðåäïîëîæèì, ÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) çàäà÷è (2.4.3) ïðèíàäëå-

æèò ìíîæåñòâó E1, ãäå

E1 =

{
φ(s) ∈ C1([−τ, 0]) : Φ1 < ρ, V (0, φ) < R,
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Φ2

(
1− ∥C l∥elβ+τ

)−1
l−1∑
j=0

∥Cj∥ejβ+τ +max{∥C∥, . . . , ∥C l∥}Φ1 < ρ

}
.

Òîãäà ðåøåíèå çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

(
Φ2

(
1− ∥C l∥elβ+τ

)−1
l−1∑
j=0

∥Cj∥ejβ+τ

+max
{
∥C∥eβ+τ , . . . , ∥C l∥elβ+τ

}
Φ1

)

× exp

−
t∫

0

β(ξ)dξ

 , t > 0. (2.4.22)

Òåîðåìà 2.4.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1 è

e−lβ+τ ≤ ∥C l∥ ≤ e−lβ−τ .

Ïðåäïîëîæèì, ÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) çàäà÷è (2.4.3) ïðèíàäëå-

æèò ìíîæåñòâó E2, ãäå

E2 =

{
φ(s) ∈ C1([−τ, 0]) : Φ1 < ρ, V (0, φ) < R,

Φ2Bl

l−1∑
j=0

∥Cj∥ejβ+τ +max{∥C∥, . . . , ∥C l∥}Φ1 < ρ

}
,

Bl = max
t≥0

(
1 +

t

lτ

)
exp

−
t∫

0

β̂(ξ)dξ

 ,

β̂(t) = min

{
β(t),− 1

lτ
ln ∥C l∥

}
. (2.4.23)

Òîãäà ðåøåíèå çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

(
Φ2

(
1 +

t

lτ

) l−1∑
j=0

∥Cj∥ejβ+τ
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+max
{
1, ∥C∥eβ+τ , . . . , ∥C(l−1)∥e(l−1)β+τ

}
Φ1

)

× exp

−
t∫

0

β̂(ξ)dξ

 , t > 0. (2.4.24)

Òåîðåìà 2.4.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1 è

e−lβ−τ < ∥C l∥ < 1. (2.4.25)

Ïðåäïîëîæèì, ÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) çàäà÷è (2.4.3) ïðèíàäëå-

æèò ìíîæåñòâó E3, ãäå

E3 =

{
φ(s) ∈ C1([−τ, 0]) : Φ1 < ρ, V (0, φ) < R,

Φ2

(
1−

(
∥C l∥elβ−τ

)−1)−1
l−1∑
j=0

∥Cj∥ejβ−τ +max{∥C∥, . . . , ∥C l∥}Φ1 < ρ

}
.

Òîãäà ðåøåíèå çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

(
Φ2

(
1−

(
∥C l∥elβ−τ

)−1)−1
l−1∑
j=0

∥Cj∥ejβ−τ

+∥C l∥
1
l−1max

{
1, ∥C∥, . . . , ∥C l−1∥

}
Φ1

)

× exp

(
t

lτ
ln ∥C l∥)

)
, t ≥ lτ. (2.4.26)

Î÷åâèäíî, ÷òî èç òåîðåì 2.4.2�2.4.4 âûòåêàåò ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 2.4.5 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.2.1, òîãäà íóëå-

âîå ðåøåíèå ñèñòåìû (2.4.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Íèæå ìû ïðèâåäåì ïîäðîáíîå äîêàçàòåëüñòâî òåîðåì 2.4.2�2.4.4.
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Äîêàçàòåëüñòâî òåîðåìû 2.4.2. Âíà÷àëå ìû ïîêàæåì, ÷òî ðåøå-
íèå íà÷àëüíîé çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è íà
êàæäîì ïðîìåæóòêå [kτ, (k + 1)τ), k = 0, 1, 2, . . . , óäîâëåòâîðÿåò îöåíêå

∥y(t)∥ ≤ Φ2

 k∑
j=0

∥Cj∥ exp

−1

2

t−jτ∫
0

γ(ξ)dξ

+ ∥Ck+1∥Φ1, (2.4.27)

ãäå Φ1, Φ2 îïðåäåëåíû â (2.4.19), (2.4.20).
Ïóñòü t ∈ [0, τ ]. Ïîñêîëüêó Φ1 < ρ, òî

pmin(t) > 2∥H(t)∥(smax + (4ε2)
−1)δ(∥φ(t− τ)∥),

smin > 2∥H(t)∥ε2δ(∥φ(t− τ)∥).
Ñëåäîâàòåëüíî, ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèîíàëà V (t, y), îáîçíà÷å-
íèÿ (2.4.12) è (2.4.16), èç íåðàâåíñòâà (2.4.4) èìååì

d

dt
V (t, y) + γ(t)V (t, y) ≤ 2q̃(V (t, y))1+ω1/2. (2.4.28)

Ïîñêîëüêó V (0, φ) < R, ãäå R > 0 îïðåäåëåíî â (2.4.17), òî â ñèëó íåðà-
âåíñòâà Ãðîíóîëëà (ñì., íàïðèìåð, [90]) ïîëó÷àåì îöåíêó

V (t, y) ≤ V (0, φ)(
1−

(
R−1V (0, φ)

)ω1/2
)2/ω1

exp

−
t∫

0

γ(ξ)dξ

 ,

îòêóäà èìååì íåðàâåíñòâî

∥y(t)− Cy(t− τ)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 . (2.4.29)

Ñëåäîâàòåëüíî,

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

+ ∥C∥Φ1. (2.4.30)

Èç ýòîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (2.4.3) îïðåäå-
ëåíî íà âñåì îòðåçêå [0, τ ], ò. å. t′ > τ , è ïðè k = 0 íåðàâåíñòâî (2.4.27)
äîêàçàíî.
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Îòìåòèì, ÷òî äëÿ ñïðàâåäëèâîñòè íåðàâåíñòâà (2.4.30) ïðè t ∈ [0, τ ]
áûëî äîñòàòî÷íî, ÷òîáû Φ1 < ρ è V (0, φ) < R, è îíî âûïîëíÿåòñÿ íåçà-
âèñèìî îò âåëè÷èíû ∥C l∥.
Èç (2.4.27) âûòåêàåò, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ(t) ïðèíàäëåæèò

ìíîæåñòâó E1, òî ∥y(t)∥ < ρ ïðè t ∈ [0, τ ]. Òîãäà ïðè t ∈ [τ, 2τ ]

pmin(t) > 2∥H(t)∥(smax + (4ε2)
−1)δ(∥y(t− τ)∥), (2.4.31)

smin > 2∥H(t)∥ε2δ(∥y(t− τ)∥). (2.4.32)

Îòñþäà âûòåêàåò îöåíêà (2.4.28) ïðè t ∈ [τ, t2), ãäå t2 = min{2τ, t′}. Ñëå-
äîâàòåëüíî, êàê è âûøå, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà è îïðåäåëåíèå
ôóíêöèîíàëà V (t, y), ïîëó÷èì íåðàâåíñòâî (2.4.29). Òîãäà

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

+ ∥Cy(t− τ)∥

≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

+∥C (y(t− τ)− Cy(t− 2τ)) ∥+∥C2y(t−2τ)∥,

è, ó÷èòûâàÿ íåðàâåíñòâî (2.4.29), áóäåì èìåòü

∥y(t)∥ ≤ Φ2

(
exp

(
−1

2

t∫
0

γ(ξ)dξ

)

+∥C∥ exp

(
−1

2

t−τ∫
0

γ(ξ)dξ

))
+ ∥C2∥Φ1. (2.4.33)

Èç ïîëó÷åííîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (2.4.3)
îïðåäåëåíî íà âñåì îòðåçêå [0, 2τ ], ò. å. t′ > 2τ , è ïðè k = 1 íåðàâåíñòâî
(2.4.27) òàêæå äîêàçàíî. Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E1, òî ∥y(t)∥ < ρ
ïðè t ∈ [0, 2τ ].
Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìû ïîëó÷èì, ÷òî ðåøåíèå çàäà÷è

(2.4.3) îïðåäåëåíî ïðè âñåõ t > 0 è íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k +
1)τ), k = 0, 1, 2, . . . , óäîâëåòâîðÿåò îöåíêå (2.4.27).
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Èç ýòîé îöåíêè íà êàæäîì ïðîìåæóòêå [kτ, (k + 1)τ) âûòåêàåò íåðà-
âåíñòâî

∥y(t)∥ ≤

(
Φ2

k∑
j=0

∥Cj∥ejβ+τ + ∥Ck+1∥e(k+1)β+τΦ1

)
exp

−1

2

t∫
0

γ(ξ)dξ

 ,

ãäå β+ îïðåäåëåíî â (2.4.18). Îòñþäà, ó÷èòûâàÿ óñëîâèå (2.4.21) íà ∥C l∥,
ïîëó÷àåì îöåíêó

∥y(t)∥ ≤

(
Φ2

∞∑
j=0

∥Cj∥ejβ+τ +max
{
∥C∥eβ+τ , . . . , ∥C l∥elβ+τ

}
Φ1

)

× exp

−1

2

t∫
0

γ(ξ)dξ

 .

À ïîñêîëüêó

∞∑
j=0

∥Cj∥ejβ+τ ≤
(
1− ∥C l∥elβ+τ

)−1
l−1∑
j=0

∥Cj∥ejβ+τ ,

òî îòñþäà íåïîñðåäñòâåííî âûòåêàåò íåðàâåíñòâî (2.4.22).
Òåîðåìà 2.4.2 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.4.3. Ðàññìîòðèì ïîäðîáíî ñëó÷àé l = 1.
Ïîêàæåì, ÷òî ðåøåíèå çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥

0}, è íà êàæäîì ïðîìåæóòêå [kτ, (k+1)τ), k = 0, 1, 2, . . . , óäîâëåòâîðÿåò
îöåíêå

∥y(t)∥ ≤ Φ2

(
1 +

t

τ

)
exp

−
t∫

0

β̂(ξ)dξ

+ ∥Ck+1∥Φ1. (2.4.34)

Ïî óñëîâèþ φ(t) ∈ E2, òîãäà â ñèëó ðàññóæäåíèé, ïðîâåäåííûõ ïðè
äîêàçàòåëüñòâå òåîðåìû 2.4.2, ∥y(t)∥ ≤ ρ ïðè t ∈ [0, τ ]. Ïîýòîìó, åñëè t ∈
[τ, 2τ ], òî âûïîëíåíû îöåíêè (2.4.31), (2.4.32). Ñëåäîâàòåëüíî, ó÷èòûâàÿ
íåðàâåíñòâî (2.4.4), ïîëó÷àåì îöåíêó (2.4.28) ïðè t ∈ [τ, t2), ãäå t2 =
min{2τ, t′}. Îòñþäà, êàê è ðàíåå, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà è
îïðåäåëåíèå ôóíêöèîíàëà V (t, y), ïîëó÷èì íåðàâåíñòâî (2.4.33).
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Ïåðåïèøåì ýòî íåðàâåíñòâî â ñëåäóþùåì âèäå:

∥y(t)∥ ≤ Φ2

(
exp

(
−

t∫
0

β(ξ)dξ

)

+exp

( t∫
t−τ

1

τ
ln ∥C∥dξ −

t−τ∫
0

β(ξ)dξ

))
+ ∥C2∥Φ1.

Òîãäà, ó÷èòûâàÿ îáîçíà÷åíèå (2.4.23), â ñëó÷àå l = 1 èìååì

∥y(t)∥ ≤ 2Φ2 exp

−
t∫

0

β̂(ξ)dξ

+ ∥C2∥Φ1

≤ Φ2

(
1 +

t

τ

)
exp

−
t∫

0

β̂(ξ)dξ

+ ∥C2∥Φ1.

Èç ïîëó÷åííîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (2.4.3)
îïðåäåëåíî íà âñåì îòðåçêå [0, 2τ ], ò. å. t′ > 2τ , è ïðè k = 1 íåðàâåí-
ñòâî (2.4.34) äîêàçàíî. Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E2, òî ∥y(t)∥ < ρ
ïðè t ∈ [0, 2τ ]. Ïîýòîìó, åñëè t ∈ [2τ, 3τ ], òî âûïîëíåíû îöåíêè (2.4.31),
(2.4.32). Ñëåäîâàòåëüíî, ó÷èòûâàÿ íåðàâåíñòâî (2.4.4), ïîëó÷àåì îöåíêó
(2.4.28) ïðè t ∈ [2τ, t3), ãäå t3 = min{3τ, t′}. Îòñþäà, êàê è ðàíåå, èñïîëü-
çóÿ íåðàâåíñòâî Ãðîíóîëëà è îïðåäåëåíèå ôóíêöèîíàëà V (t, y), ïîëó÷èì
íåðàâåíñòâî

∥y(t)∥ ≤ Φ2

exp

−1

2

t∫
0

γ(ξ)dξ

+ ∥C∥ exp

−1

2

t−τ∫
0

γ(ξ)dξ



+∥C2∥ exp

−1

2

t−2τ∫
0

γ(ξ)dξ

+ ∥C3∥Φ1. (2.4.35)

Òîãäà, ó÷èòûâàÿ, ÷òî

∥Cj∥ ≤ exp

 t∫
t−jτ

1

τ
ln ∥C∥dξ
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è îïðåäåëåíèå (2.4.23), ïîëó÷èì

∥y(t)∥ ≤ Φ2

exp

−
t∫

0

β(ξ)dξ

+ exp

 t∫
t−τ

1

τ
ln ∥C∥dξ −

t−τ∫
0

β(ξ)dξ



+exp

 t∫
t−2τ

1

τ
ln ∥C∥dξ −

t−2τ∫
0

β(ξ)dξ

+ ∥C3∥Φ1

≤ Φ2

(
1 +

t

τ

)
exp

−
t∫

0

β̂(ξ)dξ

+ ∥C3∥Φ1.

Èç ïîëó÷åííîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (2.4.3)
îïðåäåëåíî íà âñåì îòðåçêå [0, 3τ ], ò. å. t′ > 3τ , è ïðè k = 2 íåðàâåíñòâî
(2.4.34) äîêàçàíî. Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E2, òî ∥y(t)∥ < ρ ïðè t ∈
[0, 3τ ].
Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ïðè φ(t) ∈ E2 ìîæíî ïîëó÷èòü

îöåíêó (2.4.34) íà ëþáîì ïðîìåæóòêå [kτ, (k+1)τ), k ≥ 3. Ñëåäîâàòåëü-
íî, ðåøåíèå çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïðàâîé ïîëóîñè {t ≥ 0}.
Ïîêàæåì, ÷òî âûïîëíåíî íåðàâåíñòâî (2.4.24). Äåéñòâèòåëüíî, äëÿ âòî-

ðîãî ñëàãàåìîãî â ïðàâîé ÷àñòè (2.4.34) ïðè l = 1, î÷åâèäíî, èìååì

∥Ck+1∥Φ1 ≤ exp

(
t

τ
ln ∥C∥

)
Φ1 ≤ exp

−
t∫

0

β̂(ξ)dξ

Φ1.

Îòñþäà è èç (2.4.34) íåïîñðåäñòâåííî âûòåêàåò (2.4.24).
Àíàëîãè÷íûì îáðàçîì, ó÷èòûâàÿ óñëîâèÿ íà ∥C l∥, êàê ïðè äîêàçà-

òåëüñòâå òåîðåìû 2.2.3, ìîæíî óñòàíîâèòü ðàçðåøèìîñòü çàäà÷è (2.4.3)
â öåëîì è îöåíêó (2.4.24) â ñëó÷àå l ≥ 2.
Òåîðåìà 2.4.3 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåìû 2.4.4. Ïîêàæåì, ÷òî ïðè φ(t) ∈ E3 ðåøå-
íèå íà÷àëüíîé çàäà÷è (2.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}.
Êàê óæå îòìå÷àëîñü, åñëè Φ1 < ρ è V (0, φ) < R, òî íåçàâèñèìî îò

âåëè÷èíû ∥C l∥ ðåøåíèå çàäà÷è (2.4.3) îïðåäåëåíî íà âñåì îòðåçêå [0, τ ]
è íà íåì âûïîëíåíî íåðàâåíñòâî (2.4.30). Ïîýòîìó

∥y(t)∥ ≤ Φ2e
−β−t + ∥C∥Φ1, t ∈ [0, τ ].
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Îòñþäà ïðè φ(t) ∈ E3 èìååì ∥y(t)∥ < ρ, t ∈ [0, τ ]. Ñëåäîâàòåëüíî, êàê
ïðè äîêàçàòåëüñòâå òåîðåìû 2.4.2 ïîëó÷àåì îöåíêó (2.4.33) ïðè t ∈ [τ, t2),
ãäå t2 = min{2τ, t′}. Íî òîãäà èç ýòîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå
îïðåäåëåíî íà âñåì îòðåçêå [0, 2τ ], ò. å. t′ > 2τ . À â ñèëó óñëîâèÿ (2.4.25)
ïîëó÷àåì

∥y(t)∥ ≤ Φ2

(
e−β−t + ∥C∥e−β−(t−τ)

)
+ ∥C2∥Φ1, t ∈ [τ, 2τ ]. (2.4.36)

Èç íåðàâåíñòâà (2.4.36) â ñëó÷àå l = 1 íà îòðåçêå [τ, 2τ ] áóäåì èìåòü

∥y(t)∥ ≤ Φ2∥C∥e−β−(t−τ)

(
1 +

(
∥C∥eβ−τ

)−1
)
+ ∥C2∥Φ1

≤ Φ2∥C∥
t
τ

(
1−

(
∥C∥eβ−τ

)−1
)−1

+ ∥C∥
t
τΦ1.

À ïðè l ≥ 2, ó÷èòûâàÿ óñëîâèå (2.4.25), î÷åâèäíî, ïîëó÷àåì

∥y(t)∥ ≤ Φ2e
−β−t

(
1 + ∥C∥eβ−τ

)
+ ∥C2∥Φ1

≤ Φ2∥C l∥
t
lτ

(
1−

(
∥C l∥elβ−τ

)−1
)−1 l−1∑

j=0

∥Cj∥ejβ−τ + ∥C2∥Φ1.

Ïîýòîìó, åñëè φ(t) ∈ E3, òî èìååì ∥y(t)∥ < ρ, t ∈ [0, 2τ ]. Ñëåäîâà-
òåëüíî, êàê è ïðè äîêàçàòåëüñòâå ïðåäûäóùåé òåîðåìû, íà ïðîìåæóòêå
t ∈ [2τ, t3), ãäå t3 = min{3τ, t′} ìîæíî ïîëó÷èòü îöåíêó (2.4.35). À èç íåå
áóäåò âûòåêàòü ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (2.4.3) íà âñåì îòðåçêå
[0, 3τ ], ò. å. t′ > 3τ .
Àíàëîãè÷íûìè ðàññóæäåíèÿìè óñòàíàâëèâàåòñÿ ðàçðåøèìîñòü íà÷àëü-

íîé çàäà÷è (2.4.3) ïðè φ(t) ∈ E3 íà âñåé ïîëóîñè {t ≥ 0}, ïðè ýòîì íà
êàæäîì ïðîìåæóòêå [kτ, (k + 1)τ), k ∈ N, ñïðàâåäëèâà îöåíêà

∥y(t)∥ ≤ Φ2

k∑
j=0

∥Cj∥e−β−(t−jτ) + ∥Ck+1∥Φ1. (2.4.37)

Èç ýòîé îöåíêè âûòåêàåò íåðàâåíñòâî (2.4.26). Äåéñòâèòåëüíî, áóäåì
ðàññìàòðèâàòü íåðàâåíñòâî (2.4.37) íà ïðîìåæóòêàõ [kτ, (k + 1)τ), ïðè
ýòîì ml ≤ k ≤ (m + 1)l − 1, m ∈ N. Ïî óñëîâèþ (2.4.25) ∥C l∥elβ−τ > 1,
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ïîýòîìó

k∑
j=0

∥Cj∥ejβ−τ ≤
(
1 + ∥C l∥elβ−τ + · · ·+ ∥C l∥memlβ−τ

) l−1∑
j=0

∥Cj∥ejβ−τ

≤ ∥C l∥memlβ−τ

(
1−

(
∥C l∥elβ−τ

)−1
)−1 l−1∑

j=0

∥Cj∥ejβ−τ .

À ïîñêîëüêó mlτ ≤ t < (m + 1)lτ , òî äëÿ ïåðâîãî ñëàãàåìîãî â ïðàâîé
÷àñòè (2.4.37) ïîëó÷àåì

Φ2

k∑
j=0

∥Cj∥e−β−(t−jτ)

≤ Φ2∥C l∥
t
lτ

(
1−

(
∥C l∥elβ−τ

)−1
)−1 l−1∑

j=0

∥Cj∥ejβ−τ

= Φ2

(
1−

(
∥C l∥elβ−τ

)−1
)−1

(
l−1∑
j=0

∥Cj∥ejβ−τ

)
exp

(
t

lτ
ln ∥C l∥

)
.

(2.4.38)
Ðàññìîòðèì òåïåðü âòîðîå ñëàãàåìîå â (2.4.37). Ïðè äîêàçàòåëüñòâå

òåîðåìû 2.2.4 áûëî ïîêàçàíî, ÷òî

∥Ck+1∥ ≤ ∥C l∥
1
l−1max

{
1, ∥C∥, . . . , ∥C l−1∥

}
exp

(
t

lτ
ln ∥C l∥

)
(2.4.39)

äëÿ ëþáîãî k. Ñëåäîâàòåëüíî, â ñèëó (2.4.38), (2.4.39) èç íåðàâåíñòâà
(2.4.37) âûòåêàåò (2.4.26).
Òåîðåìà 2.4.4 äîêàçàíà.

Çàìå÷àíèå 1. Åñëè C = 0, òî óòâåðæäåíèå òåîðåìû 2.4.2 ïåðåõîäèò â
óòâåðæäåíèå òåîðåìû 1.4.5, ïðè ýòîì îöåíêà (2.4.22) � â îöåíêó (1.4.28).

Çàìå÷àíèå 2. Åñëè q1 = q2 = 0 (ëèíåéíûé ñëó÷àé), óòâåðæäåíèå
òåîðåìû 2.4.2 äàåò òåîðåìó 2.2.2, óòâåðæäåíèå òåîðåìû 2.4.3 � òåîðå-
ìó 2.2.3, óòâåðæäåíèå òåîðåìû 2.4.4 � òåîðåìó 2.2.4.
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2.5 Íåêîòîðûå îáîáùåíèÿ

Â ýòîì ïàðàãðàôå ìû îáñóäèì íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòà-
íîâëåííûõ â ïðåäûäóùèõ ïàðàãðàôàõ.
Âíà÷àëå îòìåòèì, ÷òî ðåçóëüòàòû, óñòàíîâëåííûå â ñëó÷àå îäíîãî çà-

ïàçäûâàíèÿ, íåòðóäíî ðàñïðîñòðàíèòü íà ñèñòåìû ñ íåñêîëüêèìè çàïàç-
äûâàíèÿìè. Ïðèâåäåì íåêîòîðûå ðåçóëüòàòû.
Ðàññìîòðèì ëèíåéíóþ ñèñòåìó íåéòðàëüíîãî òèïà ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) + C
d

dt
y(t− τ1), t > 0, (2.5.1)

ãäå A(t), Bj(t) � ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè÷åñ-
êèìè ýëåìåíòàìè, C � ïîñòîÿííàÿ ìàòðèöà ðàçìåðà n × n, τj > 0 �
ïàðàìåòðû çàïàçäûâàíèÿ, j = 1, . . . ,m, τ1 > τk > 0, k = 2, . . . ,m.
Ñëó÷àé îäíîãî çàïàçäûâàíèÿ (m = 1) áûë èññëåäîâàí â ïðåäûäóùèõ
ïàðàãðàôàõ. Ïîýòîìó âñþäó äàëåå ìû ðàññìàòðèâàåì m ≥ 2.

Òåîðåìà 2.5.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ìàòðèöà H(t), óäî-

âëåòâîðÿþùàÿ óñëîâèÿì (1.2.2), è ìàòðèöû Kj(s) òàêèå, ÷òî

Kj(s) ∈ C1[0, τj], Kj(s) = K∗
j (s) > 0,

d

ds
Kj(s) < 0, s ∈ [0, τj], (2.5.2)

j = 1, . . . ,m, è ìàòðèöà

Q(t) =

 Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)

 ,

ãäå

Q11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−

m∑
j=1

Kj(0),

Q12(t) =
d

dt
H(t)C −H(t)B1(t) + A∗(t)H(t)C,

Q13(t) = ( −H(t)B2(t) · · · −H(t)Bm(t) ), (2.5.3)

Q22(t) = −C∗ d

dt
H(t)C + C∗H(t)B1(t) +B∗

1(t)H(t)C +K1(τ1),

Q23(t) = ( C∗H(t)B2(t) · · · C∗H(t)Bm(t) ),
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Q33(t) =

 K2(τ2) . . . 0
...

. . .
...

0 . . . Km(τm)

 ,

ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòå-

ìû (2.5.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (2.5.1):

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) + C
d

dt
y(t− τ1), t > 0,

y(t) = φ(t), t ∈ [−τ1, 0],

y(+0) = φ(0),

(2.5.4)

ãäå φ(t) ∈ C1([−τ1, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Â ïðåäïîëîæåíèè,
÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1, íèæå ìû óñòàíîâèì îöåíêè ðå-
øåíèé íà÷àëüíîé çàäà÷è (2.5.4), õàðàêòåðèçóþùèå ñêîðîñòü ýêñïîíåíöè-
àëüíîãî óáûâàíèÿ ïðè t→ ∞.
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ìû ââåäåì ðÿä îáîçíà÷åíèé. Åñëè ìàò-

ðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2.5.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −

m∑
j=1

Kj(0),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7). Òîãäà, êàê óæå
îòìå÷àëîñü ðàíåå, èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà
âñåì îòðåçêå [0, T ]. Ïðîäîëæèì ýòó ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì
íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàò-
ðèöó H(t) è ìàòðèöû Kj(s), j = 1, . . . ,m, óäîâëåòâîðÿþùèå óñëîâèÿì
òåîðåìû 2.5.1, ðàññìîòðèì íà ðåøåíèè y(t) çàäà÷è (2.5.4) ôóíêöèîíàë

V (t, y) = ⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩

+
m∑
j=1

t∫
t−τj

⟨Kj(t− s)y(s), y(s)⟩ds, (2.5.5)

ââåäåííûé â ðàáîòå [115]. Î÷åâèäíî, ýòîò ôóíêöèîíàë ÿâëÿåòñÿ îáîáùå-
íèåì ôóíêöèîíàëà (2.2.5) íà ñëó÷àé íåñêîëüêèõ çàïàçäûâàíèé. Îïðåäå-
ëèì

V (0, φ) = ⟨H(0)(φ(0)− Cφ(−τ1)), (φ(0)− Cφ(−τ1))⟩
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+
m∑
j=1

0∫
−τj

⟨Kj(−s)φ(s), φ(s)⟩ds, (2.5.6)

P (t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−

m∑
j=1

Kj(0)

−

(
H(t)A(t)C +

m∑
j=1

Kj(0)C +H(t)B1(t)

)[
K1(τ1)−D∗

m∑
j=1

Kj(0)D

]−1

×

(
C∗A∗(t)H(t) +

m∑
j=1

C∗Kj(0) +B∗
1(t)H(t)

)

−
m∑
j=2

H(t)Bj(t)K
−1
j (τj)B

∗
j (t)H(t). (2.5.7)

Íåòðóäíî ïðîâåðèòü, ÷òî ìàòðèöà P (t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðå-
äåëåííîé, åñëè ìàòðèöà Q(t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé (ïî-
äðîáíî ñì. íèæå). Îáîçíà÷èì ÷åðåç hmin(t), pmin(t) ìèíèìàëüíûå ñîá-
ñòâåííûå çíà÷åíèÿ ìàòðèö H(t), P (t) ñîîòâåòñòâåííî. Ïîñêîëüêó H(t) >
0, P (t) > 0, òî hmin(t) > 0, pmin(t) > 0. Ïóñòü kj > 0 � ìàêñèìàëüíîå
÷èñëî òàêîå, ÷òî

d

ds
Kj(s) + kjKj(s) ≤ 0, s ∈ [0, τj], j = 1, . . . ,m. (2.5.8)

Îáîçíà÷èì

γ(t) = min

{
pmin(t)

∥H(t)∥
, k1, . . . , km

}
, (2.5.9)

Φ1 = max
t∈[−τ1,0]

∥φ(t)∥, Φ2 = max
t∈[0,T ]

√
V (0, φ)

hmin(t)
, (2.5.10)

β(t) =
γ(t)

2
, β+ = max

t∈[0,T ]
β(t), β− = min

t∈[0,T ]
β(t). (2.5.11)

Íåòðóäíî ïîêàçàòü, ÷òî ñïåêòð ìàòðèöû C ïðèíàäëåæèò åäèíè÷íî-
ìó êðóãó {λ ∈ C : |λ| < 1}, åñëè ìàòðèöà Q(t) ÿâëÿåòñÿ ïîëîæèòåëü-
íî îïðåäåëåííîé (ñì. ïîäîáíûå ðàññóæäåíèÿ â ïàðàãðàôå 2.2). Òîãäà
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∥Cj∥ → 0 ïðè j → ∞. Ïóñòü l � ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî òà-
êîå, ÷òî ∥C l∥ < 1. Â çàâèñèìîñòè îò âåëè÷èíû ∥C l∥ íèæå ìû óñòàíîâèì
îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (2.5.4), åñëè

∥C l∥ < e−lβ+τ1, e−lβ+τ1 ≤ ∥C l∥ ≤ e−lβ−τ1, e−lβ−τ1 < ∥C l∥ < 1.

Òåîðåìà 2.5.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1 è

∥C l∥ < e−lβ+τ1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.5.4) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1− ∥C l∥elβ+τ1

)−1
l−1∑
j=0

∥Cj∥ejβ+τ1

+max
{
∥C∥eβ+τ1, . . . , ∥C l∥elβ+τ1

}
Φ1

]
e
−

t∫
0

β(ξ) dξ
, t > 0,

ãäå Φ1, Φ2, β(t), β
+ îïðåäåëåíû â (2.5.10), (2.5.11).

Òåîðåìà 2.5.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1 è

e−lβ+τ1 ≤ ∥C l∥ ≤ e−lβ−τ1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.5.4) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1 +

t

lτ1

) l−1∑
j=0

∥Cj∥ejβ+τ1

+max
{
1, ∥C∥eβ+τ1, . . . , ∥C l−1∥e(l−1)β+τ1

}
Φ1

]
e
−

t∫
0

σ(ξ) dξ
, t > 0,

ãäå Φ1, Φ2, β(t), β
+, β− îïðåäåëåíû â (2.5.10), (2.5.11),

σ(t) = min

{
β(t), − 1

lτ1
ln ∥C l∥

}
.
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Òåîðåìà 2.5.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1 è

e−lβ−τ1 < ∥C l∥ < 1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.5.4) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1−

(
∥C l∥elβ−τ1

)−1
)−1 l−1∑

j=0

∥Cj∥ejβ−τ1

+∥C l∥
1
l−1max

{
1, ∥C∥, . . . , ∥C l−1∥

}
Φ1

]
exp

(
t

lτ1
ln ∥C l∥

)
, t > 0,

ãäå Φ1, Φ2, β
− îïðåäåëåíû â (2.5.10), (2.5.11).

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 2.5.1 ñðàçó ñëåäóåò èç òåîðåì 2.5.2�
2.5.4.

Äëÿ äîêàçàòåëüñòâà ýòèõ òåîðåì ìû óñòàíîâèì íåñêîëüêî ïðåäâàðè-
òåëüíûõ óòâåðæäåíèé. Âíà÷àëå ñôîðìóëèðóåì âñïîìîãàòåëüíóþ ëåììó
èç òåîðèè ìàòðèö, êîòîðàÿ áóäåò â äàëüíåéøåì èñïîëüçîâàòüñÿ.

Ëåììà 2.5.1 Ïóñòü

R(t) =

 R11(t) R12(t) R13(t)
R∗

12(t) R22(t) R23(t)
R∗

13(t) R∗
23(t) R33(t)

 , t ∈ [0, T ],

� ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðåðûâíûìè

ýëåìåíòàìè. Òîãäà èìååò ìåñòî ïðåäñòàâëåíèå

R(t) =

 I R̃1(t)R̃
−1
2 (t) R13(t)R

−1
33 (t)

0 I R23(t)R
−1
33 (t)

0 0 I



×

 R11(t)− R̃1(t)R̃
−1
2 (t)R̃∗

1(t)−R13(t)R
−1
33 (t)R

∗
13(t) 0 0

0 R̃2(t) 0
0 0 R33(t)


×

 I 0 0

R̃−1
2 (t)R̃∗

1(t) I 0
R−1

33 (t)R
∗
13(t) R−1

33 (t)R
∗
23(t) I

 ,
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ãäå

R̃1(t) = R12(t)−R13(t)R
−1
33 (t)R

∗
23(t), R̃2(t) = R22(t)−R23(t)R

−1
33 (t)R

∗
23(t),

ïðè÷åì ìàòðèöû

R11(t)− R̃1(t)R̃
−1
2 (t)R̃∗

1(t)−R13(t)R
−1
33 (t)R

∗
13(t), R̃2(t), è R33(t)

ÿâëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè.

Ëåììà 2.5.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1. Òîãäà äëÿ ðå-

øåíèÿ íà÷àëüíîé çàäà÷è (2.5.4) èìååò ìåñòî îöåíêà

∥y(t)− Cy(t− τ1)∥ ≤

√
V (0, φ)

hmin(t)
exp

−
t∫

0

γ(ξ)

2∥H(ξ)∥
dξ

 , t > 0,

(2.5.12)
ãäå V (0, φ), γ(t) îïðåäåëåíû â (2.5.6), (2.5.9) ñîîòâåòñòâåííî, hmin(t) �
ìèíèìàëüìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.5.4). Èñ-
ïîëüçóÿ ìàòðèöû H(t) è Kj(s), j = 1, . . . ,m, óêàçàííûå âûøå, ðàññìîò-
ðèì ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (2.5.5) íà ðåøåíèè. Äèôôå-
ðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) ≡

⟨
d

dt
H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))

⟩

+

⟨
H(t)

(
A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj)

)
, (y(t)− Cy(t− τ1))

⟩

+

⟨
H(t)(y(t)− Cy(t− τ1)),

(
A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj)

)⟩

+
m∑
j=1

⟨Kj(0)y(t), y(t)⟩ −
m∑
j=1

⟨Kj(τj)y(t− τj), y(t− τj)⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds.
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Èñïîëüçóÿ ìàòðèöó Q(t) ñ ýëåìåíòàìè (2.5.3), èìååì

d

dt
V (t, y) ≡ −

⟨
Q(t)

 y(t)
y(t− τ1)
z(t)

 ,

 y(t)
y(t− τ1)
z(t)

⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds, (2.5.13)

ãäå

z(t) =

 y(t− τ2)
...

y(t− τm)

 .

Ðàññìîòðèì ïåðâîå ñëàãàåìîå â ïðàâîé ÷àñòè (2.5.13). Ïîñêîëüêó y(t)
y(t− τ1)
z(t)

 =

 I C 0
0 I 0
0 0 I

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)


òî ⟨

Q(t)

 y(t)
y(t− τ1)
z(t)

 ,

 y(t)
y(t− τ1)
z(t)

⟩

≡

⟨
S(t)

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

 ,

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

⟩ , (2.5.14)

ãäå

S(t) =

 I 0 0
C∗ I 0
0 0 I

Q(t)

 I C 0
0 I 0
0 0 I


=

 S11(t) S12(t) S13(t)
S∗
12(t) S22(t) S23(t)
S∗
13(t) S∗

23(t) S33(t)

 , (2.5.15)

S11(t) = Q11(t), S12(t) = Q12(t) +Q11(t)C, S13(t) = Q13(t),

S22(t) = C∗Q11(t)C +Q∗
12(t)C + C∗Q12(t) +Q22(t),

S23(t) = Q23(t) + C∗Q13(t), S33(t) = Q33(t).
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Ó÷èòûâàÿ âèä ýëåìåíòîâ ìàòðèöû Q(t) â (2.5.3), èìååì

S11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−

m∑
j=1

Kj(0),

S12(t) = −H(t)A(t)C −
m∑
j=1

Kj(0)C −H(t)B1(t),

S13(t) = ( −H(t)B2(t) · · · −H(t)Bm(t) ), (2.5.16)

S22(t) = K1(τ1)− C∗
m∑
j=1

Kj(0)C,

S23(t) = ( 0 · · · 0 ), S33(t) =

 K2(τ2) . . . 0
... . . . ...
0 . . . Km(τm)

 .

Î÷åâèäíî, ìàòðèöà Q(t) ïîëîæèòåëüíî îïðåäåëåíà òîãäà è òîëüêî òî-
ãäà, êîãäà ìàòðèöà S(t) ïîëîæèòåëüíî îïðåäåëåíà. Ïîñêîëüêó S23(t) �
íóëåâàÿ ìàòðèöà, èç ëåììû 2.5.1 ñëåäóåò, ÷òî

S(t) =

 I S12(t)S
−1
22 (t) S13(t)S

−1
33 (t)

0 I 0
0 0 I



×

 S11(t)− S12(t)S
−1
22 (t)S

∗
12(t)− S13(t)S

−1
33 (t)S

∗
13(t) 0 0

0 S22(t) 0
0 0 S33(t)


×

 I 0 0
S−1
22 (t)S

∗
12(t) I 0

S−1
33 (t)S

∗
13(t) 0 I

 ,

ïðè÷åì ìàòðèöû

P (t) = S11(t)− S12(t)S
−1
22 (t)S

∗
12(t)− S13(t)S

−1
33 (t)S

∗
13(t), S22(t) è S33(t)

ÿâëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè. Ñëåäîâàòåëüíî,⟨
S(t)

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

 ,

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

⟩
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≥ ⟨P (t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩ . (2.5.17)

Ó÷èòûâàÿ (2.5.16), ìàòðèöà P (t) èìååò âèä (2.5.7). Ñëåäîâàòåëüíî, â ñèëó
(2.5.17), èç (2.5.14) ïîëó÷àåì

−

⟨
Q(t)

 y(t)
y(t− τ1)
z(t)

 ,

 y(t)
y(t− τ1)
z(t)

⟩
≤ −⟨P (t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩

≤ −pmin(t)∥y(t)− Cy(t− τ1)∥2, (2.5.18)

ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Èñ-
ïîëüçóÿ ìàòðèöó H(t), èìååì

∥y(t)−Cy(t−τ1)∥2 ≥
1

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩ .

Â ñèëó (2.5.18) èç (2.5.13) ïîëó÷àåì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds.

Èñïîëüçóÿ (2.5.8), èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩

−
m∑
j=1

kj

t∫
t−τj

⟨Kj(t− s)y(s), y(s)⟩ ds.

Ïðèíèìàÿ âî âíèìàíèå îïðåäåëåíèå ôóíêöèîíàëà (2.5.5), ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k1, . . . , km

}
. Èç ýòîãî äèôôåðåíöèàëüíîãî íåðà-

âåíñòâà èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

−
t∫

0

γ(ξ)dξ

 ,
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ãäå V (0, φ) îïðåäåëåíî â (2.5.5). Î÷åâèäíî,

∥y(t)−Cy(t−τ1)∥2 ≤
1

hmin(t)
⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩ ,

ãäå hmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t). Òîãäà ñ
ó÷åòîì îïðåäåëåíèÿ ôóíêöèîíàëà (2.5.5)

∥y(t)− Cy(t− τ1)∥ ≤

√
V (t, y)

hmin(t)
≤

√
V (0, φ)

hmin(t)
exp

−
t∫

0

γ(ξ)

2
dξ

 .

Ëåììà 2.5.2 äîêàçàíà.

Ëåììà 2.5.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1. Òîãäà äëÿ ðå-

øåíèÿ íà÷àëüíîé çàäà÷è (2.5.4) íà êàæäîì ïðîìåæóòêå t ∈ [kτ, (k +
1)τ), k = 0, 1, . . . , èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2

k∑
j=0

∥Cj∥e
−

t−jτ1∫
0

β(ξ) dξ
+ ∥Ck+1∥Φ1, (2.5.19)

ãäå Φ1, Φ2, β(t) îïðåäåëåíû â (2.5.10), (2.5.11).

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 2.5.2 äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è
(2.5.4) èìååò ìåñòî îöåíêà (2.5.12). Ïðèíèìàÿ âî âíèìàíèå îáîçíà÷åíèÿ
(2.5.10) è (2.5.11), ïîëó÷àåì

∥y(t)− Cy(t− τ1)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
, t > 0. (2.5.20)

Î÷åâèäíî, ïðè t ∈ [0, τ1) èìååì íåðàâåíñòâî

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ1)∥ ≤ Φ2e

−
t∫
0

β(ξ) dξ
+ ∥C∥Φ1,

÷òî äàåò òðåáóåìîå íåðàâåíñòâî (2.5.19) ïðè k = 0.
Ïóñòü t ∈ [kτ1, (k + 1)τ1), k = 1, 2 . . . . Íåòðóäíî âûïèñàòü öåïî÷êó

íåðàâåíñòâ

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥Cy(t− τ1)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+∥Cy(t−τ1)−C2y(t−2τ1)∥+∥C2y(t−2τ1)−C3y(t−3τ1)∥+. . .
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+∥Cky(t− kτ1)− Ck+1y(t− (k + 1)τ1)∥+ ∥Ck+1y(t− (k + 1)τ1)∥

≤ Φ2e
−

t∫
0

β(ξ) dξ
+ ∥C∥ ∥y(t− τ1)− Cy(t− 2τ1)∥

+∥C2∥ ∥y(t− 2τ1)− Cy(t− 3τ1)∥+ . . .

+∥Ck∥ ∥y(t− kτ1)− Cy(t− (k + 1)τ1)∥+ ∥Ck+1∥ ∥y(t− (k + 1)τ1)∥.
Â ñèëó (2.5.20) ïðèõîäèì ê íåðàâåíñòâó

∥y(t)∥ ≤ Φ2e
−

t∫
0

β(ξ) dξ
+ Φ2∥C∥e

−
t−τ1∫
0

β(ξ) dξ
+ Φ2∥C2∥e

−
t−2τ1∫
0

β(ξ) dξ
+ . . .

+Φ2∥Ck∥e
−

t−kτ1∫
0

β(ξ) dξ
+ ∥Ck+1∥Φ1,

÷òî äàåò òðåáóåìîå íåðàâåíñòâî (2.5.19).
Ëåììà 2.5.3 äîêàçàíà.

Äîêàçàòåëüñòâî òåîðåì 2.5.2�2.5.4. Â ñëó÷àå îäíîãî çàïàçäûâàíèÿ
â ïàðàãðàôå 2.2 àíàëîãè òåîðåì 2.5.2�2.5.4 (ñì. òåîðåìû 2.2.2�2.2.4) áû-
ëè ïîäðîáíî äîêàçàíû ñ èñïîëüçîâàíèåì âñïîìîãàòåëüíûõ óòâåðæäåíèé
(ñì. ëåììû 2.2.1, 2.2.2). Èñïîëüçóÿ ëåììû 2.5.2, 2.5.3 è ïîâòîðÿÿ ðàññóæ-
äåíèÿ, ïðîâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåì 2.2.2�2.2.4, ìû ïîëó÷àåì
òðåáóåìûå îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (2.5.4).

Ïðèíèìàÿ âî âíèìàíèå äîêàçàòåëüñòâî ëåììû 2.5.2, ìû ìîæåì ïåðå-
ôîðìóëèðîâàòü óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøå-
íèÿ ñèñòåìû (2.5.1) ñëåäóþùèì îáðàçîì.

Òåîðåìà 2.5.5 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t),Kj(s),
j = 1, . . . ,m, óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (2.5.2), òàêèå, ÷òî

K1(τ1)− C∗
m∑
j=1

Kj(0)C > 0

è ìàòðèöà P (t), çàäàííàÿ â (2.5.7), ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈
[0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.5.1) ýêñïîíåíöèàëüíî óñòîé-

÷èâî.

Ïðèìåð. Ðàññìîòðèì ñèñòåìó

d

dt
y(t) = A(t)y(t)+B1(t)y(t−τ1)+B2(t)y(t−τ2)+C

d

dt
y(t−τ1), (2.5.21)



130

ãäå

A(t) =

(
−10 + 0.2 cos t 1− 0.3 cos t

2 + 0.5 cos t −20− 0.1 cos t

)
,

B1(t) =

(
0.1 sin t 0.3 cos t

0 −1

)
, B2(t) =

(
0.5 sin 2t 0
−0.4 sin t 0.2 cos t

)
,

C =

(
0.12 0.1

−0.05 0.11

)
, τ1 = 2, τ2 = 1.

Â ñèëó òåîðåìû 2.5.5 ìû ìîæåì ãàðàíòèðîâàòü ýêñïîíåíöèàëüíóþ óñòîé-
÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (2.5.21), åñëè ñóùåñòâóþò ìàòðèöû
H(t), K1(s), K2(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (2.5.2), òàêèå, ÷òî

K1(2)− C∗K1(0)C − C∗K2(0)C > 0

è ìàòðèöà P (t), çàäàííàÿ â (2.5.7), ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈
[0, 2π]. Âîçüìåì â êà÷åñòâå H(t), K1(s), K2(s) ñëåäóþùèå ìàòðèöû:

H(t) =

(
6− 3.4 sin t 1− 2.3 sin t
1− 2.3 sin t 8 + 2.2 sin t

)
,

K1(s) = e−0.07sK0, K2(s) = e−0.28sK0, K0 =

(
1 0
0 2

)
.

Íåòðóäíî ïðîâåðèòü, ÷òî

2.38 ≤ hmin(t) ≤ 5.65, 8.4 ≤ ∥H(t)∥ ≤ 11.37.

Î÷åâèäíî, ìàòðèöà

K1(2)− C∗K1(0)C − C∗K2(0)C =

(
0.8305582 −0.002

−0.002 1.6703165

)
ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé. Âû÷èñëÿÿ P (t), ìû ïîëó÷àåì, ÷òî

3.58 ≤ pmin(t) ≤ 41.86.

Ñëåäîâàòåëüíî, íóëåâîå ðåøåíèå ñèñòåìû (2.5.21) ýêñïîíåíöèàëüíî óñòîé-
÷èâî.
×òîáû îöåíèòü ñêîðîñòü óáûâàíèÿ ðåøåíèé ñèñòåìû (2.5.21) íà áåñêî-

íå÷íîñòè, íàì íóæíî íàéòè ôóíêöèþ γ(t), çàäàííóþ â (2.5.9). Î÷åâèäíî,
â íàøåì ñëó÷àå

k1 = 0.07, k2 = 0.28, γ(t) = k1.
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Òîãäà
β(t) = β+ = β− = k1/2 = 0.035.

Ïîñêîëüêó ∥C∥ < e−β+τ1, â ñèëó òåîðåìû 2.5.2 èìååì îöåíêó

∥y(t)∥ ≤ c max
−2≤s≤0

∥y(s)∥e−0.035 t, c > 0, t ≥ 0.

Ðàññìîòðèì òåïåðü íåëèíåéíûå ñèñòåìû ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) + C
d

dt
y(t− τ1)

+ F (t, y(t), y(t− τ1), . . . , y(t− τm)), t > 0, (2.5.22)

ãäå A(t), Bj(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùåñòâåí-
íîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, C � ïîñòîÿííàÿ ìàòðèöà
ðàçìåðà n × n, τj > 0 � ïàðàìåòð çàïàçäûâàíèÿ, j = 1, . . . ,m, τ1 >
τk > 0, k = 2, . . . ,m. Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåí-
íîçíà÷íàÿ âåêòîð-ôóíêöèÿ F (t, u, v1, . . . , vm) ëèïøèöåâà ïî u íà ëþáîì
êîìïàêòå G ⊂ [0,∞)× Rn × · · · × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u, v1, . . . , vm)∥ ≤ q0∥u∥+
m∑
j=1

qj∥vj∥, t ≥ 0, (2.5.23)

u, vj ∈ Rn, qj ≥ 0, j = 0, . . . ,m.

Èñïîëüçóÿ ðåçóëüòàòû, óñòàíîâëåííûå âûøå äëÿ ëèíåéíûõ ñèñòåì âèäà
(2.5.1), ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî
ðåøåíèÿ ñèñòåìû (2.5.22) è ïîëó÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü
óáûâàíèÿ ðåøåíèé ñèñòåìû (2.5.22) íà áåñêîíå÷íîñòè.
Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1, îïðåäåëèì ôóíê-

öèþ

q(t) =

q0 +
√√√√q20 + (q0∥C∥+ q1)2 +

m∑
j=2

q2j

 ∥H(t)∥ (2.5.24)

è ìàòðèöó
Sq(t) = S(t)− q(t)I.



132

Òåîðåìà 2.5.6 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1. Åñëè ìàòðè-

öà Sq(t) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ], òîãäà íóëåâîå ðåøåíèå
ñèñòåìû (2.5.22) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (2.5.22):

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) + C
d

dt
y(t− τ1)

+ F (t, y(t), y(t− τ1), . . . , y(t− τm)), t > 0,

y(t) = φ(t), t ∈ [−τ1, 0],

y(+0) = φ(0),

(2.5.25)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.6 (ò. å. ìàòðèöà Sq(t)
ïîëîæèòåëüíî îïðåäåëåíà), íèæå ìû óñòàíîâèì îöåíêè, õàðàêòåðèçó-
þùèå ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé íà÷àëüíîé çàäà-
÷è (2.5.25) ïðè t→ ∞.
Ââåäåì ìàòðèöó

P̃ (t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−

m∑
j=1

Kj(0)− q(t)I

−

(
H(t)A(t)C +

m∑
j=1

Kj(0)C +H(t)B1(t)

)

×

[
K1(τ1)− C∗

m∑
j=1

Kj(0)C − q(t)I

]−1

×

(
C∗A∗(t)H(t) +

m∑
j=1

C∗Kj(0) +B∗
1(t)H(t)

)

−
m∑
j=2

H(t)Bj(t) [Kj(τj)− q(t)I]−1B∗
j (t)H(t). (2.5.26)

Íåòðóäíî ïðîâåðèòü, ÷òî ìàòðèöà P̃ (t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäå-
ëåííîé, åñëè ìàòðèöà Sq(t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé (ïî-
äðîáíî ñì. íèæå). Îáîçíà÷èì ÷åðåç p̃min(t) > 0 ìèíèìàëüíîå ñîáñòâåííîå
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çíà÷åíèå ìàòðèöû P̃ (t),

γ̃(t) = min

{
p̃min(t)

∥H(t)∥
, k1, . . . , km

}
, (2.5.27)

β̃(t) =
γ̃(t)

2
, β̃+ = max

t∈[0,T ]
β̃(t), β̃− = min

t∈[0,T ]
β̃(t). (2.5.28)

Êàê îòìå÷àëîñü âûøå, ñïåêòð ìàòðèöû C ïðèíàäëåæèò åäèíè÷íîìó
êðóãó {λ ∈ C : |λ| < 1}, åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.1. Òîãäà
∥Cj∥ → 0 ïðè j → ∞. Ïóñòü l � ìèíèìàëüíîå íàòóðàëüíîå ÷èñëî òàêîå,
÷òî ∥C l∥ < 1. Â çàâèñèìîñòè îò âåëè÷èíû ∥C l∥ íèæå ìû óñòàíîâèì
îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (2.5.25), åñëè

∥C l∥ < e−lβ̃+τ1, e−lβ̃+τ1 ≤ ∥C l∥ ≤ e−lβ̃−τ1, e−lβ̃−τ1 < ∥C l∥ < 1.

Òåîðåìà 2.5.7 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.6 è

∥C l∥ < e−lβ̃+τ1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.5.25) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1− ∥C l∥elβ̃+τ1

)−1
l−1∑
j=0

∥Cj∥ejβ̃+τ1

+max
{
∥C∥eβ̃+τ1, . . . , ∥C l∥elβ̃+τ1

}
Φ1

]
e
−

t∫
0

β̃(ξ) dξ
, t > 0,

ãäå Φ1, Φ2, β̃(t), β̃
+ îïðåäåëåíû â (2.5.10), (2.5.28).

Òåîðåìà 2.5.8 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.6 è

e−lβ̃+τ1 ≤ ∥C l∥ ≤ e−lβ̃−τ1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.5.25) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2

(
1 +

t

lτ1

) l−1∑
j=0

∥Cj∥ejβ̃+τ1
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+max
{
1, ∥C∥eβ̃+τ1, . . . , ∥C l−1∥e(l−1)β̃+τ1

}
Φ1

]
e
−

t∫
0

σ̃(ξ) dξ
, t > 0,

ãäå Φ1, Φ2, β̃(t), β̃
+, β̃− îïðåäåëåíû â (2.5.10), (2.5.28),

σ̃(t) = min

{
β̃(t), − 1

lτ1
ln ∥C l∥

}
.

Òåîðåìà 2.5.9 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.6 è

e−lβ̃−τ1 < ∥C l∥ < 1.

Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (2.5.25) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

[
Φ2∥C l∥elβ̃−τ1

(
∥C l∥elβ̃−τ1 − 1

)−1
l−1∑
j=0

∥Cj∥ejβ̃−τ1

+∥C l∥
1
l−1max

{
1, ∥C∥, . . . , ∥C l−1∥

}
Φ1

]
exp

(
t

lτ1
ln ∥C l∥

)
, t > 0,

ãäå Φ1, Φ2, β̃
− îïðåäåëåíû â (2.5.10), (2.5.28).

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 2.5.6 ñðàçó ñëåäóåò èç òåîðåì 2.5.7�
2.5.9.

Äëÿ äîêàçàòåëüñòâà ýòèõ òåîðåì ìû óñòàíîâèì íåñêîëüêî âñïîìîãà-
òåëüíûõ óòâåðæäåíèé.

Ëåììà 2.5.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.6. Òîãäà äëÿ ðå-

øåíèÿ íà÷àëüíîé çàäà÷è (2.5.25) èìååò ìåñòî îöåíêà

∥y(t)− Cy(t− τ1)∥ ≤

√
V (0, φ)

hmin(t)
exp

−
t∫

0

γ̃(ξ)

2
dξ

 , t > 0, (2.5.29)

ãäå V (0, φ) è γ̃(t) îïðåäåëåíû â (2.5.5) è (2.5.27) ñîîòâåòñòâåííî, hmin(t) >
0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).
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Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (2.5.25).
Êàê âûøå, ðàññìîòðèì ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (2.5.5) íà
ðåøåíèè. Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) ≡

⟨
d

dt
H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))

⟩

+

⟨
H(t)

(
A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj)

)
, (y(t)− Cy(t− τ1))

⟩

+

⟨
H(t)(y(t)− Cy(t− τ1)),

(
A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj)

)⟩
+⟨H(t)F (t, y(t), y(t− τ1), . . . , y(t− τm)), (y(t)− Cy(t− τ1))⟩
+⟨H(t)(y(t)− Cy(t− τ1)), F (t, y(t), y(t− τ1), . . . , y(t− τm))⟩

+
m∑
j=1

⟨Kj(0)y(t), y(t)⟩ −
m∑
j=1

⟨Kj(τj)y(t− τj), y(t− τj)⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds.

Èñïîëüçóÿ ìàòðèöó Q(t) ñ ýëåìåíòàìè (2.5.3), èìååì

d

dt
V (t, y) ≡ −

⟨
Q(t)

 y(t)
y(t− τ1)
z(t)

 ,

 y(t)
y(t− τ1)
z(t)

⟩

+⟨H(t)F (t, y(t), y(t− τ1), . . . , y(t− τm)), (y(t)− Cy(t− τ1))⟩
+⟨H(t)(y(t)− Cy(t− τ1)), F (t, y(t), y(t− τ1), . . . , y(t− τm))⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds,

ãäå

z(t) =

 y(t− τ2)
...

y(t− τm)

 .
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Â ñèëó (2.5.14) ïîëó÷àåì

d

dt
V (t, y) ≡ −

⟨
S(t)

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

 ,

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

⟩
+⟨H(t)F (t, y(t), y(t− τ1), . . . , y(t− τm)), (y(t)− Cy(t− τ1))⟩
+⟨H(t)(y(t)− Cy(t− τ1)), F (t, y(t), y(t− τ1), . . . , y(t− τm))⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds, (2.5.30)

ãäå ýëåìåíòû ìàòðèöû S(t) çàäàíû â (2.5.16).
Ðàññìîòðèì âòîðîå è òðåòüå ñëàãàåìûå â ïðàâîé ÷àñòè (2.5.30). Â ñèëó

(2.5.23) èìååì

J1(t) = ⟨H(t)F (t, y(t), y(t− τ1), . . . , y(t− τm)), (y(t)− Cy(t− τ1))⟩

+⟨H(t)(y(t)− Cy(t− τ1)), F (t, y(t), y(t− τ1), . . . , y(t− τm))⟩

≤ 2∥H(t)∥

(
q0∥y(t)∥+

m∑
j=1

qj∥y(t− τj)∥

)
∥y(t)− Cy(t− τ1)∥

≤ 2q0∥H(t)∥∥y(t)− Cy(t− τ1)∥2

+2(q0∥C∥+ q1)∥H(t)∥∥y(t− τ1)∥∥y(t)− Cy(t− τ1)∥

+
m∑
j=2

2qj∥H(t)∥∥y(t− τj)∥∥y(t)− Cy(t− τ1)∥. (2.5.31)

Ïîêàæåì, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

J1(t) ≤ q(t)

(
∥y(t)− Cy(t− τ1)∥2 +

m∑
j=1

∥y(t− τj)∥2
)
, (2.5.32)

ãäå ôóíêöèÿ q(t) îïðåäåëåíà â (2.5.24). Îáîçíà÷èì ÷åðåç J2(t) ïðàâóþ
÷àñòü íåðàâåíñòâà (2.5.31), êîòîðóþ ìîæíî çàïèñàòü ñëåäóþùèì îáðà-
çîì:

J2(t) = ∥H(t)∥

⟨
Vm


∥y(t)− Cy(t− τ1)∥

∥y(t− τ1)∥
∥y(t− τ2)∥

...
∥y(t− τm)∥

 ,


∥y(t)− Cy(t− τ1)∥

∥y(t− τ1)∥
∥y(t− τ2)∥

...
∥y(t− τm)∥


⟩
,
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ãäå

Vm =


2q0 q0∥C∥+ q1 q2 · · · qm

q0∥C∥+ q1 0 0 . . . 0
q2 0 0 · · · 0
... ... ... . . . ...
qm 0 0 · · · 0

 .

Íåòðóäíî ïðîâåðèòü, ÷òî

det(Vm − λI) = (−λ)m+1
[
λ2 − 2q0λ− (q0∥C∥+ q1)

2 − q22 − · · · − q2m
]
.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû Vm èìåþò âèä

λ1 = q0 +

√√√√q20 + (q0∥C∥+ q1)2 +
m∑
j=2

q2j ,

λ2 = q0 −

√√√√q20 + (q0∥C∥+ q1)2 +
m∑
j=2

q2j , λ3 = · · · = λm+1 = 0.

Î÷åâèäíî, λ1 ÿâëÿåòñÿ ìàêñèìàëüíûì ñîáñòâåííûì çíà÷åíèåì. Ñëåäîâà-
òåëüíî,

J2(t) ≤ λ1∥H(t)∥

(
∥y(t)− Cy(t− τ1)∥2 +

m∑
j=1

∥y(t− τj)∥2
)
,

÷òî äàåò îöåíêó (2.5.32).
Òîãäà

d

dt
V (t, y) ≤ −

⟨
Sq(t)

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

 ,

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds. (2.5.33)

Â ñèëó óñëîâèé òåîðåìû 2.5.6 ìàòðèöà Sq(t) ÿâëÿåòñÿ ýðìèòîâîé ïîëî-
æèòåëüíî îïðåäåëåííîé. Ïîñêîëüêó S23(t) � íóëåâàÿ ìàòðèöà, òî â ñèëó
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ëåììû 2.5.1 ïîëó÷àåì

Sq(t) =

 I S12(t)(S22(t)− q(t)I)−1 S13(t)(S33(t)− q(t)I)−1

0 I 0
0 0 I



×

 P̃ (t) 0 0
0 S22(t)− q(t)I 0
0 0 S33(t)− q(t)I


×

 I 0 0
(S22(t)− q(t)I)−1S∗

12(t) I 0
(S33(t)− q(t)I)−1S∗

13(t) 0 I

 ,

ãäå
P̃ (t) = S11(t)− q(t)I − S12(t)(S22(t)− q(t)I)−1S∗

12(t)

−S13(t)(S33(t)− q(t)I)−1S∗
13(t),

ïðè÷åì ìàòðèöû

P̃ (t), S22(t)− q(t)I è S33(t)− q(t)I

ÿâëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè. Ñëåäîâàòåëüíî,⟨
Sq(t)

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

 ,

 y(t)− Cy(t− τ1)
y(t− τ1)
z(t)

⟩

≥
⟨
P̃ (t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))

⟩
≥ p̃min(t)∥y(t)− Cy(t− τ1)∥2, (2.5.34)

ãäå p̃min(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P̃ (t). Ñ
ó÷åòîì (2.5.16) ìàòðèöà P̃ (t) èìååò âèä (2.5.26). Ñëåäîâàòåëüíî, â ñèëó
(2.5.34) èç (2.5.33) âûòåêàåò íåðàâåíñòâî

d

dt
V (t, y) ≤ −p̃min(t)∥y(t)− Cy(t− τ1)∥2

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds.
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Èñïîëüçóÿ ìàòðèöó H(t), èìååì

∥y(t)−Cy(t−τ1)∥2 ≥
1

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩ .

Òîãäà

d

dt
V (t, y) ≤ − p̃min(t)

∥H(t)∥
⟨H(t)(y(t)− Cy(t− τ1)), (y(t)− Cy(t− τ1))⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds.

Ïîâòîðÿÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâà ëåììû 2.5.2, ìû ïîëó÷àåì íåðà-
âåíñòâî (2.5.29).
Ëåììà äîêàçàíà.

Ëåììà 2.5.5 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.5.6. Òîãäà äëÿ ðå-

øåíèÿ íà÷àëüíîé çàäà÷è (2.5.25) íà êàæäîì ïðîìåæóòêå t ∈ [kτ1, (k+
1)τ1), k = 0, 1, . . . , èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2

k∑
j=0

∥Cj∥e
−

t−jτ1∫
0

β̃(ξ) dξ
+ ∥Ck+1∥Φ1,

ãäå Φ1, Φ2, β̃(t) îïðåäåëåíû â (2.5.10), (2.5.28).

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ëåììó 2.5.4, ýòà ëåììà äîêàçûâàåòñÿ ïî
òîé æå ñõåìå, ÷òî ëåììà 2.5.3.

Äîêàçàòåëüñòâî òåîðåì 2.5.7�2.5.9. Â ñëó÷àå îäíîãî çàïàçäûâàíèÿ
â ïàðàãðàôå 2.2 àíàëîãè òåîðåì 2.5.7�2.5.9 (ñì. òåîðåìû 2.2.2�2.2.4) áû-
ëè ïîäðîáíî äîêàçàíû ñ èñïîëüçîâàíèåì âñïîìîãàòåëüíûõ óòâåðæäåíèé
(ñì. ëåììû 2.2.1, 2.2.2). Èñïîëüçóÿ ëåììû 2.5.4, 2.5.5 è ïîâòîðÿÿ ðàññóæ-
äåíèÿ, ïðîâåäåííûå ïðè äîêàçàòåëüñòâå òåîðåì 2.2.2�2.2.4, ìû ïîëó÷àåì
òðåáóåìûå îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (2.5.25).

Ïðèíèìàÿ âî âíèìàíèå äîêàçàòåëüñòâî ëåììû 2.5.4, ìû ìîæåì ïåðå-
ôîðìóëèðîâàòü óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøå-
íèÿ ñèñòåìû (2.5.22) ñëåäóþùèì îáðàçîì.
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Òåîðåìà 2.5.10 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t),Kj(s),
j = 1, . . . ,m, óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (2.5.2), òàêèå, ÷òî
ìàòðèöû

K1(τ1)− C∗
m∑
j=1

Kj(0)C − q(t)I, Kj(τj)− q(t)I, j = 2, . . . ,m,

è ìàòðèöà P̃ (t), çàäàííàÿ â (2.5.26), ïîëîæèòåëüíî îïðåäåëåíû ïðè

t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (2.5.22) ýêñïîíåíöèàëüíî

óñòîé÷èâî.

Çàìå÷àíèå 1. Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàþò óòâåðæäåíèÿ î
ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (2.5.1). Äåéñòâèòåëü-
íî, ðàññìîòðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) + C
d

dt
y(t− τ1)

+ ∆A(t)y(t) +
m∑
j=1

∆Bj(t)y(t− τj), (2.5.35)

ãäå ∆A(t), ∆Bj(t) � ïðîèçâîëüíûå ìàòðèöû ðàçìåðà n× n ñ íåïðåðûâ-
íûìè ýëåìåíòàìè òàêèå, ÷òî

∥∆A(t)∥ ≤ q0, ∥∆Bj(t)∥ ≤ qj, j = 1, . . . ,m.

Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u, v1, . . . , vm) = ∆A(t)u+
m∑
j=1

∆Bj(t)vj

óäîâëåòâîðÿåò íåðàâåíñòâó (2.5.23). Òîãäà òåîðåìà 2.5.6 äàåò óñëîâèÿ ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (2.5.1). Èç òåîðåì 2.5.7�
2.5.9 ìû èìååì îöåíêè ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåì âè-
äà (2.5.35).

Çàìå÷àíèå 2. Êàê â ñëó÷àå îäíîãî çàïàçäûâàíèÿ (ñì. ïàðàãðàô 2.3),
ñïðàâåäëèâû àíàëîãè òåîðåì 2.3.3�2.3.5.
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Ïîëó÷åííûå â ýòîé ãëàâå ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà ñèñòå-
ìû ñ ïåðåìåííûì çàïàçäûâàíèåì. Ñîîòâåòñòâóþùèå óòâåðæäåíèÿ âû-
òåêàþò èç ðåçóëüòàòîâ, óñòàíîâëåííûõ äëÿ áîëåå îáùåãî êëàññà ñèñòåì
íåéòðàëüíîãî òèïà â ãëàâàõ 3, 4. Â ïàðàãðàôå 3.5 ðàññìîòðåíû ñèñòå-
ìû ñ îãðàíè÷åííûì çàïàçäûâàíèåì, â ãëàâå 4 � ñèñòåìû ñ ïåðåìåííûì
çàïàçäûâàíèåì, êîòîðîå ìîæåò áûòü íåîãðàíè÷åííûì.



Ãëàâà 3

Ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü

ðåøåíèé ñèñòåì íåéòðàëüíîãî òèïà

ñ ïåðèîäè÷åñêîé ìàòðèöåé

ïðè ïðîèçâîäíîé

3.1 Ïîñòàíîâêà çàäà÷è è ñîäåðæàíèå ãëàâû

Â ýòîé ãëàâå ìû ðàññìîòðèì êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé íåéòðàëüíîãî òèïà ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0, (3.1.1)

ãäåA(t),B(t), C(t)� ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè-
÷åñêèìè ýëåìåíòàìè, ò. å.

A(t+ T ) ≡ A(t), B(t+ T ) ≡ B(t), C(t+ T ) ≡ C(t).

Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé óêà-
çàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè
íóëåâîãî ðåøåíèÿ è ïîëó÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü óáûâà-
íèÿ ðåøåíèé ñèñòåì âèäà (3.1.1) ïðè t→ ∞.
Â ïàðàãðàôå 3.2 ìû èññëåäóåì ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0. (3.1.2)
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Â ïàðàãðàôå 3.3 ìû óñòàíîâèì óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëè-
íåéíûõ ñèñòåì (3.1.2) è èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðå-
øåíèé ñèñòåì âèäà (3.1.1) ïðè

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, qj ≥ 0, j = 1, 2, 3.

Â ïàðàãðàôå 3.4 ìû èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
íåëèíåéíûõ ñèñòåì âèäà (3.1.1) ïðè

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2 + q3∥u3∥1+ω3,

qj ≥ 0, ωj ≥ 0, j = 1, 2, 3.

Ìû óñòàíîâèì îöåíêè íà îáëàñòè ïðèòÿæåíèÿ è îöåíêè ðåøåíèé, õàðàê-
òåðèçóþùèå ýêñïîíåíöèàëüíîå óáûâàíèå íà áåñêîíå÷íîñòè. Â ïàðàãðà-
ôå 3.5 ñîäåðæàòñÿ íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòàíîâëåííûõ â
ïðåäûäóùèõ ïàðàãðàôàõ, íà ñëó÷àé íåñêîëüêèõ ïîñòîÿííûõ çàïàçäûâà-
íèé è ïåðåìåííîãî îãðàíè÷åííîãî çàïàçäûâàíèÿ.

Ðåçóëüòàòû, ïðåäñòàâëåííûå â ýòîé ãëàâå, îïóáëèêîâàíû â ðàáîòàõ [61,
62, 63, 64, 142].

3.2 Ëèíåéíûå ñèñòåìû íåéòðàëüíîãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ëèíåéíûå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0, (3.2.1)

ãäåA(t),B(t), C(t)� ìàòðèöû ðàçìåðà n×n ñ íåïðåðûâíûìè T -ïåðèîäè-
÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Íàøà öåëü � èñ-
ñëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé óêàçàííûõ ñèñòåì.
Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøå-
íèÿ ñèñòåìû (3.2.1) è ïîëó÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòà-
áèëèçàöèè ðåøåíèé ñèñòåìû (3.2.1) íà áåñêîíå÷íîñòè.
Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó ðåçóëüòàòîâ ïàðàãðàôà.

Íà÷íåì ñ íàèáîëåå ïðîñòîãî ïî ôîðìóëèðîâêå óòâåðæäåíèÿ.
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Òåîðåìà 3.2.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.3), è ìàòðèöà L(s):

L(s) ∈ C1([0, τ ]), L(s) = L∗(s) > 0,
d

ds
L(s) < 0, s ∈ [0, τ ], (3.2.2)

òàêèå, ÷òî ìàòðèöà

Q(t) =

 Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)

 (3.2.3)

ñ ýëåìåíòàìè

Q11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)

−K(0)− A∗(t)L(0)A(t),

Q12(t) = −H(t)B(t)− A∗(t)L(0)B(t),

Q13(t) = −H(t)C(t)− A∗(t)L(0)C(t),

Q22(t) = K(τ)−B∗(t)L(0)B(t),

Q23(t) = −B∗(t)L(0)C(t),

Q33(t) = L(τ)− C∗(t)L(0)C(t),

(3.2.4)

ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòå-

ìû (3.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (3.2.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(3.2.5)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Ïîä ðåøåíèåì íà-
÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ y(t) ∈ C([−τ,∞))
òàêóþ, ÷òî y(t) ∈ C1([(k − 1)τ, kτ ]), k = 0, 1, 2, . . . . Íèæå ìû óñòàíî-
âèì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (3.2.5), õàðàêòåðèçóþùèå
ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.
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Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà÷åíèé. Åñëè ìàòðè-
öà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3.2.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− A∗(t)L(0)A(t),

ò. å.H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è äëÿ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà âèäà (1.2.7). Òîãäà, êàê óæå îòìå÷àëîñü
ðàíåå, èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå
[0, T ]. Ïðîäîëæèì ýòó ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü
{t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàò-
ðèöû K(s), L(s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 3.2.1, ðàññìîòðèì
íà ðåøåíèè çàäà÷è (3.2.5) ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî

V (t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ds

+

t∫
t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.2.6)

ââåäåííûé â ðàáîòå [61]. Îïðåäåëèì

V (0, φ) = ⟨H(0)φ(0), φ(0)⟩+
0∫

−τ

⟨K(−s)φ(s), φ(s)⟩ds

+

0∫
−τ

⟨
L(−s) d

ds
φ(s),

d

ds
φ(s)

⟩
ds (3.2.7)

è ìàòðèöó

P (t) = Q11(t)−
[
Q12(t)−Q13(t)Q

−1
33 (t)Q

∗
23(t)

]
×
[
Q22(t)−Q23(t)Q

−1
33 (t)Q

∗
23(t)

]−1

×
[
Q12(t)−Q13(t)Q

−1
33 (t)Q

∗
23(t)

]∗
−Q13(t)Q

−1
33 (t)Q

∗
13(t), (3.2.8)

ãäå ìàòðèöû Qij(t) çàäàíû â (3.2.4). Íåòðóäíî ïîêàçàòü, ÷òî P (t) ïîëî-
æèòåëüíî îïðåäåëåíà, åñëè Q(t) â (3.2.3) ïîëîæèòåëüíî îïðåäåëåíà (ñì.
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ëåììó 2.5.1 â ïàðàãðàôå 2.5). Îáîçíà÷èì ÷åðåç pmin(t) > 0 ìèíèìàëü-
íîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t), ÷åðåç hmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).

Òåîðåìà 3.2.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1.

Ïóñòü k, l > 0 � ìàêñèìàëüíûå ÷èñëà òàêèå, ÷òî

d

ds
K(s) + kK(s) ≤ 0,

d

ds
L(s) + lL(s) ≤ 0, s ∈ [0, τ ]. (3.2.9)

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (3.2.5) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
, t > 0, (3.2.10)

ãäå

γ(t) = min

{
pmin(t)

∥H(t)∥
, k, l

}
> 0. (3.2.11)

Çàìå÷àíèå. Ñóùåñòâîâàíèå k, l > 0 â òåîðåìå 3.2.2 îáåñïå÷èâàåòñÿ
óñëîâèÿìè íà K(s), L(s), óêàçàííûìè â ôîðìóëèðîâêå òåîðåìû 3.2.1.

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 3.2.1 íåïîñðåäñòâåííî âûòåêàåò èç
îöåíêè (3.2.10). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 3.2.2.

Äîêàçàòåëüñòâî òåîðåìû 3.2.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (3.2.5). Èñïîëüçóÿ ìàòðèöû H(t), K(s), L(s), óêàçàííûå âûøå,
ðàññìîòðèì íà ðåøåíèè ôóíêöèîíàë (3.2.6). Äèôôåðåíöèðóÿ åãî, ïîëó-
÷àåì

d

dt
V (t, y) ≡

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)
, y(t)

⟩
+

⟨
H(t)y(t),

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)⟩
+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds
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+

⟨
L(0)

d

dt
y(t),

d

dt
y(t)

⟩
−
⟨
L(τ)

d

dt
y(t− τ),

d

dt
y(t− τ)

⟩

+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds

=

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)
, y(t)

⟩
+

⟨
H(t)y(t),

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)⟩
+⟨K(0)y(t), y(t)⟩ − ⟨K(τ)y(t− τ), y(t− τ)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+

⟨
L(0)

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)
, A(t)y(t)

⟩
+

⟨
L(0)

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)
, B(t)y(t− τ)

⟩
+

⟨
L(0)

(
A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

)
, C(t)

d

dt
y(t− τ)

⟩

−
⟨
L(τ)

d

dt
y(t− τ),

d

dt
y(t− τ)

⟩
+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds

= −

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds
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+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.2.12)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (3.2.3).
Äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé âîñïîëüçóåìñÿ ëåììîé 2.5.1 èç ïàðà-

ãðàôà 2.5. Òîãäà äëÿ ìàòðèöû Q(t) â (3.2.3) èìååì

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ ⟨P (t)y(t), y(t)⟩,

ãäå P (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(3.2.8). Î÷åâèäíî,

⟨P (t)y(t), y(t)⟩ ≥ ⟨pmin(t)y(t), y(t)⟩,

ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Ñëå-
äîâàòåëüíî, èç (3.2.12) ïîëó÷àåì

d

dt
V (t, y) ≤ −⟨pmin(t)y(t), y(t)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Â ñèëó (1.2.15) ïîëó÷àåì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Èñïîëüçóÿ óñëîâèå (3.2.9), èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds− l

t∫
t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.
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Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.2.6) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k, l

}
. Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà

èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (3.2.7). Èñïîëüçóÿ (1.2.15), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (3.2.6) ïîëó÷àåì

∥y(t)∥2 ≤ 1

hmin(t)
⟨H(t)y(t), y(t)⟩ ≤ V (t, y)

hmin(t)
≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
.

Îòñþäà èìååì òðåáóåìîå íåðàâåíñòâî (3.2.10).
Òåîðåìà 3.2.2 äîêàçàíà.

Èç äîêàçàòåëüñòâà òåîðåìû 3.2.2 âûòåêàåò ñëåäóþùàÿ ïåðåôîðìóëè-
ðîâêà òåîðåìû 3.2.1.

Òåîðåìà 3.2.3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.3), (3.2.2) è òàêèå, ÷òî

P (t) > 0, Q22(t)−Q23(t)Q
−1
33 (t)Q

∗
23(t) > 0, Q33(t) > 0, t ∈ [0, T ].

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Äîêàçàòåëüñòâî òåîðåìû 3.2.3. Â ñèëó ëåììû 2.5.1 ìàòðèöà Q(t)
â (3.2.3) ïîëîæèòåëüíî îïðåäåëåíà òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöû
P (t), Q22(t)−Q23(t)Q

−1
33 (t)Q

∗
23(t) è Q33(t) ïîëîæèòåëüíî îïðåäåëåíû.

Çàìå÷àíèå. Îòìåòèì, ÷òî òðåáîâàíèå ïîëîæèòåëüíîé îïðåäåëåííî-
ñòè ìàòðèöû Q33(t) âëå÷åò óñëîâèå ïðèíàäëåæíîñòè ñïåêòðà ìàòðèöû
C(t) ïðè âñåõ t ∈ [0, T ] åäèíè÷íîìó êðóãó {λ ∈ R : |λ| < 1}, ÷òî ñîãëà-
ñóåòñÿ ñ ðåçóëüòàòàìè äëÿ óðàâíåíèé íåéòðàëüíîãî òèïà ñ ïîñòîÿííîé
ìàòðèöåé C. Äåéñòâèòåëüíî, åñëè Q33(t) > 0, òî â ñèëó óñëîâèé (3.2.2)
íà L(s) èìååì

L(0)− C∗(t)L(0)C(t) > Q33(t) > 0, t ∈ [0, T ],
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ò. å. ïðè êàæäîì t ∈ [0, T ] ìàòðèöà L(0) = L∗(0) > 0 óäîâëåòâîðÿåò
äèñêðåòíîìó óðàâíåíèþ Ëÿïóíîâà

L(0)− C∗(t)L(0)C(t) = G(t)

ñ ïîëîæèòåëüíî îïðåäåëåííîé ýðìèòîâîé ïðàâîé ÷àñòüþ. Òîãäà ñîãëàñíî
êðèòåðèþ Ëÿïóíîâà [28] âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû C(t) ïðè
êàæäîì t ∈ [0, T ] ëåæàò â åäèíè÷íîì êðóãå.

Óñëîâèÿ (1.2.3), (3.2.2) íà K(s), L(s) ìîæíî îñëàáèòü, ïðè ýòîì îòêà-
çàòüñÿ îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè Q(t) â (3.2.3).

Òåîðåìà 3.2.4 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöà H(t), óäî-
âëåòâîðÿþùàÿ óñëîâèþ (1.2.2), è ìàòðèöû K(s), L(s):

K(s) ∈ C1([0, τ ]), K(s) = K∗(s) ≥ 0,
d

ds
K(s) ≤ 0, s ∈ [0, τ ], (3.2.13)

L(s) ∈ C1([0, τ ]), L(s) = L∗(s) ≥ 0,
d

ds
L(s) ≤ 0, s ∈ [0, τ ], (3.2.14)

òàêèå, ÷òî äëÿ ìàòðèöû Q(t) â (3.2.3) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ ⟨S(t)u, u⟩, u, v, w ∈ Cn, t ∈ [0, T ], (3.2.15)

ãäå S(t) > 0 � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðå-

ðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóþò k, l > 0, óäîâëåòâîðÿþùèå
(3.2.9), òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.2.1) ýêñïîíåíöèàëüíî óñòîé-
÷èâî, ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (3.2.5) èìååò ìåñòî îöåíêà (3.2.10),
ãäå

γ(t) = min

{
smin(t)

∥H(t)∥
, k, l

}
, (3.2.16)

smin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû S(t).

Â îöåíêå (3.2.10) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ôóíêöèè smin(t) è ìàòðèöû H(t) íà âñþ ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî òåîðåìû 3.2.4. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû 3.2.4, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) ≤ −S(t)−K(0)− A∗(t)L(0)A(t),
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ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7). Êàê îòìå÷à-
ëîñü âûøå, òîãäàH(t) > 0 íà âñåì îòðåçêå [0, T ]. ÏðîäîëæèìH(t) è S(t),
ñîõðàíÿÿ òî æå îáîçíà÷åíèå, T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü
{t ≥ 0}. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöû K(s), L(s), óäîâëåòâî-
ðÿþùèå óñëîâèÿì òåîðåìû 3.2.4, ðàññìîòðèì íà ðåøåíèè çàäà÷è (3.2.5)
ôóíêöèîíàë (3.2.6). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 3.2.2, ïîñëå äèô-
ôåðåíöèðîâàíèÿ ïîëó÷àåì (3.2.12). Â ñèëó (3.2.15)

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ ⟨S(t)y(t), y(t)⟩ ≥ ⟨smin(t)y(t), y(t)⟩.
Èñïîëüçóÿ (3.2.9) è (1.2.15), èç (3.2.12) èìååì

d

dt
V (t, y) ≤ − smin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds− l

t∫
t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.2.6) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) > 0 îïðåäåëåíî â (3.2.16). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåî-
ðåìû 3.2.2, èìååì íåðàâåíñòâî (3.2.10).
Òåîðåìà 3.2.4 äîêàçàíà.

Çàìå÷àíèå. Óñëîâèÿ òåîðåìû 3.2.4 ÿâëÿþòñÿ ìåíåå îãðàíè÷èòåëüíû-
ìè, íî óñëîâèÿ òåîðåìû 3.2.1 ïîçâîëÿþò óêàçàòü ìàòðèöó S(t), èñïîëü-
çóåìóþ â òåîðåìå 3.2.4, â ÿâíîì âèäå; íàïðèìåð, S(t) = P (t), ãäå P (t)
îïðåäåëåíî â (3.2.8). Ýòîò ôàêò ìîæåò áûòü ïîëåçåí ïðè èññëåäîâàíèè
êîíêðåòíûõ çàäà÷.

Óñëîâèå ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû S(t) â òåîðåìå 3.2.4
ìîæíî îñëàáèòü.
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Òåîðåìà 3.2.5 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t),K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.21), (3.2.13), (3.2.14) è òàêèå,

÷òî äëÿ ìàòðèöû Q(t) â (3.2.3) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ p(t)⟨H(t)u, u⟩, (3.2.17)

u, v, w ∈ Cn, t ∈ [0, T ],

ãäå p(t) ∈ C([0, T ]). Åñëè ñóùåñòâóþò k, l > 0, óäîâëåòâîðÿþùèå

(3.2.9), è
T∫

0

γ(ξ)dξ > 0, ãäå γ(ξ) = min{p(ξ), k, l}, (3.2.18)

òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (3.2.5) èìååò ìåñòî îöåíêà (3.2.10).

Â îöåíêå (3.2.10) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ìàòðèöû H(t) è ôóíêöèè p(t) íà âñþ ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî òåîðåìû 3.2.5. Èñïîëüçóÿ ìàòðèöû H(t), K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 3.2.5, ðàññìîòðèì íà ðåøåíèè
çàäà÷è (3.2.5) ôóíêöèîíàë (3.2.6). Ïðîäîëæèì T -ïåðèîäè÷åñêèì îáðàçîì
ìàòðèöó H(t) è ôóíêöèþ p(t) íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ îáîçíà-
÷åíèÿ. Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 3.2.2, ïîñëå äèôôåðåíöèðîâàíèÿ
ïîëó÷àåì (3.2.12). Â ñèëó (3.2.17) èìååì⟨

Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ p(t)⟨H(t)y(t), y(t)⟩.

Èñïîëüçóÿ (3.2.9), èç (3.2.12) èìååì

d

dt
V (t, y) ≤ −p(t) ⟨H(t)y(t), y(t)⟩ − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨L(t− s)y(s), y(s)⟩ ds.
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Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.2.6) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) îïðåäåëåíî â (3.2.18). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðå-
ìû 3.2.2, èìååì íåðàâåíñòâî (3.2.10).
Êàê îòìå÷àëîñü â ïàðàãðàôå 1.2, îöåíêà âèäà (3.2.10) ïðè óñëîâèè

(3.2.18) ãàðàíòèðóåò ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé çàäà÷è (3.2.5)
ïðè t→ ∞, ïîñêîëüêó èç íåå âûòåêàåò îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−γ1t

2
+
T (γ1 − γ2)

2

)
, (3.2.19)

ãäå

γ1 =
1

T

∫ T

0

γ(ξ)dξ > 0, γ2 = min
ξ∈[0,T ]

γ(ξ).

Òåîðåìà 3.2.5 äîêàçàíà.

3.3 Ðîáàñòíàÿ óñòîé÷èâîñòü äëÿ ñèñòåì íåéòðàëüíî-

ãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0, (3.3.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùå-
ñòâåííîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çà-
ïàçäûâàíèÿ. Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ
âåêòîð-ôóíêöèÿ F (t, u1, u2, u3) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå G ⊂
[0,∞)× Rn × Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, t ≥ 0, (3.3.2)
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uj ∈ Rn, qj ≥ 0, j = 1, 2, 3.

Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
óêàçàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷è-
âîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (3.3.1) è ïîëó÷èì îöåíêè, õàðàêòåðè-
çóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (3.3.1) íà áåñêîíå÷íî-
ñòè. Èç äîêàçàííûõ óòâåðæäåíèé áóäóò âûòåêàòü ðåçóëüòàòû î ðîáàñòíîé
óñòîé÷èâîñòè ðåøåíèé ëèíåéíûõ ñèñòåì (3.2.1).
Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó îñíîâíûõ ðåçóëüòàòîâ ïà-

ðàãðàôà. Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1, íèæå ìû
óñòàíàâëèâàåì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøå-
íèÿ ñèñòåìû (3.3.1). Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà-
÷åíèé. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3.2.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− A∗(t)L(0)A(t),

ò. å.H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è äëÿ äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà âèäà (1.2.7). Â ýòîì ñëó÷àå èç ðåçóëüòà-
òîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì
ýòó ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ
òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöû K(s), L(s),
óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 3.2.1, ââåäåì ôóíêöèè

β1(t) = 2∥H(t)∥+ (2∥A(t)∥+ q1)∥L(0)∥,
β2(t) = (2∥B(t)∥+ q2)∥L(0)∥,
β3(t) = (2∥C(t)∥+ q3)∥L(0)∥,

(3.3.3)

α1(t) = q1β1(t) +
q1β2(t) + q2β1(t)

2
+
q1β3(t) + q3β1(t)

2
,

α2(t) = q2β2(t) +
q2β1(t) + q1β2(t)

2
+
q2β3(t) + q3β2(t)

2
,

α3(t) = q3β3(t) +
q3β1(t) + q1β3(t)

2
+
q3β2(t) + q2β3(t)

2
,

(3.3.4)

è ìàòðèöó

Qα(t) = Q(t)−

 α1(t)I 0 0
0 α2(t)I 0
0 0 α3(t)I

 . (3.3.5)
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Òåîðåìà 3.3.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1. Ïðåäïîëîæèì,

÷òî ìàòðèöà Qα(t) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ]. Òîãäà íó-

ëåâîå ðåøåíèå ñèñòåìû (3.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (3.3.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(3.3.6)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ
y(t) ∈ C([−τ,∞)) òàêóþ, ÷òî y(t) ∈ C1([(k − 1)τ, kτ ]), k = 0, 1, 2, . . . .
Íèæå ìû óêàæåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (3.3.6), õàðàê-
òåðèçóþùèå ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.
Ââåäåì ìàòðèöó

P α(t) = Q11(t)− α1(t)I −
[
Q12(t)−Q13(t)(Q33(t)− α3(t)I)

−1Q∗
23(t)

]
×
[
Q22(t)− α2(t)I −Q23(t)(Q33(t)− α3(t)I)

−1Q∗
23(t)

]−1

×
[
Q12(t)−Q13(t)(Q33(t)− α3(t)I)

−1Q∗
23(t)

]∗
−Q13(t)(Q33(t)− α3(t)I)

−1Q∗
13(t), (3.3.7)

ãäå ìàòðèöû Qij(t) îïðåäåëåíû â (3.2.4). Íåòðóäíî ïîêàçàòü, ÷òî P α(t)
ïîëîæèòåëüíî îïðåäåëåíà, åñëè Qα(t) â (3.3.5) ïîëîæèòåëüíî îïðåäåëåíà
(ñì. ëåììó 2.5.1 â ïàðàãðàôå 2.5). Îáîçíà÷èì ÷åðåç pαmin(t) > 0 ìèíèìàëü-
íîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P α(t), ÷åðåç hmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).

Òåîðåìà 3.3.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.3.1.

Ïóñòü k, l > 0 � ìàêñèìàëüíûå ÷èñëà òàêèå, ÷òî âûïîëíåíû íåðàâåí-

ñòâà (3.2.9). Òîãäà äëÿ ðåøåíèÿ çàäà÷è (3.3.6) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−1

2

∫ t

0

γα(ξ)dξ

)
, t > 0, (3.3.8)
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ãäå

γα(t) = min

{
pαmin(t)

∥H(t)∥
, k, l

}
> 0,

V (0, φ) îïðåäåëåíî â (3.2.7).

Çàìå÷àíèå. Ñóùåñòâîâàíèå k, l > 0 â òåîðåìå 3.3.2 îáåñïå÷èâàåòñÿ
óñëîâèÿìè (1.2.3), (3.2.2).

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 3.3.1 íåïîñðåäñòâåííî âûòåêàåò èç
îöåíêè (3.3.8). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 3.3.2.

Äîêàçàòåëüñòâî òåîðåìû 3.3.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (3.3.6). Èñïîëüçóÿ ìàòðèöû H(t), K(s), L(s), óêàçàííûå âûøå,
ðàññìîòðèì íà ðåøåíèè ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (3.2.6).
Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

d

dt
y(t), y(t)

⟩
+

⟨
H(t)y(t),

d

dt
y(t)

⟩

+⟨K(0)y(t), y(t)⟩−⟨K(τ)y(t−τ), y(t−τ)⟩+
t∫

t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+

⟨
L(0)

d

dt
y(t),

d

dt
y(t)

⟩
−
⟨
L(τ)

d

dt
y(t− τ),

d

dt
y(t− τ)

⟩

+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Îáîçíà÷èì

z(t) = A(t)y(t) +B(t)y(t− τ) + C(t)
d

dt
y(t− τ).

Òîãäà, ó÷èòûâàÿ, ÷òî y(t) óäîâëåòâîðÿåò ñèñòåìå (3.3.1), èìååì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+ ⟨H(t)z(t), y(t)⟩+ ⟨H(t)y(t), z(t)⟩
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+

⟨
H(t)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, y(t)

⟩
+

⟨
H(t)y(t), F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩

+⟨K(0)y(t), y(t)⟩−⟨K(τ)y(t−τ), y(t−τ)⟩+
t∫

t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+ ⟨L(0)z(t), z(t)⟩

+

⟨
L(0)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, z(t)

⟩
+

⟨
L(0)z(t), F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩
+

⟨
L(0)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩

−
⟨
L(τ)

d

dt
y(t− τ),

d

dt
y(t− τ)

⟩
+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Ñëåäîâàòåëüíî,

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+

⟨
H(t)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, y(t)

⟩
+

⟨
H(t)y(t), F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩
+

⟨
L(0)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, z(t)

⟩
+

⟨
L(0)z(t), F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩
+

⟨
L(0)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩



158

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (3.2.3). Ðàññìîòðèì ãðóïïó ñëàãàåìûõ,
ñîäåðæàùèõ

F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
,

è îáîçíà÷èì èõ ÷åðåç W (t). Òîãäà

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+W (t)

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds. (3.3.9)

Î÷åâèäíî,

W (t) ≤

(
2∥H(t)∥ ∥y(t)∥+ 2∥L(0)∥ ∥z(t)∥

+∥L(0)∥
∥∥∥∥F (t, y(t), y(t− τ),

d

dt
y(t− τ)

)∥∥∥∥
)

×
∥∥∥∥F (t, y(t), y(t− τ),

d

dt
y(t− τ)

)∥∥∥∥ .
Â ñèëó óñëîâèÿ (3.3.2) èìååì

W (t) ≤
(
β1(t)∥y(t)∥+ β2(t)∥y(t− τ)∥+ β3(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥)

×
(
q1∥y(t)∥+ q2∥y(t− τ)∥+ q3

∥∥∥∥ ddty(t− τ)

∥∥∥∥) , (3.3.10)
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ãäå βj(t), j = 1, 2, 3, îïðåäåëåíû â (3.3.3). Î÷åâèäíî, èìååò ìåñòî îöåíêà

W (t) ≤ α1(t)∥y(t)∥2 + α2(t)∥y(t− τ)∥2 + α3(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥2 , (3.3.11)

ãäå ôóíêöèè αj(t), j = 1, 2, 3, îïðåäåëåíû â (3.3.4). Èç (3.3.9) â ñèëó
(3.3.11) ïîëó÷àåì

d

dt
V (t, y) ≤ −

⟨
Qα(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.3.12)

ãäå ìàòðèöà Qα(t) îïðåäåëåíà â (3.3.5).
Äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé âîñïîëüçóåìñÿ ëåììîé 2.5.1 èç ïàðà-

ãðàôà 2.5). Òîãäà äëÿ ìàòðèöû Qα(t) â (3.3.5) èìååì

⟨
Qα(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ ⟨P α(t)y(t), y(t)⟩,

ãäå P α(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(3.3.7). Òîãäà

⟨P α(t)y(t), y(t)⟩ ≥ pαmin(t)∥y(t)∥2,
ãäå pαmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P α(t).
Ñëåäîâàòåëüíî, èç (3.3.12) ïîëó÷àåì

d

dt
V (t, y) ≤ −⟨pαmin(t)y(t), y(t)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.
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Èñïîëüçóÿ (1.2.15), ïîëó÷àåì

d

dt
V (t, y) ≤ − pαmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Èñïîëüçóÿ (1.2.3) è (3.2.2), èìååì

d

dt
V (t, y) ≤ − pαmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds− l

t∫
t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.2.6) ïîëó÷àåì

d

dt
V (t, y) ≤ −γα(t)V (t, y),

ãäå γα(t) = min

{
pαmin(t)

∥H(t)∥
, k, l

}
. Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåí-

ñòâà èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γα(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (3.2.7). Èñïîëüçóÿ (1.2.15), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (3.2.6) ïîëó÷àåì

∥y(t)∥2 ≤ 1

hmin(t)
⟨H(t)y(t), y(t)⟩ ≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γα(ξ)dξ

)
.

Îòñþäà èìååì òðåáóåìîå íåðàâåíñòâî (3.3.8).
Òåîðåìà 3.3.2 äîêàçàíà.

Èç äîêàçàòåëüñòâà òåîðåìû 3.3.2 âûòåêàåò ñëåäóþùàÿ ïåðåôîðìóëè-
ðîâêà òåîðåìû 3.3.1.
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Òåîðåìà 3.3.3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (1.2.3), (3.2.2) è òàêèå, ÷òî

P α(t) > 0, Q22(t)− α2(t)I −Q23(t)(Q33(t)− α3(t)I)
−1Q∗

23(t) > 0,

Q33(t)− α3(t)I > 0

ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.3.1) ýêñïîíåíöèàëüíî
óñòîé÷èâî.

Äîêàçàòåëüñòâî òåîðåìû 3.3.1. Â ñèëó ëåììû 2.5.1 â ïàðàãðàôå 2.5
ìàòðèöà Qα(t) â (3.3.5) ïîëîæèòåëüíî îïðåäåëåíà òîãäà è òîëüêî òîãäà,
êîãäà ìàòðèöû P α(t), Q22(t)− α2(t)I −Q23(t)(Q33(t)− α3(t)I)

−1Q∗
23(t) è

Q33(t)− α3(t)I ïîëîæèòåëüíî îïðåäåëåíû.

Çàìå÷àíèå. Î÷åâèäíî, ïðàâóþ ÷àñòü íåðàâåíñòâà (3.3.10) ìîæíî îöå-
íèâàòü ðàçíûìè ñïîñîáàìè. Íàïðèìåð, â îöåíêå âèäà (3.3.11) â êà÷åñòâå
ôóíêöèé αj(t) ìîæíî âçÿòü ñëåäóþùèå ôóíêöèè:

α1(t) = q1β1(t) +
(q1β2(t))

2

4ε1(t)
+

(q1β3(t))
2

4ε2(t)
+ ε3(t) + ε5(t),

α2(t) = q2β2(t) +
(q2β1(t))

2

4ε3(t)
+

(q2β3(t))
2

4ε4(t)
+ ε1(t) + ε6(t),

α3(t) = q3β3(t) +
(q3β1(t))

2

4ε5(t)
+

(q3β2(t))
2

4ε6(t)
+ ε2(t) + ε4(t),

(3.3.13)

ãäå εj(t) � ïîëîæèòåëüíûå íåïðåðûâíûå ôóíêöèè, j = 1, . . . , 6. Â ýòîì
ñëó÷àå ìû áóäåì èìåòü äðóãóþ ìàòðèöó Qα(t). Çà ñ÷åò âûáîðà εj(t) ìîæ-
íî óïðàâëÿòü ôóíêöèåé γα(t), êîòîðàÿ õàðàêòåðèçóåò ñêîðîñòü óáûâàíèÿ
ðåøåíèé.

Ïðîâîäÿ àíàëîãè÷íûå ðàññóæäåíèÿ, êàê â ïàðàãðàôå 3.2, íåòðóäíî
ñôîðìóëèðîâàòü è äîêàçàòü àíàëîãè òåîðåì 3.2.4 è 3.2.5, êîòîðûå ïîç-
âîëÿþò óñòàíîâèòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ïðè ìåíåå îãðàíè-
÷èòåëüíûõ òðåáîâàíèÿõ.

Òåîðåìà 3.3.4 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t),K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (3.2.13), (3.2.14) è òàêèå, ÷òî

äëÿ ìàòðèöû Qα(t) ñïðàâåäëèâî íåðàâåíñòâî⟨
Qα(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ ⟨Sα(t)u, u⟩, u, v, w ∈ Cn, t ∈ [0, T ], (3.3.14)
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ãäå Sα(t) > 0 � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ

íåïðåðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóþò k, l > 0, óäîâëåòâî-
ðÿþùèå (3.2.9), òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.3.1) ýêñïîíåíöèàëü-
íî óñòîé÷èâî, ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (3.2.6) èìååò ìåñòî îöåíêà

(3.3.8), ãäå

γα(t) = min

{
sαmin(t)

∥H(t)∥
, k, l

}
, (3.3.15)

sαmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû Sα(t).

Â îöåíêå (3.3.8) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ôóíêöèè sαmin(t) è ìàòðèöû H(t) íà âñþ ïîëóîñü {t ≥ 0}.

Òåîðåìà 3.3.5 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t),K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.21), (3.2.13), (3.2.14) è òàêèå,

÷òî äëÿ ìàòðèöû Qα(t) ñïðàâåäëèâî íåðàâåíñòâî⟨
Qα(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ pα(t)⟨H(t)u, u⟩, (3.3.16)

u, v, w ∈ Cn, t ∈ [0, T ],

ãäå pα(t) ∈ C([0, T ]). Åñëè ñóùåñòâóþò k, l > 0, óäîâëåòâîðÿþùèå
(3.2.9), è

T∫
0

γα(ξ)dξ > 0, ãäå γα(ξ) = min{pα(ξ), k, l}, (3.3.17)

òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî,

ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (3.3.6) èìååò ìåñòî îöåíêà (3.3.8).

Â îöåíêå (3.3.8) â äàííîì ñëó÷àå èñïîëüçóþòñÿ T -ïåðèîäè÷åñêèå ïðî-
äîëæåíèÿ ìàòðèöû H(t) è ôóíêöèè pα(t) íà âñþ ïîëóîñü {t ≥ 0}.

Çàìå÷àíèå. Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàþò óòâåðæäåíèÿ î ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (3.3.1). Äåéñòâèòåëüíî,
ðàññìîòðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ ∆A(t)y(t) + ∆B(t)y(t− τ) + ∆C(t)
d

dt
y(t− τ), (3.3.18)
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ãäå∆A(t),∆B(t),∆C(t)� ïðîèçâîëüíûå ìàòðèöû ðàçìåðà n×n ñ íåïðå-
ðûâíûìè ýëåìåíòàìè òàêèå, ÷òî

∥∆A(t)∥ ≤ q1, ∥∆B(t)∥ ≤ q2, ∥∆C(t)∥ ≤ q3, t ≥ 0.

Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u1, u2, u3) = ∆A(t)u1 +∆B(t)u2 +∆C(t)u3

óäîâëåòâîðÿåò íåðàâåíñòâó (3.3.2). Òîãäà òåîðåìû 3.3.1�3.3.5 äàþò óñëî-
âèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì âèäà (3.2.1) è îöåíêè
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé âîçìóùåííîé ñèñòåìû (3.3.18) ïðè
t→ ∞.

3.4 Íåëèíåéíûå ñèñòåìû íåéòðàëüíîãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0, (3.4.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùå-
ñòâåííîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çà-
ïàçäûâàíèÿ. Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ
âåêòîð-ôóíêöèÿ F (t, u1, u2, u3) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå G ⊂
[0,∞)× Rn × Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2 + q3∥u3∥1+ω3, t ≥ 0,
(3.4.2)

uj ∈ Rn, qj ≥ 0, ωj ≥ 0 j = 1, 2, 3.

Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
ñèñòåìû (3.4.1). Ñëó÷àé ω1 = ω2 = ω3 = 0 áûë ïîäðîáíî èññëåäîâàí
â ïàðàãðàôå 3.3. Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ñèñòåìû (3.4.1) ïðè
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ω1 + ω2 + ω3 ̸= 0. Ìû óñòàíîâèì îöåíêè íà ìíîæåñòâà ïðèòÿæåíèÿ è ïî-
ëó÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòå-
ìû (3.4.1) íà áåñêîíå÷íîñòè. Ïåðåéäåì ê ôîðìóëèðîâêå è äîêàçàòåëüñòâó
îñíîâíûõ ðåçóëüòàòîâ ïàðàãðàôà.
Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (3.4.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(3.4.3)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Ïîä ðåøåíèåì íà÷àëüíîé çàäà÷è ìû áóäåì ïîíèìàòü âåêòîð-ôóíêöèþ
y(t) ∈ C([−τ, t′)), t′ > 0, äèôôåðåíöèðóåìóþ ïðè t ∈ [−τ, t′) çà èñ-
êëþ÷åíèåì òî÷åê kτ . Íèæå ìû óêàæåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé
çàäà÷è (3.4.3), õàðàêòåðèçóþùèå ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ
ïðè t→ ∞.
Äàëåå ìû áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1.

Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3.2.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− A∗(t)L(0)A(t),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì ñïåöèàëüíîé êðàåâîé çàäà÷è äëÿ äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà âèäà (1.2.7). Â ýòîì ñëó÷àå, êàê óæå
îòìå÷àëîñü âûøå, H(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðîäîëæèì ýòó ìàò-
ðèöó T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå
îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöû K(s), L(s), óäî-
âëåòâîðÿþùèå óñëîâèÿì òåîðåìû 3.2.1, ðàññìîòðèì ìàòðèöó Q(t), îïðå-
äåëåííóþ â (3.2.3), ñ ýëåìåíòàìè, çàäàííûìè â (3.2.4). Èñïîëüçóÿ ëåì-
ìó 2.5.1, ïîëó÷àåì ïðåäñòàâëåíèå⟨

Q(t)

 v1
v2
v3

 ,

 v1
v2
v3

⟩
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=

⟨ P (t) 0 0

0 Q̃2(t) 0
0 0 Q33(t)

 v1
w1

w2

 ,

 v1
w1

w2

⟩ , (3.4.4)

ãäå
w1 = (Q̃2(t))

−1Q̃∗
1(t)v1 + v2,

w2 = (Q33(t))
−1Q∗

13(t)v1 + (Q33(t))
−1Q∗

23(t)v2 + v3,

ìàòðèöà P (t) îïðåäåëåíà â (3.2.8),

Q̃1(t) = Q12(t)−Q13(t)(Q33(t))
−1Q∗

23(t), (3.4.5)

Q̃2(t) = Q22(t)−Q23(t)(Q33(t))
−1Q∗

23(t). (3.4.6)

Ñëåäîâàòåëüíî, èç (3.4.4) âûòåêàåò íåðàâåíñòâî⟨
Q(t)

 v1
v2
v3

 ,

 v1
v2
v3

⟩

≥ pmin(t)∥v1∥2 + s1min(t)∥w1∥2 + s2min(t)∥w2∥2, (3.4.7)

ãäå pmin(t), s1min(t), s
2
min(t) � ìèíèìàëüíûå ñîáñòâåííûå çíà÷åíèÿ ìàò-

ðèö P (t), Q̃2(t), Q33(t) ñîîòâåòñòâåííî, ïðè÷åì óêàçàííûå ñîáñòâåííûå
çíà÷åíèÿ ÿâëÿþòñÿ ïîëîæèòåëüíûìè.
Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3), îïðåäåëåííîå ïðè t ∈

[0, t′). Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

α1(t) = ∥(Q̃2(t))
−1Q̃∗

1(t)∥,
α2(t) = ∥(Q33(t))

−1Q∗
23(t)∥, (3.4.8)

α3(t) = ∥(Q33(t))
−1Q∗

23(t)∥∥(Q̃2(t))
−1Q̃∗

1(t)∥+ ∥Q33(t))
−1Q∗

13(t)∥,

a1(t) = 2∥H(t)∥+ 2∥L(0)∥(∥A(t)∥+ ∥B(t)∥α1(t) + ∥C(t)∥α3(t))

+ q2∥L(0)∥α1(t)∥y(t− τ)∥ω2 + q3∥L(0)∥α3(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

,

a2(t) = 2∥L(0)∥(∥B(t)∥+ ∥C(t)∥α2(t)) (3.4.9)

+ q2∥L(0)∥∥y(t− τ)∥ω2 + q3∥L(0)∥α2(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

,

a3(t) = 2∥C(t)∥∥L(0)∥+ q3∥L(0)∥
∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

,

a4(t) = q1∥L(0)∥,
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b1(t) = q2α1(t)∥y(t− τ)∥ω2 + q3α3(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

,

b2(t) = q2∥y(t− τ)∥ω2 + q3α2(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

, (3.4.10)

b3(t) = q3

∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

,

b4(t) = q1,

c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) = a1(t)b1(t) + 2(a1(t)b2(t) + b1(t)a2(t))

+ 2(a1(t)b3(t) + b1(t)a3(t)),

c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) = a2(t)b2(t) + 2(a1(t)b2(t) + b1(t)a2(t))

+ 2(a2(t)b3(t) + b2(t)a3(t))

+ 2(a4(t)b2(t) + b4(t)a2(t)), (3.4.11)

c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) = a3(t)b3(t) + 2(a1(t)b3(t) + b1(t)a3(t))

+ 2(a2(t)b3(t) + b2(t)a3(t))

+ 2(a4(t)b3(t) + b4(t)a3(t)),

c4

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) = (a1(t)b4(t) + b1(t)a4(t)),

c5

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) = a4(t)b4(t) + 2(a4(t)b2(t) + b4(t)a2(t))

+ 2(a4(t)b3(t) + b4(t)a3(t)).

Îòìåòèì, ÷òî ïðè q3 = 0 ôóíêöèè cj
(
t, ∥y(t− τ)∥,

∥∥ d
dty(t− τ)

∥∥), j =
1, . . . , 5, íå çàâèñÿò îò

∥∥ d
dty(t− τ)

∥∥.
Ðàññìîòðèì íà ðåøåíèè y(t) íà÷àëüíîé çàäà÷è (3.4.3) ôóíêöèîíàë Ëÿ-

ïóíîâà � Êðàñîâñêîãî (3.2.6) ïðè t ∈ [0, t′). Ñïðàâåäëèâà ñëåäóþùàÿ òåî-
ðåìà.

Òåîðåìà 3.4.1 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1. Òîãäà äëÿ ðå-

øåíèÿ çàäà÷è (3.4.3) èìååò ìåñòî îöåíêà

d

dt
V (t, y) ≤ −

[
pmin(t)− c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)
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−c5
(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2ω1

]
∥y(t)∥2

−
(
s1min(t)− c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)) ∥z1(t)∥2

−
(
s2min(t)− c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)) ∥z2(t)∥2

+c4

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) (hmin(t))
−1−ω1/2(V (t, y))1+ω1/2

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, t ∈ [0, t′), (3.4.12)

ãäå

z1(t) = (Q̃2(t))
−1Q̃∗

1(t)y(t) + y(t− τ), (3.4.13)

z2(t) = (Q33(t))
−1Q∗

13(t)y(t) + (Q33(t))
−1Q∗

23(t)y(t− τ) +
d

dt
y(t− τ),

(3.4.14)
k, l > 0 óäîâëåòâîðÿþò (3.2.9).

Äîêàçàòåëüñòâî. Ïðîäèôôåðåíöèðóåì ôóíêöèîíàë V (t, y), çàäàí-
íûé â (3.2.6). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 3.3.2, ó÷èòûâàÿ, ÷òî y(t)�
ðåøåíèå çàäà÷è (3.4.3), è èñïîëüçóÿ ìàòðèöó Q(t) èç (3.2.3), ïðè t ∈ [0, t′)
èìååì

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+W (t)

+

t∫
t−τ

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds
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+

t∫
t−τ

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.4.15)

ãäå

W (t) =

⟨
H(t)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, y(t)

⟩
+

⟨
H(t)y(t), F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩
+

⟨
L(0)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, z(t)

⟩
+

⟨
L(0)z(t), F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩
+

⟨
L(0)F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)⟩
,

z(t) = A(t)y(t) +B(t)y(t− τ) + C(t)
d

dt
y(t− τ).

Â ñèëó (3.4.7) èìååì

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ pmin(t)∥y(t)∥2 + s1min(t)∥z1(t)∥2 + s2min(t)∥z2(t)∥2, (3.4.16)

ãäå ôóíêöèè z1(t), z2(t) îïðåäåëåíû â (3.4.13), (3.4.14), ìàòðèöû Q̃1(t),
Q̃2(t) îïðåäåëåíû â (3.4.5), (3.4.6). Î÷åâèäíî,

|W (t)| ≤

[
2∥H(t)∥ ∥y(t)∥+ 2∥L(0)∥ ∥z(t)∥

+∥L(0)∥
∥∥∥∥F (t, y(t), y(t− τ),

d

dt
y(t− τ)

)∥∥∥∥
]

×
∥∥∥∥F (t, y(t), y(t− τ),

d

dt
y(t− τ)

)∥∥∥∥ .
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Â ñèëó óñëîâèÿ (3.4.2) èìååì

|W (t)| ≤

[
2(∥H(t)∥+ ∥A(t)∥∥L(0)∥) ∥y(t)∥+ 2∥B(t)∥∥L(0)∥∥y(t− τ)∥

+2∥C(t)∥∥L(0)∥
∥∥∥∥ ddty(t− τ)

∥∥∥∥
+∥L(0)∥

(
q1∥y(t)∥1+ω1 + q2∥y(t− τ)∥1+ω2 + q3

∥∥∥∥ ddty(t− τ)

∥∥∥∥1+ω3

)]

×

(
q1∥y(t)∥1+ω1 + q2∥y(t− τ)∥1+ω2 + q3

∥∥∥∥ ddty(t− τ)

∥∥∥∥1+ω3

)
.

Â ñèëó (3.4.13)

∥y(t− τ)∥ ≤ ∥z1(t)∥+ ∥(Q̃2(t))
−1Q̃∗

1(t)∥∥y(t)∥.

Èñïîëüçóÿ (3.4.14), ïîëó÷àåì∥∥∥∥ ddty(t− τ)

∥∥∥∥ ≤ ∥z2(t)∥+ ∥(Q33(t))
−1Q∗

23(t)∥∥y(t− τ)∥

+∥Q33(t))
−1Q∗

13(t)∥∥y(t)∥
≤ ∥z2(t)∥+ ∥(Q33(t))

−1Q∗
23(t)∥∥z1(t)∥

+
(
∥(Q33(t))

−1Q∗
23(t)∥∥(Q̃2(t))

−1Q̃∗
1(t)∥+ ∥Q33(t))

−1Q∗
13(t)∥

)
∥y(t)∥.

Òîãäà, èñïîëüçóÿ ôóíêöèè αj(t), j = 1, . . . , 3, îïðåäåëåííûå â (3.4.8),
ïîëó÷àåì íåðàâåíñòâî

|W (t)| ≤

[
2(∥H(t)∥+ ∥A(t)∥∥L(0)∥) ∥y(t)∥

+2∥B(t)∥∥L(0)∥(∥z1(t)∥+ α1(t)∥y(t)∥)
+2∥C(t)∥∥L(0)∥(∥z2(t)∥+ α2(t)∥z1(t)∥+ α3(t)∥y(t)∥)

+∥L(0)∥

(
q1∥y(t)∥1+ω1 + q2(∥z1(t)∥+ α1(t)∥y(t)∥)∥y(t− τ)∥ω2

+q3(∥z2(t)∥+ α2(t)∥z1(t)∥+ α3(t)∥y(t)∥)
∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

)]
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×

(
q1∥y(t)∥1+ω1 + q2(∥z1(t)∥+ α1(t)∥y(t)∥)∥y(t− τ)∥ω2

+q3(∥z2(t)∥+ α2(t)∥z1(t)∥+ α3(t)∥y(t)∥)
∥∥∥∥ ddty(t− τ)

∥∥∥∥ω3

)
= (a1(t)∥y(t)∥+ a2(t)∥z1(t)∥+ a3(t)∥z2(t)∥+ a4(t)∥y(t)∥1+ω1)

×(b1(t)∥y(t)∥+ b2(t)∥z1(t)∥+ b3(t)∥z2(t)∥+ b4(t)∥y(t)∥1+ω1),

ãäå ôóíêöèè aj(t), bj(t), j = 1, . . . , 4, îïðåäåëåíû â (3.4.9), (3.4.10). Ñëå-
äîâàòåëüíî,

|W (t)| ≤ a1(t)b1(t)∥y(t)∥2 + a2(t)b2(t)∥z1(t)∥2

+a3(t)b3(t)∥z2(t)∥2

+(a1(t)b2(t) + b1(t)a2(t))∥y(t)∥∥z1(t)∥
+(a1(t)b3(t) + b1(t)a3(t))∥y(t)∥∥z2(t)∥
+(a2(t)b3(t) + b2(t)a3(t))∥z1(t)∥∥z2(t)∥

+(a4(t)b2(t) + b4(t)a2(t))∥y(t)∥1+ω1∥z1(t)∥
+(a4(t)b3(t) + b4(t)a3(t))∥y(t)∥1+ω1∥z2(t)∥

+(a1(t)b4(t) + b1(t)a4(t))∥y(t)∥2+ω1 + a4(t)b4(t)∥y(t)∥2+2ω1

≤ c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2

+c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥z1(t)∥2

+c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥z2(t)∥2

+c4

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2+ω1

+c5

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2+2ω1,

ãäå ôóíêöèè cj
(
t, y(t− τ), d

dty(t− τ)
)
, j = 1, . . . , 5, îïðåäåëåíû â (3.4.11).

Èñïîëüçóÿ (1.2.15), ïîëó÷àåì

|W (t)| ≤

[
c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)
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+c5

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2ω1

]
∥y(t)∥2

+c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥z1(t)∥2

+c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥z2(t)∥2

+c4

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) (hmin(t))
−1−ω1/2⟨Hy(t), y(t)⟩1+ω1/2.

Ñëåäîâàòåëüíî, èç (3.4.15), èñïîëüçóÿ (3.2.9), (3.4.16) è îïðåäåëåíèå
ôóíêöèîíàëà (3.2.6), èìååì íåðàâåíñòâî

d

dt
V (t, y) ≤ −

[
pmin(t)− c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)

−c5
(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2ω1

]
∥y(t)∥2

−
(
s1min(t)− c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)) ∥z1(t)∥2

−
(
s2min(t)− c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)) ∥z2(t)∥2

+c4

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) (hmin(t))
−1−ω1/2(V (t, y))1+ω1/2

−k
t∫

t−τ

⟨K(t− s)y(s), y(s)⟩ ds− l

t∫
t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Òåîðåìà 3.4.1 äîêàçàíà.

Íèæå, îïèðàÿñü íà äàííóþ òåîðåìó, ìû ïîëó÷èì îöåíêó íà ðåøåíèå
íà÷àëüíîé çàäà÷è (3.4.3) âèäà

∥y(t)∥ ≤ c̃1e
−c̃2t, t > 0, (3.4.17)

ãäå c̃1, c̃2 > 0, ïðè÷åì c̃1 çàâèñèò îò

Φ1 = max

{
max

s∈[−τ,0]
∥φ(s)∥, max

s∈[−τ,0]
∥φ′(s)∥

}
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è
c̃1 → 0 ïðè Φ1 → 0.

Îòìåòèì, ÷òî íà îñíîâå îöåíêè (3.4.17) ìîæíî óñòàíîâèòü îöåíêó íà

ïðîèçâîäíóþ
d

dt
y(t). Ìû óêàæåì îäèí èç ñïîñîáîâ ïîëó÷åíèÿ òàêîé îöåí-

êè. Ââåäåì âåêòîð-ôóíêöèþ v(t) =
d

dt
y(t). Ïîñêîëüêó y(t) � ðåøåíèå

çàäà÷è (3.4.3), òî v(t) � ðåøåíèå íà÷àëüíîé çàäà÷è äëÿ ñèñòåìû íåëè-
íåéíûõ ôóíêöèîíàëüíî-ðàçíîñòíûõ óðàâíåíèé

v(t) = C(t)v(t− τ) + g(t, v(t− τ)), t > 0,

v(t) = ψ(t), t ∈ [−τ, 0],
(3.4.18)

ãäå

g(t, v(t− τ)) = A(t)y(t) +B(t)y(t− τ) + F (t, y(t), y(t− τ), v(t− τ)),

ψ(t) =
d

dt
φ(t).

Î÷åâèäíî,

∥g(t, v(t− τ))∥ ≤ c̃3e
−c̃2t + q3∥v(t− τ))∥1+ω3, (3.4.19)

ãäå
c̃3 =

(
A+ Bec̃2τ + q1(c̃1)

ω1 + q2(c̃1)
ω2ec̃2τ(1+ω2)

)
c̃1, (3.4.20)

A = max
t∈[0,T ]

∥A(t)∥, B = max
t∈[0,T ]

∥B(t)∥, C = max
t∈[0,T ]

∥C(t)∥. (3.4.21)

Èñïîëüçóÿ ïîäõîä äëÿ ïîëó÷åíèÿ îöåíîê ðåøåíèé îáûêíîâåííûõ ðàç-
íîñòíûõ óðàâíåíèé (ñì., íàïðèìåð, [8]), íåòðóäíî ïîëó÷èòü îöåíêè íà
ðåøåíèå çàäà÷è (3.4.18). Êàê óæå îòìå÷àëîñü â ïàðàãðàôå 3.2, åñëè âû-
ïîëíåíû óñëîâèÿ òåîðåìû 3.2.1, òî

L(τ)− C∗(t)L(0)C(t) = Q33(t) > 0, t ∈ [0, T ],

è ýòî ïðèâîäèò ê âûâîäó, ÷òî ñïåêòð ìàòðèöû C(t) ïðè t ∈ [0, T ] ïðè-
íàäëåæèò åäèíè÷íîìó êðóãó {λ ∈ C : |λ| < 1}.
Ïóñòü v(t) � ðåøåíèå çàäà÷è (3.4.18). Ðàññìîòðèì ôóíêöèþ

Ṽ (t, v) = ⟨L(0)v(t), v(t)⟩.
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: l0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå
ìàòðèöû L(0), s2min = min

t∈[0,T ]
s2min(t), ãäå s

2
min(t)� ìèíèìàëüíîå ñîáñòâåííîå

çíà÷åíèå ìàòðèöû Q33(t),

δ(s) = 2C +
2q3

l
ω3/2
0

sω3/2. (3.4.22)

Î÷åâèäíî, l0 > 0, s2min > 0. Îòìåòèì, ÷òî ïî ïîñòðîåíèþ
s2min

∥L(0)∥
< 1.

Òåîðåìà 3.4.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1. Òîãäà èìååò

ìåñòî îöåíêà

Ṽ (t, v) ≤
(
1− s2min

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ(Ṽ (t− τ, v))(Ṽ (t− τ, v))ω3/2

)
×Ṽ (t− τ, v) + c̃3∥L(0)∥e−c̃2t

×
[

1

(l0)1/2
δ(Ṽ (t− τ, v))Ṽ (t− τ, v)1/2 + c̃3e

−c̃2t

]
. (3.4.23)

Äîêàçàòåëüñòâî. Ïîñêîëüêó âåêòîð-ôóíêöèÿ v(t) ÿâëÿåòñÿ ðåøåíè-
åì çàäà÷è (3.4.18), òî

Ṽ (t, v) = ⟨L(0)(C(t)v(t− τ) + g(t, v(t− τ))), C(t)v(t− τ) + g(t, v(t− τ))⟩

= ⟨C∗(t)L(0)C(t)v(t− τ), v(t− τ)⟩+ ⟨L(0)g(t, v(t− τ)), C(t)v(t− τ)⟩
+⟨L(0)C(t)v(t− τ), g(t, v(t− τ))⟩+ ⟨L(0)g(t, v(t− τ)), g(t, v(t− τ))⟩

= ⟨(L(τ)−Q33(t))v(t− τ), v(t− τ)⟩
+⟨L(0)g(t, v(t− τ)), C(t)v(t− τ)⟩

+⟨L(0)C(t)v(t− τ), g(t, v(t− τ))⟩+ ⟨L(0)g(t, v(t− τ)), g(t, v(t− τ))⟩
≤ ⟨(L(0)−Q33(t))v(t−τ), v(t−τ)⟩+2∥L(0)∥∥C(t)∥∥g(t, v(t−τ))∥∥v(t−τ)∥

+∥L(0)∥∥g(t, v(t− τ))∥2.
Ïîñêîëüêó Ṽ (t− τ, v) = ⟨L(0)v(t− τ), v(t− τ)⟩, òî â ñèëó (3.4.19) èìååì

Ṽ (t, v) ≤
(
1− s2min(t)

∥L(0)∥

)
Ṽ (t− τ, v)
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+q3∥L(0)∥ (2∥C(t)∥+ q3∥v(t− τ)∥ω3) ∥v(t− τ)∥2+ω3

+c̃3∥L(0)∥e−c̃2t
[
(2∥C(t)∥+ 2q3∥v(t− τ)∥ω3) ∥v(t− τ)∥+ c̃3e

−c̃2t
]

≤
(
1− s2min(t)

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ(Ṽ (t− τ, v))(Ṽ (t− τ, v))ω3/2

)
Ṽ (t− τ, v)

+c̃3∥L(0)∥e−c̃2t

[
1

(l0)1/2
δ(Ṽ (t− τ, v))Ṽ (t− τ, v)1/2 + c̃3e

−c̃2t

]
,

ãäå l0 � ñîáñòâåííîå çíà÷åíèå ìàòðèöû L(0), ôóíêöèÿ δ(s) îïðåäåëåíà â
(3.4.22). Îòñþäà âûòåêàåò îöåíêà (3.4.23).

Òåîðåìà 3.4.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1. Òîãäà ñóùå-

ñòâóåò ρ0 > 0 òàêîå, ÷òî ïðè max{c̃1,Φ1} ≤ ρ0 äëÿ ðåøåíèÿ çàäà-

÷è (3.4.18) èìååò ìåñòî îöåíêà

∥v(t)∥2 ≤ ∥L(0)∥ρ20
l0

e
ln∆
τ t + d(ρ0)e

−rc̃2t, t > 0, (3.4.24)

ãäå

∆ = 1− s2min

∥L(0)∥
+
q3∥L(0)∥1+ω3/2ρω3

0

(l0)1+ω3/2
δ(∥L(0)∥ρ20), (3.4.25)

0 < ∆ < 1, d(ρ0) > 0, 0 < r ≤ 1.

Äîêàçàòåëüñòâî. Ïóñòü t ∈ [0, τ ]. Òîãäà â ñèëó (3.4.23) ïîëó÷àåì

Ṽ (t, v) ≤
(
1− s2min

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ(Ṽ (t− τ, ψ))(Ṽ (t− τ, ψ))ω3/2

)
×Ṽ (t− τ, ψ) + c̃3∥L(0)∥e−c̃2t

×
[

1

(l0)1/2
δ(Ṽ (t− τ, ψ))Ṽ (t− τ, ψ)1/2 + c̃3e

−c̃2t

]
.

Ðàññìîòðèì âûðàæåíèå â êðóãëûõ ñêîáêàõ. Ïðè Φ1 ≤ ρ, î÷åâèäíî, èìååì

1− s2min

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ(Ṽ (t− τ, ψ))(Ṽ (t− τ, ψ))ω3/2

≤ 1− s2min

∥L(0)∥
+
q3∥L(0)∥1+ω3/2ρω3

(l0)1+ω3/2
δ(∥L(0)∥ρ2).
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Ïîñêîëüêó

1− s2min

∥L(0)∥
> 0,

òî íàéäåòñÿ ρ0 > 0 òàêîå, ÷òî

1− s2min

∥L(0)∥
+
q3∥L(0)∥1+ω3/2ρω3

0

(l0)1+ω3/2
δ(∥L(0)∥ρ20) < 1. (3.4.26)

Òîãäà ïðè ρ ≤ ρ0 èìååì

Ṽ (t, v) ≤ ∆Ṽ (t− τ, ψ) + d1(ρ0)e
−c̃2t, (3.4.27)

ãäå ∆ îïðåäåëåíî â (3.4.25).
Ïóñòü t ∈ [τ, 2τ ]. Òîãäà â ñèëó (3.4.23) ñ ó÷åòîì (3.4.27) ïîëó÷àåì

Ṽ (t, v) ≤
(
1− s2min

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ(Ṽ (t− τ, v))(Ṽ (t− τ, v))ω3/2

)
×Ṽ (t− τ, v) + c̃3∥L(0)∥e−c̃2t

×
[

1

(l0)1/2
δ(Ṽ (t− τ, v))Ṽ (t− τ, v)1/2 + c̃3e

−c̃2t

]
≤

(
1− s2min

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ
(
∆Ṽ (t− 2τ, ψ) + d1(ρ0)e

−c̃2(t−τ)
)

×
(
∆Ṽ (t− 2τ, ψ) + d1(ρ0)e

−c̃2(t−τ)
)ω3/2

)
×
(
∆Ṽ (t− 2τ, ψ) + d1(ρ0)e

−c̃2(t−τ)
)

+c̃3∥L(0)∥e−c̃2t

[
1

(l0)1/2
δ
(
∆Ṽ (t− 2τ, ψ) + d1(ρ0)e

−c̃2(t−τ)
)

×
(
∆Ṽ (t− 2τ, ψ) + d1(ρ0)e

−c̃2(t−τ)
)1/2

+ c̃3e
−c̃2t

]

≤
(
1− s2min

∥L(0)∥
+
q3∥L(0)∥
(l0)1+ω3/2

δ(Ṽ (t− 2τ, ψ))(Ṽ (t− 2τ, ψ))ω3/2

)
×∆Ṽ (t− 2τ, ψ) + d2(ρ0)e

−c̃2t
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≤ ∆2Ṽ (t− 2τ, ψ) + d2(ρ0)e
−c̃2t.

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðè t ∈ [(k − 1)τ, kτ ], k = 1, 2, . . . , ïîëó÷àåì

Ṽ (t, v) ≤ ∆kṼ (t− kτ, ψ) + dk(ρ0)e
−c̃2t.

Èñïîëüçóÿ îïðåäåëåíèå Ṽ (t, v), ïðè t ∈ [(k− 1)τ, kτ ], k = 1, 2, . . . , èìååì

∥v(t)∥2 ≤ ∆k∥L(0)∥
l0

∥ψ(t− kτ)∥2 + d(ρ0)e
−c̃2t/2,

ãäå d(ρ0) > 0. Ïîñêîëüêó t/τ ≤ k ≤ t/τ + 1 è ∆ < 1, òî

∥v(t)∥2 ≤ ∆t/τ∥L(0)∥
l0

ρ20 + d(ρ0)e
−c̃2t/2.

Îòñþäà âûòåêàåò îöåíêà (3.4.24).
Òåîðåìà äîêàçàíà.

Çàìå÷àíèå 1. Ïîñêîëüêó 0 < ∆ < 1, c̃2 > 0, îöåíêà (3.4.24) ãàðàíòè-

ðóåò ýêñïîíåíöèàëüíîå óáûâàíèå âåêòîð-ôóíêöèè
d

dt
y(t).

Çàìå÷àíèå 2. Â îöåíêå (3.4.24) äëÿ d(ρ0) èìååò ìåñòî ñõîäèìîñòü:

d(ρ0) → 0 ïðè ρ0 → 0.

Ñëåäñòâèå. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1 è q3 = 0. Òî-
ãäà ñóùåñòâóåò ρ0 > 0 òàêîå, ÷òî ïðè max{c̃1,Φ1} ≤ ρ0 äëÿ ðåøåíèÿ

çàäà÷è (3.4.18) èìååò ìåñòî îöåíêà

∥v(t)∥2 ≤ ∥L(0)∥ρ20
l0

e
ln∆
τ t + d(ρ0)e

−rc̃2t, t > 0, (3.4.28)

ãäå

∆ = 1− s2min

∥L(0)∥
, 0 < ∆ < 1, (3.4.29)

d(ρ0) > 0, 0 < r ≤ 1.

Ïðè äîêàçàòåëüñòâå óêàçàíû d(ρ0), r.
Äîêàçàòåëüñòâî. Ïîñêîëüêó q3 = 0, òî δ(s) = 2C. Ïóñòü t ∈ [0, τ ].

Òîãäà â ñèëó (3.4.23) ïîëó÷àåì

Ṽ (t, v) ≤
(
1− s2min

∥L(0)∥

)
Ṽ (t− τ, ψ)
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+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2
Ṽ (t− τ, ψ)1/2 + c̃3e

−c̃2t

]
.

Òîãäà ïðè Φ1 ≤ ρ èìååì

Ṽ (t, v) ≤ ∆Ṽ (t− τ, ψ) + d1(ρ)e
−c̃2t,

ãäå ∆ îïðåäåëåíî â (3.4.29),

d1(ρ) = c̃3
2C∥L(0)∥3/2

(l0)1/2
ρ+ c̃23∥L(0)∥. (3.4.30)

Ïóñòü t ∈ [τ, 2τ ]. Òîãäà â ñèëó (3.4.23) ïîëó÷àåì

Ṽ (t, v) ≤
(
1− s2min

∥L(0)∥

)
Ṽ (t− τ, v)

+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2
Ṽ (t− τ, v)1/2 + c̃3e

−c̃2t

]
≤ ∆

(
∆Ṽ (t− 2τ, ψ) + d1(ρ)e

−c̃2(t−τ)
)

+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2

(
∆Ṽ (t− 2τ, ψ) + d1(ρ)e

−c̃2(t−τ)
)1/2

+ c̃3e
−c̃2t

]
≤ ∆2Ṽ (t− 2τ, ψ) + ∆d1(ρ)e

−c̃2(t−τ)

+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2

(
∆Ṽ (t− 2τ, ψ)

)1/2
+ c̃3e

−c̃2t

]
+c̃3

2∥L(0)∥C
(l0)1/2

e−c̃2t
(
d1(ρ)e

−c̃2(t−τ)
)1/2

≤ ∆2Ṽ (t− 2τ, ψ) + d2(ρ)e
−c̃2t,

ãäå
d2(ρ) = ∆d1(ρ)e

c̃2τ + d1(ρ) + α(d1(ρ))
1/2,

α = c̃3
2∥L(0)∥C
(l0)1/2

. (3.4.31)

Ïóñòü t ∈ [2τ, 3τ ]. Òîãäà â ñèëó (3.4.23) ïîëó÷àåì

Ṽ (t, v) ≤
(
1− s2min

∥L(0)∥

)
Ṽ (t− τ, v)
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+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2
Ṽ (t− τ, v)1/2 + c̃3e

−c̃2t

]
≤ ∆

(
∆2Ṽ (t− 3τ, ψ) + d2(ρ)e

−c̃2(t−τ)
)

+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2

(
∆2Ṽ (t− 3τ, ψ) + d2(ρ)e

−c̃2(t−τ)
)1/2

+ c̃3e
−c̃2t

]
≤ ∆3Ṽ (t− 3τ, ψ) + ∆d2(ρ)e

−c̃2(t−τ)

+c̃3∥L(0)∥e−c̃2t

[
2C

(l0)1/2

(
∆2Ṽ (t− 3τ, ψ)

)1/2
+ c̃3e

−c̃2t

]
+c̃3

2∥L(0)∥C
(l0)1/2

e−c̃2t
(
d2(ρ)e

−c̃2(t−τ)
)1/2

≤ ∆3Ṽ (t− 3τ, ψ) + d3(ρ)e
−c̃2t,

ãäå
d3(ρ) = ∆d2(ρ)e

c̃2τ + d1(ρ) + α(d2(ρ)e
−c̃2τ)1/2.

Ïîâòîðÿÿ ðàññóæäåíèÿ, ïðè t ∈ [(k − 1)τ, kτ ], k = 2, 3, . . . , ïîëó÷àåì

Ṽ (t, v) ≤ ∆kṼ (t− kτ, ψ) + dk(ρ)e
−c̃2t,

ãäå
dk(ρ) = ∆dk−1(ρ)e

c̃2τ + d1(ρ) + α(dk−1(ρ)e
−c̃2(k−2)τ)1/2.

Î÷åâèäíî,
dk(ρ) ≤ αk−1dk−1(ρ) + βk−1,

ãäå

αk−1 = ∆ec̃2τ +
αe−c̃2(k−2)τ/2

2
, βk−1 = d1(ρ) +

αe−c̃2(k−2)τ/2

2
.

Çàìåòèì, ÷òî ïðè k ≥ 2 èìåþò ìåñòî íåðàâåíñòâà:

αk−1 ≤ α̃, βk−1 ≤ β̃,

ãäå
α̃ = ∆ec̃2τ +

α

2
, β̃ = d1(ρ) +

α

2
.

Ñëåäîâàòåëüíî, ïðè k ≥ 2 èìååì

dk(ρ) ≤ α̃dk−1(ρ) + β̃ ≤ α̃(α̃dk−2(ρ) + β̃) + β̃
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≤ · · · ≤ (α̃)k−1d1(ρ) +
k−1∑
j=1

(α̃)k−1−jβ̃.

Ïî ïîñòðîåíèþ
α → 0 ïðè ρ→ 0.

Ñëåäîâàòåëüíî, ñóùåñòâóåò ρ0 > 0 òàêîå, ÷òî ïðè ρ ≤ ρ0,

αe−c̃2τ

2
≤ α0 < 1−∆.

Òîãäà
α̃ ≤ ec̃2τ(∆ + α0), β̃ ≤ d1(ρ0) + α0e

c̃2τ .

Ñëåäîâàòåëüíî,

dk(ρ) ≤
k−1∑
j=0

(α̂)k−1−jd1(ρ0) +
k−1∑
j=1

(α̂)k−1−jα0e
c̃2τ ,

ãäå
α̂ = ec̃2τ(∆ + α0). (3.4.32)

Åñëè α̂ = 1, òî
k−1∑
j=0

(α̂)k−1−j = k.

Òîãäà
dk(ρ) ≤ kd1(ρ0) + (k − 1)α0e

c̃2τ .

Ñëåäîâàòåëüíî, ïðè t ∈ [(k − 1)τ, kτ ], k = 2, 3, . . . ,

dk(ρ)e
−c̃2t ≤ t

τ

(
d1(ρ0) + α0e

c̃2τ
)
e−c̃2t + d1(ρ0)e

−c̃2t

≤ 2e−1

c̃2τ

(
d1(ρ0) + α0e

c̃2τ
)
e−c̃2t/2 + d1(ρ0)e

−c̃2t. (3.4.33)

Åñëè α̂ < 1, òî

k−1∑
j=0

(α̂)k−1−j ≤ 1

1− α̂
,

k−1∑
j=1

(α̂)k−1−j ≤ α̂

1− α̂
.

Ñëåäîâàòåëüíî, ïðè t ∈ [(k − 1)τ, kτ ], k = 2, 3, . . . ,

dk(ρ)e
−c̃2t ≤ 1

1− α̂

(
d1(ρ0) + α̂α0e

c̃2τ
)
e−c̃2t. (3.4.34)
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Åñëè α̂ > 1, òî

k−1∑
j=0

(α̂)k−1−j =
α̂k − 1

α̂− 1
,

k−1∑
j=1

(α̂)k−1−j =
α̂k − α̂

α̂− 1
.

Ñëåäîâàòåëüíî, ïðè t ∈ [(k − 1)τ, kτ ], k = 2, 3, . . . ,

dk(ρ)e
−c̃2t ≤ 1

α̂− 1

(
d1(ρ0) + α0e

c̃2τ
)
(∆ + α0)

ke−c̃2(t−kτ).

Ïîñêîëüêó ∆+α0 < 1, òî ñóùåñòâóåò 0 < r < 1 òàêîå, ÷òî (∆+α0)e
rc̃2τ =

1. Òîãäà

dk(ρ)e
−c̃2t ≤ 1

α̂− 1

(
d1(ρ0) + α0e

c̃2τ
)
e−c̃2(t−(1−r)kτ)

≤ e(1−r)c̃2τ

α̂− 1

(
d1(ρ0) + α0e

c̃2τ
)
e−rc̃2t. (3.4.35)

Â ñèëó (3.4.33)�(3.4.35), èñïîëüçóÿ îïðåäåëåíèå Ṽ (t, v), ïðè t ∈ [(k −
1)τ, kτ ], k = 1, 2, . . . , èìååì

∥v(t)∥2 ≤ ∆k∥L(0)∥
l0

∥ψ(t− kτ)∥2 + de−rc̃2t,

ãäå d > 0 çàâèñèò îò ρ0. Ïîñêîëüêó t/τ ≤ k ≤ t/τ + 1 è ∆ < 1, òî

∥v(t)∥2 ≤ ∆t/τ∥L(0)∥
l0

ρ20 + de−rc̃2t.

Îòñþäà âûòåêàåò òðåáóåìàÿ îöåíêà (3.4.28).
Ñëåäñòâèå äîêàçàíî.

Èñïîëüçóÿ òåîðåìû 3.4.1, 3.4.2, íèæå ìû óñòàíîâèì îöåíêè íà ðåøåíèå
íà÷àëüíîé çàäà÷è (3.4.3).
Âíà÷àëå ðàññìîòðèì ñëó÷àé q3 = 0. Êàê îòìå÷àëîñü âûøå, òîãäà â

îöåíêå (3.4.12) ôóíêöèè cj
(
t, ∥y(t− τ)∥,

∥∥ d
dty(t− τ)

∥∥), j = 1, . . . , 5, íå
çàâèñÿò îò

∥∥ d
dty(t− τ)

∥∥, ò.å. cj = cj(t, ∥y(t− τ)∥).
Îïðåäåëèì ρ1 > 0 òàêîå, ÷òî

pmin(t)− c1(t, ρ1)− c5(t, ρ1)(ρ1)
2ω1 > 0, t ∈ [0, T ]. (3.4.36)

Ïðåäïîëîæèì, ÷òî q1 è ρ2 > 0 òàêèå, ÷òî

s1min(t)− c2(t, ρ2) > 0, t ∈ [0, T ], (3.4.37)
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s2min(t)− c3(t, ρ2) > 0, t ∈ [0, T ]. (3.4.38)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ρ = min{ρ1, ρ2}, (3.4.39)

q̃ = max
t∈[0,T ]

c4(t, ρ)

(hmin(t))1+ω1/2
, (3.4.40)

γ(t) = min

{
pmin(t)− c1(t, ρ)− c5(t, ρ)ρ

2ω1

∥H(t)∥
, k, l

}
, (3.4.41)

Rω1/2 =

1− exp

(
−ω1

2

T∫
0

γ(s)

∥H(s)∥
ds

)
×

q̃ω1

T∫
0

∥H(ξ)∥
(hmin(ξ))1+ω1/2

exp

(
−ω1

2

ξ∫
0

γ(s)

∥H(s)∥
ds

)
dξ

−1

, (3.4.42)

Φ1 = max

{
max

s∈[−τ,0]
∥φ(s)∥, max

s∈[−τ,0]
∥φ′(s)∥

}
, (3.4.43)

Φ2 =

√
V (0, φ)

hmin

(
1−R−ω1/2(V (0, φ))ω1/2

)−1/ω1

, (3.4.44)

ãäå hmin = min
t∈[0,T ]

hmin(t) > 0, hmin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå

ìàòðèöû H(t), V (0, φ) îïðåäåëåíî â (3.2.7).

Òåîðåìà 3.4.4 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1 è q3 = 0. Ïðåä-
ïîëîæèì, ÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) â çàäà÷å (3.4.3) ïðèíàäëåæèò

ìíîæåñòâó

E =
{
φ(s) ∈ C1([−τ, 0]) : max{Φ1,Φ2} < ρ, V (0, φ) < R

}
.

Òîãäà ðåøåíèå çàäà÷è (3.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t > 0, (3.4.45)

ãäå Φ1, Φ2, ρ, V (0, φ), R, γ(t) îïðåäåëåíû â (3.4.43), (3.4.44), (3.4.41),
(3.2.7), (3.4.42), (3.4.41) ñîîòâåòñòâåííî.
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Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3)
îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0} è óäîâëåòâîðÿåò îöåíêå (3.4.45).
Ïóñòü t ∈ [0, τ ]. Ïîñêîëüêó Φ1 < ρ, òî

pmin(t)− c1 (t, ∥y(t− τ)∥)− c5 (t, ∥y(t− τ)∥) ∥y(t)∥2ω1

≥ pmin(t)− c1(t, ρ)− c5(t, ρ)∥y(t)∥2ω1,

s1min(t)− c2 (t, ∥y(t− τ)∥) ≥ s1min(t)− c2(t, ρ) > 0,

s2min(t)− c3 (t, ∥y(t− τ)∥) ≥ s2min(t)− c3(t, ρ) > 0.

Òîãäà â ñèëó (3.4.12) èìååì

d

dt
V (t, y) ≤ −[pmin(t)− c1(t, ρ)− c5(t, ρ)∥y(t)∥2ω1]∥y(t)∥2

+
c4(t, ρ)

(hmin(t))1+ω1/2
(V (t, y))1+ω1/2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds. (3.4.46)

Ïîêàæåì, ÷òî èç ýòîé îöåíêè ñëåäóåò, ÷òî

∥y(t)∥ < ρ, t ∈ [0,min{t′, τ}]. (3.4.47)

Ðàññóæäåíèÿ áóäåì ïðîâîäèòü îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî ñóùå-
ñòâóåò t1 ∈ (0,min{t′, τ}) òàêîå, ÷òî ∥y(t1)∥ = ρ. Òîãäà max

t∈[0,t1]
∥y(t)∥ ≤ ρ.

Ñëåäîâàòåëüíî,

d

dt
V (t, y) ≤ −[pmin(t)− c1(t, ρ)− c5(t, ρ)ρ

2ω1]∥y(t)∥2

+
c4(t, ρ)

(hmin(t))1+ω1/2
(V (t, y))1+ω1/2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, t ∈ [0, t1].
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Òîãäà, ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèîíàëà V (t, y), îáîçíà÷åíèÿ (3.4.40)
è (3.4.41), èìååì

d

dt
V (t, y) + γ(t)V (t, y) ≤ q̃(V (t, y))1+ω1/2. (3.4.48)

Ïîñêîëüêó V (0, φ) < R, ãäå R > 0 îïðåäåëåíî â (3.4.42), òî â ñèëó íåðà-
âåíñòâà Ãðîíóîëëà [90] ïîëó÷àåì îöåíêó

V (t, y) ≤ V (0, φ)(
1−

(
R−1V (0, φ)

)ω1/2
)2/ω1

exp

−
t∫

0

γ(ξ)dξ

 ,

îòêóäà èìååì íåðàâåíñòâî

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t ∈ [0, t1],

ãäå Φ2 îïðåäåëåíî â (3.4.44). Ïîñêîëüêó Φ2 < ρ, γ(t) > 0, òî ∥y(t1)∥ <
ρ � ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, âûïîëíåíî (3.4.47), áîëåå òîãî, èìååò
ìåñòî íåðàâåíñòâî

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t ∈ [0,min{t′, τ}]. (3.4.49)

Èç ýòîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3) îïðåäå-
ëåíî íà âñåì îòðåçêå [0, τ ], ò. å. t′ > τ .
Èç (3.4.49) âûòåêàåò, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ(t) ïðèíàäëåæèò

ìíîæåñòâó E , òî ∥y(t)∥ < ρ ïðè t ∈ [0, τ ]. Òîãäà ïðè t ∈ [τ, 2τ ]

pmin(t)− c1 (t, ∥y(t− τ)∥)− c5 (t, ∥y(t− τ)∥) ∥y(t)∥2ω1

≥ pmin(t)− c1(t, ρ)− c5(t, ρ)∥y(t)∥2ω1,

s1min(t)− c2 (t, ∥y(t− τ)∥) ≥ s1min(t)− c2(t, ρ) > 0,

s2min(t)− c3 (t, ∥y(t− τ)∥) ≥ s2min(t)− c3(t, ρ) > 0.

Îòñþäà âûòåêàåò îöåíêà (3.4.48) ïðè t ∈ [τ, t2), ãäå t2 = min{2τ, t′}.
Ñëåäîâàòåëüíî, êàê è âûøå, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà è îïðåäå-
ëåíèå ôóíêöèîíàëà V (t, y), ïîëó÷àåì íåðàâåíñòâî (3.4.49). Èç ýòîé îöåí-
êè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3) îïðåäåëåíî íà âñåì
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îòðåçêå [0, 2τ ], ò. å. t′ > 2τ . Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E , òî ∥y(t)∥ < ρ
ïðè t ∈ [0, 2τ ].
Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìû ïîëó÷àåì, ÷òî ðåøåíèå çàäà-

÷è (3.4.3) îïðåäåëåíî ïðè âñåõ t > 0 è óäîâëåòâîðÿåò îöåíêå (3.4.45).
Òåîðåìà 3.4.4 äîêàçàíà.

Çàìå÷àíèå. Åñëè q1 = q2 = q3 = 0 (ëèíåéíûé ñëó÷àé), óòâåðæäåíèå
òåîðåìû 3.4.4 äàåò òåîðåìó 3.2.2.

Ðàññìîòðèì òåïåðü ñëó÷àé q3 ̸= 0. Ïóñòü ρ0 > 0 óäîâëåòâîðÿåò óñëî-
âèÿì òåîðåìû 3.4.3. Ââåäåì ôóíêöèþ

δ̃(ρ) =

√
∥L(0)∥ρ2

l0
+ d(ρ), (3.4.50)

ãäå d(ρ) > 0 îïðåäåëåíî â òåîðåìå 3.4.3, ïðè÷åì d(ρ) → 0 ïðè ρ → 0.
Î÷åâèäíî, ρ ≤ δ̃(ρ). Îïðåäåëèì ρ1 > 0 òàêîå, ÷òî

pmin(t)− c1(t, ρ1, δ̃(ρ1))− c5(t, ρ1, δ̃(ρ1))(ρ1)
2ω1 > 0, t ∈ [0, T ]. (3.4.51)

Ïðåäïîëîæèì, ÷òî q1 è ρ2 > 0 òàêèå, ÷òî

s1min(t)− c2(t, ρ2, δ̃(ρ2)) > 0, t ∈ [0, T ], (3.4.52)

s2min(t)− c3(t, ρ2, δ̃(ρ2)) > 0, t ∈ [0, T ]. (3.4.53)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ρ = min{ρ0, ρ1, ρ2}, (3.4.54)

q̃ = max
t∈[0,T ]

c4(t, ρ, δ̃(ρ))

(hmin(t))1+ω1/2
, (3.4.55)

γ(t) = min

{
pmin(t)− c1(t, ρ, δ̃(ρ))− c5(t, ρ, δ̃(ρ))ρ

2ω1

∥H(t)∥
, k, l

}
, (3.4.56)

Rω1/2 =

1− exp

(
−ω1

2

T∫
0

γ(s)

∥H(s)∥
ds

)
×

q̃ω1

T∫
0

∥H(ξ)∥
(hmin(ξ))1+ω1/2

exp

(
−ω1

2

ξ∫
0

γ(s)

∥H(s)∥
ds

)
dξ

−1

, (3.4.57)



185

Φ2 =

√
V (0, φ)

hmin

(
1−R−ω1/2(V (0, φ))ω1/2

)−1/ω1

. (3.4.58)

Òåîðåìà 3.4.5 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.2.1. Ïðåäïîëîæèì,

÷òî íà÷àëüíàÿ ôóíêöèÿ φ(t) â çàäà÷å (3.4.3) ïðèíàäëåæèò ìíîæåñòâó

E =
{
φ(s) ∈ C1([−τ, 0]) : max{Φ1,Φ2} < ρ, V (0, φ) < R

}
.

Òîãäà ðåøåíèå çàäà÷è (3.4.3) îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0}, è äëÿ

íåãî èìååò ìåñòî îöåíêà

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t > 0, (3.4.59)

ãäå Φ1, Φ2, ρ, V (0, φ), R, γ(t) îïðåäåëåíû â (3.4.43), (3.4.58), (3.4.54),
(3.2.7), (3.4.57), (3.4.56) ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî.Ìû ïîêàæåì, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3)
îïðåäåëåíî íà âñåé ïîëóîñè {t ≥ 0} è óäîâëåòâîðÿåò îöåíêå (3.4.59).
Ïóñòü t ∈ [0, τ ]. Ïîñêîëüêó Φ1 < ρ, òî

pmin(t)− c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)

−c5
(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2ω1

≥ pmin(t)− c1(t, ρ, ρ)− c5(t, ρ, ρ)∥y(t)∥2ω1

≥ pmin(t)− c1(t, ρ, δ̃(ρ))− c5(t, ρ, δ̃(ρ))∥y(t)∥2ω1 > 0,

s1min(t)− c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)
≥ s1min(t)− c2(t, ρ, ρ) ≥ s1min(t)− c2(t, ρ, δ̃(ρ)) > 0,

s2min(t)− c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)
≥ s2min(t)− c3(t, ρ, ρ) ≥ s2min(t)− c3(t, ρ, δ̃(ρ)) > 0.
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Òîãäà â ñèëó (3.4.12) èìååì

d

dt
V (t, y) ≤ −[pmin(t)− c1(t, ρ, ρ)− c5(t, ρ, ρ)∥y(t)∥2ω1]∥y(t)∥2

+
c4(t, ρ, ρ)

(hmin(t))1+ω1/2
(V (t, y))1+ω1/2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds

≤ −[pmin(t)− c1(t, ρ, δ̃(ρ))− c5(t, ρ, δ̃(ρ))∥y(t)∥2ω1]∥y(t)∥2

+
c4(t, ρ, δ̃(ρ))

(hmin(t))1+ω1/2
(V (t, y))1+ω1/2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds. (3.4.60)

Ïîêàæåì, ÷òî èç ýòîé îöåíêè ñëåäóåò, ÷òî

∥y(t)∥ < ρ, t ∈ [0,min{t′, τ}]. (3.4.61)

Ðàññóæäåíèÿ áóäåì ïðîâîäèòü îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî ñóùå-
ñòâóåò t1 ∈ (0,min{t′, τ}) òàêîå, ÷òî ∥y(t1)∥ = ρ. Òîãäà max

t∈[0,t1]
∥y(t)∥ ≤ ρ.

Ñëåäîâàòåëüíî,

d

dt
V (t, y) ≤ −[pmin(t)− c1(t, ρ, δ̃(ρ))− c5(t, ρ, δ̃(ρ))ρ

2ω1]∥y(t)∥2

+
c4(t, ρ, δ̃(ρ))

(hmin(t))1+ω1/2
(V (t, y))1+ω1/2 − k

t∫
t−τ

⟨K(t− s)y(s), y(s)⟩ ds

−l
t∫

t−τ

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, t ∈ [0, t1].
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Òîãäà, ó÷èòûâàÿ îïðåäåëåíèå ôóíêöèîíàëà V (t, y), îáîçíà÷åíèÿ (3.4.55)
è (3.4.56), èìååì

d

dt
V (t, y) + γ(t)V (t, y) ≤ q̃(V (t, y))1+ω1/2. (3.4.62)

Ïîñêîëüêó V (0, φ) < R, ãäå R > 0 îïðåäåëåíî â (3.4.57), òî â ñèëó íåðà-
âåíñòâà Ãðîíóîëëà [90] ïîëó÷àåì îöåíêó

V (t, y) ≤ V (0, φ)(
1−

(
R−1V (0, φ)

)ω1/2
)2/ω1

exp

−
t∫

0

γ(ξ)dξ

 ,

îòêóäà èìååì íåðàâåíñòâî

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t ∈ [0, t1].

Ïîñêîëüêó Φ2 < ρ, γ(t) > 0, òî ∥y(t1)∥ < ρ � ïðîòèâîðå÷èå. Ñëåäîâà-
òåëüíî, âûïîëíåíî (3.4.61), áîëåå òîãî, èìååò ìåñòî íåðàâåíñòâî

∥y(t)∥ ≤ Φ2 exp

−1

2

t∫
0

γ(ξ)dξ

 , t ∈ [0,min{t′, τ}]. (3.4.63)

Èç ýòîé îöåíêè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3) îïðåäå-
ëåíî íà âñåì îòðåçêå [0, τ ], ò. å. t′ > τ .
Èç (3.4.63) âûòåêàåò, ÷òî åñëè íà÷àëüíàÿ ôóíêöèÿ φ(t) ïðèíàäëåæèò

ìíîæåñòâó E , òî ∥y(t)∥ < ρ ïðè t ∈ [0, τ ]. Òîãäà â ñèëó òåîðåìû 3.4.3
èìååò ìåñòî îöåíêà ∥∥∥∥ ddty(t)

∥∥∥∥ ≤ δ̃(ρ), t ∈ [0, τ ], (3.4.64)

ãäå δ̃(ρ) îïðåäåëåíî â (3.4.50). Òîãäà ïðè t ∈ [τ, 2τ ] èìååì íåðàâåíñòâà

pmin(t)− c1

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)

−c5
(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ∥y(t)∥2ω1



188

≥ pmin(t)− c1(t, ρ, δ̃(ρ))− c5(t, ρ, δ̃(ρ))∥y(t)∥2ω1 > 0,

s1min(t)− c2

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)
≥ s1min(t)− c2(t, ρ, δ̃(ρ)) > 0,

s2min(t)− c3

(
t, ∥y(t− τ)∥,

∥∥∥∥ ddty(t− τ)

∥∥∥∥)
≥ s2min(t)− c3(t, ρ, δ̃(ρ)) > 0.

Îòñþäà âûòåêàåò îöåíêà (3.4.62) ïðè t ∈ [τ, t2), ãäå t2 = min{2τ, t′}.
Ñëåäîâàòåëüíî, êàê è âûøå, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà è îïðåäå-
ëåíèå ôóíêöèîíàëà V (t, y), ïîëó÷àåì íåðàâåíñòâî (3.4.63). Èç ýòîé îöåí-
êè âûòåêàåò, ÷òî ðåøåíèå íà÷àëüíîé çàäà÷è (3.4.3) îïðåäåëåíî íà âñåì
îòðåçêå [0, 2τ ], ò. å. t′ > 2τ . Ñëåäîâàòåëüíî, åñëè φ(t) ∈ E , òî ∥y(t)∥ < ρ
ïðè t ∈ [0, 2τ ].
Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ, ìû ïîëó÷àåì, ÷òî ðåøåíèå çàäà-

÷è (3.4.3) îïðåäåëåíî ïðè âñåõ t > 0 è óäîâëåòâîðÿåò îöåíêå (3.4.45).
Òåîðåìà 3.4.5 äîêàçàíà.

3.5 Íåêîòîðûå îáîáùåíèÿ

Â ýòîì ïàðàãðàôå ìû îáñóäèì íåêîòîðûå îáîáùåíèÿ ðåçóëüòàòîâ, óñòà-
íîâëåííûõ â ïðåäûäóùèõ ïàðàãðàôàõ.
Âíà÷àëå îòìåòèì, ÷òî ðåçóëüòàòû, óñòàíîâëåííûå â ñëó÷àå îäíîãî çà-

ïàçäûâàíèÿ, íåòðóäíî ðàñïðîñòðàíèòü íà ñèñòåìû ñ íåñêîëüêèìè çàïàç-
äûâàíèÿìè. Ïðèâåäåì íåêîòîðûå ðåçóëüòàòû.
Ðàññìîòðèì ëèíåéíóþ ñèñòåìó íåéòðàëüíîãî òèïà ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t)+

m∑
j=1

Bj(t)y(t−τj)+
m∑
j=1

Cj(t)
d

dt
y(t−τj), t > 0, (3.5.1)

ãäå A(t), Bj(t), Cj(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè T -
ïåðèîäè÷åñêèìè ýëåìåíòàìè, τj > 0 � ïàðàìåòðû çàïàçäûâàíèÿ, j =
1, . . . ,m, τ1 > τk > 0, k = 2, . . . ,m. Ñëó÷àé îäíîãî çàïàçäûâàíèÿ (m = 1)



189

áûë èññëåäîâàí â ïðåäûäóùèõ ïàðàãðàôàõ. Ïîýòîìó âñþäó äàëåå ìû
ðàññìàòðèâàåì m ≥ 2.

Òåîðåìà 3.5.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t),Kj(s),
óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (2.5.2), è ìàòðèöû Lj(s) òàêèå,

÷òî

Lj(s) ∈ C1([0, τj]), Lj(s) = L∗
j(s) > 0,

d

ds
Lj(s) < 0, s ∈ [0, τj], (3.5.2)

j = 1, . . . ,m, è ìàòðèöà

Q(t) =

 Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)

 (3.5.3)

ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ], ãäå

Q11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)− K̃ − A∗(t)L̃A(t),

Q12(t) =
(
(−H(t)B1(t)− A∗(t)L̃B1(t)) · · · (−H(t)Bm(t)− A∗(t)L̃Bm(t))

)
,

Q13(t) =
(
(−H(t)C1(t)− A∗(t)L̃C1(t)) · · · (−H(t)Cm(t)− A∗(t)L̃Cm(t))

)
,

Q22(t) =

 K1(τ1)−B∗
1(t)L̃B1(t) · · · −B∗

1(t)L̃Bm(t)
...

. . .
...

−B∗
m(t)L̃B1(t) · · · Km(τm)−B∗

m(t)L̃Bm(t)

 ,

Q23(t) =

 −B∗
1(t)L̃C1(t) · · · −B∗

1(t)L̃Cm(t)
...

. . .
...

−B∗
m(t)L̃C1(t) · · · −B∗

m(t)L̃Cm(t)

 , (3.5.4)

Q33(t) =

 L1(τ1)− C∗
1(t)L̃C1(t) · · · −C∗

1(t)L̃Cm(t)
...

. . .
...

−C∗
m(t)L̃C1(t) · · · Lm(τm)− C∗

m(t)L̃Cm(t)

 ,

K̃ =
m∑
j=1

Kj(0), L̃ =
m∑
j=1

Lj(0). (3.5.5)

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.5.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.
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Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (3.5.1)

d

dt
y(t) = A(t)y(t) +

m∑
j=1

Bj(t)y(t− τj) +
m∑
j=1

Cj(t)
d

dt
y(t− τj), t > 0,

y(t) = φ(t), t ∈ [−τ1, 0],

y(+0) = φ(0),
(3.5.6)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Íèæå ìû óñòàíàâ-
ëèâàåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (3.5.6), õàðàêòåðèçóþùèå
ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà÷åíèé. Åñëè ìàòðè-

öà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3.5.1, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K̃ − A∗(t)L̃A(t),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7). Òîãäà, êàê óæå
îòìå÷àëîñü ðàíåå, èç ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òî H(t) > 0 íà
âñåì îòðåçêå [0, T ]. Ïðîäîëæèì ýòó ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì
íà âñþ ïîëóîñü {t ≥ 0}, ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàò-
ðèöó H(t) è ìàòðèöû Kj(s), Lj(s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû
3.5.1, ââåäåì

V (0, φ) = ⟨H(0)φ(0), φ(0)⟩+
m∑
j=1

0∫
−τj

⟨Kj(−s)φ(s), φ(s)⟩ds

+
m∑
j=1

0∫
−τj

⟨
Lj(−s)

d

ds
φ(s),

d

ds
φ(s)

⟩
ds (3.5.7)

è ìàòðèöó

P (t) = Q11(t)−
[
Q12(t)−Q13(t)Q

−1
33 (t)Q

∗
23(t)

]
×
[
Q22(t)−Q23(t)Q

−1
33 (t)Q

∗
23(t)

]−1

×
[
Q12(t)−Q13(t)Q

−1
33 (t)Q

∗
23(t)

]∗
−Q13(t)Q

−1
33 (t)Q

∗
13(t), (3.5.8)
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ãäå ìàòðèöû Qij(t) îïðåäåëåíû â (3.5.4). Íåòðóäíî ïîêàçàòü, ÷òî P (t)
ïîëîæèòåëüíî îïðåäåëåíà, åñëè Q(t) â (3.5.3) ïîëîæèòåëüíî îïðåäåëåíà
(ñì. ëåììó 2.5.1 â ïàðàãðàôå 2.5). Îáîçíà÷èì ÷åðåç pmin(t) > 0 ìèíèìàëü-
íîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t), ÷åðåç hmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).

Òåîðåìà 3.5.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.5.1.

Ïóñòü kj > 0, lj > 0 � ìàêñèìàëüíûå ÷èñëà òàêèå, ÷òî

d

ds
Kj(s) + kjKj(s) ≤ 0,

d

ds
Lj(s) + ljLj(s) ≤ 0, s ∈ [0, τj], (3.5.9)

j = 1, . . . ,m. Òîãäà äëÿ ðåøåíèÿ çàäà÷è (3.5.6) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
, t > 0, (3.5.10)

ãäå

γ(t) = min

{
pmin(t)

∥H(t)∥
, k1, . . . , km, l1, . . . , lm

}
> 0.

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 3.5.1 íåïîñðåäñòâåííî âûòåêàåò èç
îöåíêè (3.5.10). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 3.5.2.

Äîêàçàòåëüñòâî òåîðåìû 3.5.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (3.5.6). Èñïîëüçóÿ ìàòðèöó H(t), óêàçàííóþ ïåðåä ôîðìóëèðîâ-
êîé òåîðåìû 3.5.2, è ìàòðèöû Kj(s), Lj(s), óäîâëåòâîðÿþùèå óñëîâèÿì
òåîðåìû 3.5.1, ðàññìîòðèì íà ðåøåíèè ñëåäóþùèé ôóíêöèîíàë Ëÿïóíî-
âà � Êðàñîâñêîãî:

V (t, y) = ⟨H(t)y(t), y(t)⟩+
m∑
j=1

t∫
t−τj

⟨Kj(t− s)y(s), y(s)⟩ds

+
m∑
j=1

t∫
t−τj

⟨
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds. (3.5.11)

Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
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+ ⟨H(t)z(t), y(t)⟩+ ⟨H(t)y(t), z(t)⟩

+
m∑
j=1

⟨Kj(0)y(t), y(t)⟩ −
m∑
j=1

⟨Kj(τj)y(t− τj), y(t− τj)⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds+

m∑
j=1

⟨
Lj(0)

d

dt
y(t),

d

dt
y(t)

⟩

−
m∑
j=1

⟨
Lj(τj)

d

dt
y(t− τj),

d

dt
y(t− τj)

⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,

ãäå

z(t) = A(t)y(t) +
m∑
j=1

Bj(t)y(t− τj) +
m∑
j=1

Cj(t)
d

dt
y(t− τj).

Ó÷èòûâàÿ, ÷òî y(t) óäîâëåòâîðÿåò ñèñòåìå (3.5.1), èìååì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+ ⟨H(t)z(t), y(t)⟩+ ⟨H(t)y(t), z(t)⟩

+⟨K̃y(t), y(t)⟩ −
m∑
j=1

⟨Kj(τj)y(t− τj), y(t− τj)⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds+

⟨
L̃z(t), A(t)y(t)

⟩

+

⟨
L̃z(t),

m∑
l=1

Bl(t)y(t− τl)

⟩
+

⟨
L̃z(t),

m∑
l=1

Cl(t)
d

dt
y(t− τl)

⟩

−
m∑
j=1

⟨
Lj(τj)

d

dt
y(t− τj),

d

dt
y(t− τj)

⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,
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ãäå K̃, L̃ çàäàíû â (3.5.5). Èñïîëüçóÿ ìàòðèöó Q(t), îïðåäåëåííóþ â
(3.5.3), ïîëó÷àåì

d

dt
V (t, y) = −

⟨
Q(t)

 y(t)
z1(t)
z2(t)

 ,

 y(t)
z1(t)
z2(t)

⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.5.12)

ãäå

z1(t) =

 y(t− τ1)
...

y(t− τm)

 , z2(t) =


d

dt
y(t− τ1)

...
d

dt
y(t− τm)

 .

Äëÿ äàëüíåéøèõ ïðåîáðàçîâàíèé âîñïîëüçóåìñÿ ëåììîé 2.5.1 (ñì. ïà-
ðàãðàô 2.5). Â ñèëó óêàçàííîé ëåììû äëÿ ìàòðèöû Q(t) â (3.5.3) èìååì⟨

Q(t)

 y(t)
z1(t)
z2(t)

 ,

 y(t)
z1(t)
z2(t)

⟩ ≥ ⟨P (t)y(t), y(t)⟩,

ãäå P (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(3.5.8). Òîãäà

⟨P (t)y(t), y(t)⟩ ≥ pmin(t)∥y(t)∥2,
ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Ñëå-
äîâàòåëüíî, èç (3.5.12) ïîëó÷àåì

d

dt
V (t, y) ≤ −pmin(t)∥y(t)∥2 +

m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.
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Î÷åâèäíî,

hmin(t)∥y(t)∥2 ≤ ⟨H(t)y(t), y(t)⟩ ≤ ∥H(t)∥ ∥y(t)∥2, (3.5.13)

ãäå hmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t). Òî-
ãäà

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Kj(t− s)y(s), y(s)

⟩
ds

+
m∑
j=1

t∫
t−τj

⟨
d

dt
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Èñïîëüçóÿ óñëîâèå (3.5.9), èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

−
m∑
j=1

kj

t∫
t−τj

⟨Kj(t− s)y(s), y(s)⟩ ds

−
m∑
j=1

lj

t∫
t−τj

⟨
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.5.11) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k1, . . . , km, l1, . . . , lm

}
. Èç ýòîãî äèôôåðåíöèàëü-

íîãî íåðàâåíñòâà èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,
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ãäå V (0, φ) îïðåäåëåíî â (3.5.7). Èñïîëüçóÿ (3.5.13), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (3.5.11) ïîëó÷àåì

∥y(t)∥2 ≤ 1

hmin(t)
⟨H(t)y(t), y(t)⟩ ≤ V (t, y)

hmin(t)
≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
.

Îòñþäà èìååì òðåáóåìîå íåðàâåíñòâî (3.5.10).
Òåîðåìà 3.5.2 äîêàçàíà.

Çàìå÷àíèå 1. Ñóùåñòâîâàíèå kj, lj > 0 â òåîðåìå 3.5.2 îáåñïå÷èâàåòñÿ
óñëîâèÿìè íà Kj(s), Lj(s), óêàçàííûìè â ôîðìóëèðîâêå òåîðåìû 3.5.1.

Çàìå÷àíèå 2. Íåðàâåíñòâî (3.5.10) äàåò îöåíêè ñêîðîñòè ýêñïîíåíöè-
àëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåìû (3.5.1) íà áåñêîíå÷íîñòè, ïðè ýòîì
ìû íå èñïîëüçóåì ñïåêòðàëüíóþ èíôîðìàöèþ (ñïåêòð îïåðàòîðà ìîíî-
äðîìèè èëè êîðíè êâàçèìíîãî÷ëåíîâ â ñëó÷àå ïîñòîÿííûõ êîýôôèöèåí-
òîâ).

Èç äîêàçàòåëüñòâà òåîðåìû 3.5.2 âûòåêàåò ñëåäóþùàÿ ïåðåôîðìóëè-
ðîâêà òåîðåìû 3.5.1.

Òåîðåìà 3.5.3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t) Kj(s),
Lj(s) j = 1, . . . ,m, óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (2.5.2), (3.5.2), è
òàêèå, ÷òî

P (t) > 0, Q22(t)−Q23(t)Q
−1
33 (t)Q

∗
23(t) > 0, Q33(t) > 0, t ∈ [0, T ].

Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.5.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Äîêàçàòåëüñòâî òåîðåìû 3.5.3. Â ñèëó ëåììû 2.5.1 (ñì. ïàðàãðàô
2.5) ìàòðèöà Q(t) â (3.5.3) ïîëîæèòåëüíî îïðåäåëåíà òîãäà è òîëüêî òî-
ãäà, êîãäà ìàòðèöû P (t), Q22(t) − Q23(t)Q

−1
33 (t)Q

∗
23(t) è Q33(t) ïîëîæè-

òåëüíî îïðåäåëåíû.

Çàìå÷àíèå. Îòìåòèì, ÷òî òðåáîâàíèå ïîëîæèòåëüíîé îïðåäåëåííî-
ñòè ìàòðèöû Q33(t) âëå÷åò óñëîâèå ïðèíàäëåæíîñòè ñîáñòâåííûõ çíà÷å-
íèé ìàòðèö Ck(t), k = 1, . . . ,m, ïðè âñåõ t ∈ [0, T ] åäèíè÷íîìó êðóãó
{λ ∈ R : |λ| < 1}, ÷òî ñîãëàñóåòñÿ ñ õîðîøî èçâåñòíûìè ðåçóëüòàòàìè
äëÿ óðàâíåíèé íåéòðàëüíîãî òèïà ñ ïîñòîÿííîé ìàòðèöåé C. Äåéñòâè-
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òåëüíî, åñëè Q33(t) > 0, òî

Lk(τk)−C∗
k(t)

(
m∑
j=1

Lj(0)

)
Ck(t) = Fk(t) > 0, k = 1, . . . ,m, t ∈ [0, T ].

Â ñèëó (3.5.21)

Lk(0)− C∗
k(t)Lk(0)Ck(t) > Fk(t) + C∗

k(t)

(
m∑

j=1,
j ̸=k

Lj(0)

)
Ck(t),

ò. å. ïðè êàæäîì t ∈ [0, T ] ìàòðèöà Lk(0) = L∗
k(0) > 0 óäîâëåòâîðÿåò

äèñêðåòíîìó óðàâíåíèþ Ëÿïóíîâà

Lk(0)− C∗
k(t)Lk(0)Ck(t) = Gk(t)

ñ ïîëîæèòåëüíî îïðåäåëåííîé ýðìèòîâîé ïðàâîé ÷àñòüþ. Òîãäà ñîãëàñíî
êðèòåðèþ Ëÿïóíîâà [28] âñå ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû Ck(t) ïðè
êàæäîì t ∈ [0, T ] ëåæàò â åäèíè÷íîì êðóãå.

Óñëîâèÿ (2.5.2), (3.5.2) íà Kj(s), Lj(s) ìîæíî îñëàáèòü, ïðè ýòîì îò-
êàçàòüñÿ îò òðåáîâàíèÿ ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû Q(t) â
(3.5.3).

Òåîðåìà 3.5.4 Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ìàòðèöà H(t), óäî-

âëåòâîðÿþùàÿ óñëîâèþ (1.2.2), è ìàòðèöû Kj(s), Lj(s) òàêèå, ÷òî

Kj(s) ∈ C1([0, τj]), Kj(s) = K∗
j (s) ≥ 0,

d

ds
Kj(s) ≤ 0, s ∈ [0, τj],

Lj(s) ∈ C1([0, τj]), Lj(s) = L∗
j(s) ≥ 0,

d

ds
Lj(s) ≤ 0, s ∈ [0, τj],

j = 1, . . . ,m, è äëÿ ìàòðèöû Q(t) â (3.5.3) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ ⟨S(t)u, u⟩, (3.5.14)

u ∈ Cn, v, w ∈ Cn×m, t ∈ [0, T ],

ãäå S(t) > 0 � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà ñ íåïðå-

ðûâíûìè ýëåìåíòàìè. Åñëè ñóùåñòâóþò kj, lj > 0, óäîâëåòâîðÿþùèå
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(3.5.9), òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.5.1) ýêñïîíåíöèàëüíî óñòîé-
÷èâî, ïðè÷åì äëÿ ðåøåíèÿ çàäà÷è (3.5.6) èìååò ìåñòî îöåíêà (3.5.10),
ãäå

γ(t) = min

{
smin(t)

∥H(t)∥
, k1, . . . , km, l1, . . . , lm

}
, (3.5.15)

smin(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû S(t).

Çäåñü smin(t), H(t) � T -ïåðèîäè÷åñêèå ïðîäîëæåíèÿ èñõîäíûõ ôóíê-
öèé íà âñþ ïîëóîñü {t ≥ 0}.

Äîêàçàòåëüñòâî òåîðåìû 3.5.4. Åñëè ìàòðèöà H(t) óäîâëåòâîðÿåò
óñëîâèÿì òåîðåìû 3.5.4, òî â ñèëó (3.5.14)

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) ≤ −S(t)− K̃ − A∗(t)L̃A(t),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7). Òîãäà, êàê óæå
îòìå÷àëîñü ðàíåå, èç [29] ñëåäóåò, ÷òî H(t) > 0 íà âñåì îòðåçêå [0, T ].
Ïðîäîëæèì H(t) è S(t), ñîõðàíÿÿ òî æå îáîçíà÷åíèå, T -ïåðèîäè÷åñêèì
îáðàçîì íà âñþ ïîëóîñü {t ≥ 0}. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàò-
ðèöû Kj(s), Lj(s), j = 1, . . . ,m, ðàññìîòðèì íà ðåøåíèè çàäà÷è (3.5.6)
ôóíêöèîíàë (3.5.11). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 3.5.2, ïîñëå äèô-
ôåðåíöèðîâàíèÿ ïîëó÷àåì (3.5.12). Â ñèëó (3.5.14)⟨

Q(t)

 y(t)
z1(t)
z2(t)

 ,

 y(t)
z1(t)
z2(t)

⟩ ≥ ⟨S(t)y(t), y(t)⟩ ≥ smin(t)∥y(t)∥2,

ãäå smin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû S(t). Èñ-
ïîëüçóÿ (3.5.9) è (3.5.13), èç (3.5.12) èìååì

d

dt
V (t, y) ≤ − smin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

−
m∑
j=1

kj

t∫
t−τj

⟨Kj(t− s)y(s), y(s)⟩ ds

−
m∑
j=1

lj

t∫
t−τj

⟨
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.
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Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.5.11) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) > 0 îïðåäåëåíî â (3.5.15). Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåî-
ðåìû 3.5.2, èìååì íåðàâåíñòâî (3.5.10).
Òåîðåìà 3.5.4 äîêàçàíà.

Çàìå÷àíèå. Óñëîâèÿ òåîðåìû 3.5.4 ÿâëÿþòñÿ ìåíåå îãðàíè÷èòåëü-
íûìè, íî óñëîâèÿ òåîðåìû 3.5.1 ïîçâîëÿþò óêàçàòü ìàòðèöó S(t), èñ-
ïîëüçóåìóþ â ýòèõ òåîðåìàõ, â ÿâíîì âèäå; íàïðèìåð, â êà÷åñòâå S(t)
ìîæíî âçÿòü ìàòðèöó P (t), îïðåäåëåííóþ â (3.5.8). Ýòîò ôàêò ìîæåò
áûòü ïîëåçåí ïðè èññëåäîâàíèè êîíêðåòíûõ çàäà÷.

Ðàññìîòðèì òåïåðü ñèñòåìû íåéòðàëüíîãî òèïà ñ ïåðåìåííûì çàïàç-
äûâàíèåì:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+ F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0, (3.5.16)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùå-
ñòâåííîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ(t) � ôóíêöèÿ, îïðå-
äåëÿþùàÿ çàïàçäûâàíèå, τ(t) ∈ C1([0,∞)),

0 < τ1 ≤ τ(t) ≤ τ2, τ3 ≤
d

dt
τ(t) ≤ τ4 < 1. (3.5.17)

Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ
F (t, u1, u2, u3) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå G ⊂ [0,∞) × Rn ×
Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, t ≥ 0, (3.5.18)

uj ∈ Rn, qj ≥ 0, j = 1, 2, 3.

Íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé
óêàçàííûõ ñèñòåì. Ìû óñòàíîâèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷è-
âîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (3.5.16) è ïîëó÷èì îöåíêè, õàðàêòåðè-
çóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (3.5.16) íà áåñêîíå÷íî-
ñòè. Èç äîêàçàííûõ óòâåðæäåíèé áóäóò âûòåêàòü ðåçóëüòàòû î ðîáàñòíîé
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óñòîé÷èâîñòè ðåøåíèé ëèíåéíûõ ñèñòåì (qj = 0) ñ ïåðåìåííûì çàïàçäû-
âàíèåì

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t)). (3.5.19)

Âíà÷àëå ìû èññëåäóåì ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé ëè-
íåéíûõ ñèñòåì âèäà (3.5.19).

Òåîðåìà 3.5.5 Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ìàòðèöà H(t), óäî-

âëåòâîðÿþùàÿ óñëîâèþ (1.2.2), è ìàòðèöû K(s), L(s) òàêèå, ÷òî

K(s) ∈ C1([0, τ2]), K(s) = K∗(s) > 0,
d

ds
K(s) < 0, s ∈ [0, τ2], (3.5.20)

L(s) ∈ C1([0, τ2]), L(s) = L∗(s) > 0,
d

ds
L(s) < 0, s ∈ [0, τ2], (3.5.21)

è ìàòðèöà

Q(t) =

 Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)

 (3.5.22)

ñ ýëåìåíòàìè

Q11(t) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(0)− A∗(t)L(0)A(t),

Q12(t) = −H(t)B(t)− A∗(t)L(0)B(t),

Q13(t) = −H(t)C(t)− A∗(t)L(0)C(t),

Q22(t) = (1− τ4)K(τ2)−B∗(t)L(0)B(t),

Q23(t) = −B∗(t)L(0)C(t),

Q33(t) = (1− τ3)
−1L(τ2)− C∗(t)L(0)C(t),

(3.5.23)
ïîëîæèòåëüíî îïðåäåëåíà ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòå-

ìû (3.5.19) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (3.5.19):

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t)), t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),
(3.5.24)
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ãäå φ(t) ∈ C1([−τ2, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Íèæå ìû óêàçû-
âàåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (3.5.24), õàðàêòåðèçóþùèå
ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà÷åíèé. Åñëè ìàòðè-

öà H(t) óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3.5.5, òî

d

dt
H(t) +H(t)A(t) + A∗(t)H(t) < −K(0)− A∗(t)L(0)A(t),

ò. å. H(t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è âèäà (1.2.7) äëÿ äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ Ëÿïóíîâà. Òîãäà, êàê óæå îòìå÷àëîñü ðàíåå, èç
ðåçóëüòàòîâ ðàáîòû [29] ñëåäóåò, ÷òîH(t) > 0 íà âñåì îòðåçêå [0, T ]. Ïðî-
äîëæèì ýòó ìàòðèöó T -ïåðèîäè÷åñêèì îáðàçîì íà âñþ ïîëóîñü {t ≥ 0},
ñîõðàíÿÿ òî æå îáîçíà÷åíèå. Èñïîëüçóÿ ýòó ìàòðèöó H(t) è ìàòðèöû
K(s), L(s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 3.5.5, ââåäåì ñëåäóþ-
ùèå îáîçíà÷åíèÿ:

V (0, φ) = ⟨H(0)φ(0), φ(0)⟩+
0∫

−τ(0)

⟨K(−s)φ(s), φ(s)⟩ds

+

0∫
−τ(0)

⟨
L(−s) d

ds
φ(s),

d

ds
φ(s)

⟩
ds, (3.5.25)

P (t) = Q11(t)−
[
Q12(t)−Q13(t)Q

−1
33 (t)Q

∗
23(t)

][
Q22(t)−Q23(t)Q

−1
33Q

∗
23(t)

]−1

×
[
Q12(t)−Q13(t)Q

−1
33Q

∗
23(t)

]∗
−Q13(t)Q

−1
33Q

∗
13(t), (3.5.26)

ãäå ìàòðèöû Qij(t) îïðåäåëåíû â (3.5.23). Íåòðóäíî ïîêàçàòü, ÷òî P (t)
ïîëîæèòåëüíî îïðåäåëåíà, åñëè Q(t) â (3.5.22) ïîëîæèòåëüíî îïðåäåëåíà
(ñì. ëåììó 2.5.1 â ïàðàãðàôå 2.5). Îáîçíà÷èì ÷åðåç pmin(t) > 0 ìèíèìàëü-
íîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t), ÷åðåç hmin(t) > 0 ìèíèìàëüíîå
ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t).

Òåîðåìà 3.5.6 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.5.5.

Ïóñòü k, l > 0 � ìàêñèìàëüíûå ÷èñëà òàêèå, ÷òî

d

ds
K(s) + kK(s) ≤ 0,

d

ds
L(s) + lL(s) ≤ 0, s ∈ [0, τ2]. (3.5.27)
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Òîãäà äëÿ ðåøåíèÿ çàäà÷è (3.5.24) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
, t > 0, (3.5.28)

ãäå

γ(t) = min

{
pmin(t)

∥H(t)∥
, k, l

}
> 0.

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 3.5.5 íåïîñðåäñòâåííî âûòåêàåò èç
îöåíêè (3.5.28). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 3.5.6.

Äîêàçàòåëüñòâî òåîðåìû 3.5.6. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (3.5.24). Èñïîëüçóÿ ìàòðèöû H(t), K(s), L(s), óêàçàííûå âûøå,
ðàññìîòðèì íà ðåøåíèè ñëåäóþùèé ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-
ãî:

V (t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ(t)

⟨K(t− s)y(s), y(s)⟩ds

+

t∫
t−τ(t)

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds. (3.5.29)

Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩

+

⟨
H(t)

d

dt
y(t), y(t)

⟩
+

⟨
H(t)y(t),

d

dt
y(t)

⟩
+⟨K(0)y(t), y(t)⟩ −

(
1− d

dt
τ(t)

)
⟨K(τ(t))y(t− τ(t)), y(t− τ(t))⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

⟨
L(0)

d

dt
y(t),

d

dt
y(t)

⟩

−
(
1− d

dt
τ(t)

)−1⟨
L(τ(t))

d

dt
y(t− τ(t)),

d

dt
y(t− τ(t))

⟩
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+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Òîãäà, ó÷èòûâàÿ, ÷òî y(t) óäîâëåòâîðÿåò ñèñòåìå (3.5.19), èìååì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+ ⟨H(t)z(t), y(t)⟩+ ⟨H(t)y(t), z(t)⟩

+⟨K(0)y(t), y(t)⟩ −
(
1− d

dt
τ(t)

)
⟨K(τ(t))y(t− τ(t)), y(t− τ(t))⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+ ⟨L(0)z(t), z(t)⟩

−
(
1− d

dt
τ(t)

)−1⟨
L(τ(t))

d

dt
y(t− τ(t)),

d

dt
y(t− τ(t))

⟩

+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,

ãäå

z(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)
d

dt
y(t− τ(t)).

Â ñèëó óñëîâèé (3.5.17), (3.5.20) è (3.5.21) èìååì(
1− d

dt
τ(t)

)
⟨K(τ(t))y(t− τ(t)), y(t− τ(t))⟩

≥ (1− τ4)⟨K(τ2)y(t− τ(t)), y(t− τ(t))⟩,(
1− d

dt
τ(t)

)−1⟨
L(τ(t))

d

dt
y(t− τ(t)),

d

dt
y(t− τ(t))

⟩
≥ (1− τ3)

−1

⟨
L(τ2)

d

dt
y(t− τ(t)),

d

dt
y(t− τ(t))

⟩
.

Ñëåäîâàòåëüíî,

d

dt
V (t, y) ≤ −

⟨
Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩
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+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.5.30)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (3.5.22).
Â ñèëó ëåììû 2.5.1 (ñì. ïàðàãðàô 2.5) äëÿ ìàòðèöû Q(t) â (3.5.22)

èìååì⟨
Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

≥ ⟨P (t)y(t), y(t)⟩,

ãäå P (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(3.5.26). Òîãäà

⟨P (t)y(t), y(t)⟩ ≥ pmin(t)∥y(t)∥2,
ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Ñëå-
äîâàòåëüíî, èç (3.5.30) ïîëó÷àåì

d

dt
V (t, y) ≤ −⟨pmin(t)y(t), y(t)⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Î÷åâèäíî, äëÿ H(t) ñïðàâåäëèâû íåðàâåíñòâà (3.5.13). Òîãäà

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Èñïîëüçóÿ óñëîâèå (3.5.27), èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩
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−k
t∫

t−τ(t)

⟨K(t− s)y(s), y(s)⟩ ds− l

t∫
t−τ(t)

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.5.29) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k, l

}
. Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà

èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (3.5.25). Èñïîëüçóÿ (3.5.13), ñ ó÷åòîì îïðåäåëå-
íèÿ ôóíêöèîíàëà (3.5.29) ïîëó÷àåì

∥y(t)∥2 ≤ 1

hmin(t)
⟨H(t)y(t), y(t)⟩ ≤ V (t, y)

hmin(t)
≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
.

Îòñþäà èìååì òðåáóåìîå íåðàâåíñòâî (3.5.28).
Òåîðåìà 3.5.6 äîêàçàíà.

Çàìå÷àíèå. Ñóùåñòâîâàíèå k, l > 0 â òåîðåìå 3.5.6 îáåñïå÷èâàåòñÿ
óñëîâèÿìè (3.5.20), (3.5.21).

Îïèðàÿñü íà äîêàçàòåëüñòâî òåîðåìû 3.5.6, ìîæíî ïåðåôîðìóëèðîâàòü
òåîðåìó 3.5.5 ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.5.7 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (3.5.20), (3.5.21), òàêèå, ÷òî

P (t) > 0, Q22(t)−Q23(t)Q
−1
33Q

∗
23(t) > 0, Q33(t) > 0

ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.5.19) ýêñïîíåíöèàëüíî
óñòîé÷èâî.

Äîêàçàòåëüñòâî. Â ñèëó ëåììû 2.5.1 (ñì. ïàðàãðàô 2.5) ìàòðèöàQ(t)
â (3.5.22) ïîëîæèòåëüíî îïðåäåëåíà òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöû
P (t), Q22(t)−Q23(t)Q

−1
33Q

∗
23(t) è Q33(t) ïîëîæèòåëüíî îïðåäåëåíû.



205

Çàìå÷àíèå. Ðåçóëüòàòû ëåãêî îáîáùàþòñÿ íà ñëó÷àé ñèñòåì ñ íåñêîëü-
êèìè ïåðåìåííûìè çàïàçäûâàíèÿìè

d

dt
y(t) = A(t)y(t)+

m∑
j=1

Bj(t)y(t−τj(t))+
m∑
j=1

Cj(t)
d

dt
y(t−τj(t)), t ≥ 0,

ãäå A(t), Bj(t), Cj(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè T -
ïåðèîäè÷åñêèìè ýëåìåíòàìè, τj(t) ∈ C1([0,∞)) � ôóíêöèè, îïðåäåëÿ-
þùèå çàïàçäûâàíèå,

0 < τ1 ≤ τj(t) ≤ τ2, τ3 ≤
d

dt
τj(t) ≤ τ4 < 1, j = 1, . . . ,m.

Äëÿ ýòîãî ìîæíî èñïîëüçîâàòü ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî ñëå-
äóþùåãî âèäà

⟨H(t)y(t), y(t)⟩+
m∑
j=1

t∫
t−τj(t)

⟨Kj(t− s)y(s), y(s)⟩ds

+
m∑
j=1

t∫
t−τj(t)

⟨
Lj(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.5.5, íèæå ìû óñòàíî-
âèì óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ íåëèíåé-
íûõ ñèñòåì âèäà (3.5.16). Èñïîëüçóÿ ìàòðèöó H(t), îïðåäåëåííóþ âûøå
íà âñåé ïîëóîñè {t ≥ 0}, è ìàòðèöû K(s), L(s), óäîâëåòâîðÿþùèå óñëî-
âèÿì òåîðåìû 3.5.5, ââåäåì ôóíêöèè

β1(t) = 2∥H(t)∥+ (2∥A(t)∥+ q1)∥L(0)∥,
β2(t) = (2∥B(t)∥+ q2)∥L(0)∥,
β3(t) = (2∥C(t)∥+ q3)∥L(0)∥,

(3.5.31)

α1(t) = q1β1(t) +
q1β2(t) + q2β1(t)

2
+
q1β3(t) + q3β1(t)

2
,

α2(t) = q2β2(t) +
q2β1(t) + q1β2(t)

2
+
q2β3(t) + q3β2(t)

2
,

α3(t) = q3β3(t) +
q3β1(t) + q1β3(t)

2
+
q3β2(t) + q2β3(t)

2
,

(3.5.32)
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è ìàòðèöó

Qα(t) = Q(t)−

 α1(t)I 0 0
0 α2(t)I 0
0 0 α3(t)I

 . (3.5.33)

Òåîðåìà 3.5.8 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 3.5.5. Ïðåäïîëîæèì,

÷òî q1, q2, q3 òàêèå, ÷òî ìàòðèöà Qα(t) ïîëîæèòåëüíî îïðåäåëåíà

ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.5.16) ýêñïîíåíöèàëüíî
óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (3.5.16)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),

(3.5.34)

ãäå φ(t) ∈ C1([−τ2, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Íèæå ìû óêàæåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (3.5.34), õàðàê-
òåðèçóþùèå ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.
Ââåäåì ìàòðèöó

P α(t) = Q11(t)− α1(t)I −
[
Q12(t)−Q13(t)(Q33(t)− α3(t)I)

−1Q∗
23(t)

]
×
[
Q22(t)− α2(t)I −Q23(t)(Q33(t)− α3(t)I)

−1Q∗
23(t)

]−1

×
[
Q12(t)−Q13(t)(Q33(t)− α3(t)I)

−1Q∗
23(t)

]∗
−Q13(t)(Q33(t)− α3(t)I)

−1Q∗
13(t), (3.5.35)

ãäå ìàòðèöû Qij(t) îïðåäåëåíû â (3.5.23). Íåòðóäíî ïîêàçàòü, ÷òî P α(t)
ïîëîæèòåëüíî îïðåäåëåíà, åñëè Qα(t) â (3.3.5) ïîëîæèòåëüíî îïðåäåëåíà
(ñì. ëåììó 2.5.1 â ïàðàãðàôå 2.5). Îáîçíà÷èì ÷åðåç pαmin(t) > 0 ìèíèìàëü-
íîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P α(t).
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Òåîðåìà 3.5.9 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 3.5.8.

Ïóñòü k, l > 0 � ìàêñèìàëüíûå ÷èñëà òàêèå, ÷òî âûïîëíåíû íåðàâåí-

ñòâà (3.5.27). Òîãäà äëÿ ðåøåíèÿ çàäà÷è (3.5.34) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

hmin(t)
exp

(
−1

2

∫ t

0

γα(ξ)dξ

)
, t > 0, (3.5.36)

ãäå

γα(t) = min

{
pαmin(t)

∥H(t)∥
, k, l

}
> 0.

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 3.5.8 íåïîñðåäñòâåííî âûòåêàåò èç
îöåíêè (3.5.36). Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 3.5.9.

Äîêàçàòåëüñòâî òåîðåìû 3.5.9. Áóäåì ñëåäîâàòü ñõåìå, èçëîæåí-
íîé ïðè äîêàçàòåëüñòâå òåîðåìû 3.3.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (3.5.34). Èñïîëüçóÿ ìàòðèöû H(t), K(s), L(s), óêàçàííûå âûøå,
ðàññìîòðèì íà ðåøåíèè ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (3.5.29).
Äèôôåðåíöèðóÿ åãî è ïîâòîðÿÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâà òåîðå-
ìû 3.3.2, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩

+ ⟨H(t)z(t), y(t)⟩+
⟨
H(t)F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, y(t)

⟩
+ ⟨H(t)y(t), z(t)⟩+

⟨
H(t)y(t), F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)⟩
+⟨K(0)y(t), y(t)⟩ −

(
1− d

dt
τ(t)

)
⟨K(τ(t))y(t− τ(t)), y(t− τ(t))⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+ ⟨L(0)z(t), z(t)⟩+
⟨
L(0)F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, z(t)

⟩
+

⟨
L(0)z(t), F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)⟩
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+

⟨
L(0)F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
,

F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)⟩
−
(
1− d

dt
τ(t)

)−1⟨
L(τ(t))

d

dt
y(t− τ(t)),

d

dt
y(t− τ(t))

⟩

+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,

ãäå

z(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)
d

dt
y(t− τ(t)).

Èñïîëüçóÿ (3.5.17), (3.5.20) è (3.5.21), èìååì

d

dt
V (t, y) ≤ −

⟨
Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

+W (t)

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds

+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds, (3.5.37)

ãäå Q(t) îïðåäåëåíà â (3.5.22),

W (t) =

⟨
H(t)F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, y(t)

⟩
+

⟨
H(t)y(t), F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)⟩
+

⟨
L(0)F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, z(t)

⟩
+

⟨
L(0)z(t), F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)⟩
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+

⟨
L(0)F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
,

F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)⟩
.

Â ñèëó (3.5.18) èìååì

W (t) ≤
(
β1(t)∥y(t)∥+ β2(t)∥y(t− τ(t))∥+ β3(t)

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥)
×
(
q1∥y(t)∥+ q2∥y(t− τ(t))∥+ q3

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥) .
ãäå ôóíêöèè βj(t), j = 1, 2, 3, îïðåäåëåíû â (3.5.31). Î÷åâèäíî, ñïðàâåä-
ëèâà îöåíêà

W (t) ≤ α1(t)∥y(t)∥2 + α2(t)∥y(t− τ(t))∥2 + α3(t)

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥2 ,
ãäå ôóíêöèè αj(t), j = 1, 2, 3, çàäàíû â (3.5.32). Òîãäà èç (3.5.37) âûòå-
êàåò íåðàâåíñòâî

d

dt
V (t, y) ≤ −

⟨
Qα(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,

ãäå ìàòðèöà Qα(t) îïðåäåëåíà â (3.5.33). Èñïîëüçóÿ ëåììó 2.5.1 èç ïàðà-
ãðàôà 2.5, ïîëó÷àåì

⟨
Qα(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

≥ ⟨P α(t)y(t), y(t)⟩,

ãäå P α(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(3.5.35). Òîãäà

d

dt
V (t, y) ≤ −⟨pmin(t)y(t), y(t)⟩
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+

t∫
t−τ(t)

⟨
d

dt
K(t− s)y(s), y(s)

⟩
ds+

t∫
t−τ(t)

⟨
d

dt
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds,

ãäå pαmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P α(t).
Èñïîëüçóÿ (3.5.13) è (3.5.27), ïîëó÷àåì

d

dt
V (t, y) ≤ − pαmin(t)

∥H(t)∥
⟨H(t)y(t), y(t)⟩

−k
t∫

t−τ(t)

⟨K(t− s)y(s), y(s)⟩ ds− l

t∫
t−τ(t)

⟨
L(t− s)

d

ds
y(s),

d

ds
y(s)

⟩
ds.

Â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (3.5.29) èìååì

d

dt
V (t, y) ≤ −γα(t)V (t, y),

ãäå γα(t) = min

{
pαmin(t)

∥H(t)∥
, k, l

}
. Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåí-

ñòâà ìû ïîëó÷àåì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γα(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (3.5.25). Îòñþäà, ðàññóæäàÿ êàê âûøå, ïðèõî-
äèì ê íåðàâåíñòâó

∥y(t)∥2 ≤ V (0, φ)

hmin(t)
exp

(
−
∫ t

0

γα(ξ)dξ

)
,

èç êîòîðîãî ñëåäóåò (3.5.36).
Òåîðåìà 3.5.9 äîêàçàíà.

Òåîðåìó 3.5.8 ìîæíî ïåðåôîðìóëèðîâàòü ñëåäóþùèì îáðàçîì.

Òåîðåìà 3.5.10 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t),K(s),
L(s), óäîâëåòâîðÿþùèå óñëîâèÿì (1.2.2), (3.5.20), (3.5.21) è òàêèå, ÷òî

P α(t) > 0, Q22(t)− α2(t)I −Q23(t)(Q33(t)− α3(t)I)
−1Q∗

23(t) > 0,

Q33(t)− α3(t)I > 0

ïðè t ∈ [0, T ]. Òîãäà íóëåâîå ðåøåíèå ñèñòåìû (3.5.19) ýêñïîíåíöèàëüíî
óñòîé÷èâî.
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Äîêàçàòåëüñòâî. Â ñèëó ëåììû 2.5.1 (ñì. ïàðàãðàô 2.5) ìàòðèöà
Qα(t) â (3.5.33) ïîëîæèòåëüíî îïðåäåëåíà òîãäà è òîëüêî òîãäà, êîãäà
ìàòðèöû P α(t), Q22(t)−α2(t)I−Q23(t)(Q33(t)−α3(t)I)

−1Q∗
23(t), Q33(t)−

α3(t)I ïîëîæèòåëüíî îïðåäåëåíû.

Çàìå÷àíèå. Ïîëó÷åííûå âûøå ðåçóëüòàòû äàþò óòâåðæäåíèÿ î ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ ñèñòåì âèäà (3.5.16). Äåéñòâèòåëüíî, ðàññìîò-
ðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+∆A(t)y(t) + ∆B(t)y(t− τ(t)) + ∆C(t)
d

dt
y(t− τ(t)), (3.5.38)

ãäå ∆A(t), ∆B(t), ∆C(t) � íåèçâåñòíûå (n× n) ìàòðèöû òàêèå, ÷òî

∥∆A(t)∥ ≤ q1, ∥∆B(t)∥ ≤ q2, ∥∆C(t)∥ ≤ q3.

Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u1, u2, u3) = ∆A(t)u1 +∆B(t)u2 +∆C(t)u3

óäîâëåòâîðÿåò íåðàâåíñòâó (3.5.18). Òîãäà òåîðåìà 3.5.8 äàåò óñëîâèÿ ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ (3.5.16), òåîðåìà 3.5.9 � îöåíêè ýêñïîíåíöè-
àëüíîãî óáûâàíèÿ ðåøåíèé âîçìóùåííîé ñèñòåìû (3.5.38).

Ïðèìåð. Ðàññìîòðèì óðàâíåíèå ñ çàïàçäûâàíèåì âèäà (3.5.16)

d

dt
y(t) = (0.1 cos t− 2)y(t)− 0.1y(t− τ(t))

+q cos

(
d

dt
y(t− τ(t))

)
d

dt
y(t− τ(t)), (3.5.39)

ãäå τ(t) = 0.5 sin t+ 1. Î÷åâèäíî, τ(t) óäîâëåòâîðÿåò óñëîâèÿì (3.5.17) ñ

τ1 = 0.5, τ2 = 1.5, τ3 = −0.5, τ4 = 0.5,

ôóíêöèÿ F (t, u1, u2, u3) = q cos(u3)u3 � íåðàâåíñòâó (3.5.18) ñ q1 = q2 =
0, q3 = q.
Âíà÷àëå ðàññìîòðèì ëèíåéíûé ñëó÷àé, ò.å. q = 0. Âûáåðåì ôóíêöèè

H(t), K(s), L(s) ñëåäóþùèì îáðàçîì

H(t) = 0.5− 0.1 sin t, K(s) = 0.27e−1.65s, L(s) = 0.001e−1.65s.
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Î÷åâèäíî, ýòè ôóíêöèè óäîâëåòâîðÿþò (1.2.2), (3.5.20), (3.5.21) è (3.5.27)
ïðè k = l = 1.65. Â ýòîì ñëó÷àå ýëåìåíòû ìàòðèöû Q(t) èìåþò âèä

Q11(t) = 1.73− 0.4 sin t+ 0.02 sin t cos t− 0.001(2− 0.1 cos t)2,

Q12(t) = 0.0498− 0.01 sin t+ 0.00001 cos t, Q13(t) = 0,

Q22(t) = 0.135e−2.475 − 0.00001, Q23(t) = 0, Q33(t) =
0.002

3
e−2.475.

Íåòðóäíî ïðîâåðèòü, ÷òî Q(t) ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé ïðè
t ∈ [0, 2π]. Òîãäà â ñèëó òåîðåìû 3.5.5 íóëåâîå ðåøåíèå óðàâíåíèÿ (3.5.39)
ïðè q = 0 ýêñïîíåíöèàëüíî óñòîé÷èâî. Ñîãëàñíî òåîðåìå 3.5.6, ÷òîáû îöå-
íèòü ñêîðîñòü óáûâàíèÿ ðåøåíèé óðàâíåíèÿ (3.5.39), íóæíî âû÷èñëèòü

ôóíêöèè P (t) è γ(t) = min
{

P (t)
∥H(t)∥ , 1.65

}
. Â íàøåì ñëó÷àå

P (t) = Q11(t)−Q2
12(t)(Q22(t))

−1, ∥H(t)∥ = |0.5− 0.1 sin t|.

Íåòðóäíî ïîêàçàòü, ÷òî

P (t) ≥ 0.99047, ∥H(t)∥ ≤ 0.6.

Ñëåäîâàòåëüíî, P (t)
∥H(t)∥ ≥ 1.65078 è γ(t) = 1.65. Â ñèëó (3.5.28) ìû èìååì

îöåíêó
∥y(t)∥ ≤ ce−0.825t, c > 0,

äëÿ ðåøåíèé óðàâíåíèÿ (3.5.39) ïðè q = 0.
Ðàññìîòðèì òåïåðü óðàâíåíèå (3.5.39) ïðè q = 0.1. Âûáåðåì ôóíêöèè

H(t), K(s), L(s) ñëåäóþùèì îáðàçîì

H(t) = 0.5− 0.1 sin t, K(s) = 0.06e−0.27s, L(s) = 0.28e−0.27s.

Î÷åâèäíî, ýòè ôóíêöèè óäîâëåòâîðÿþò (1.2.2), (3.5.20), (3.5.21) è (3.5.27)
ïðè k = l = 0.27. Â ýòîì ñëó÷àå ýëåìåíòû ìàòðèöû Q(t) èìåþò âèä

Q11(t) = 1.94− 0.4 sin t+ 0.02 sin t cos t− 0.28(2− 0.1 cos t)2,

Q12(t) = −0.006− 0.01 sin t+ 0.0028 cos t, Q13(t) = 0,

Q22(t) = 0.03e−0.405 − 0.0028, Q23(t) = 0, Q33(t) =
0.56

3
e−0.405

è

β1(t) = |1− 0.2 sin t|+ |1.12− 0.056 cos t|, β2(t) = 0.056, β3(t) = 0.028,
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α1(t) = |0.05− 0.01 sin t|+ |0.056− 0.0028 cos t|, α2(t) = 0.0028,

α3(t) = |0.05− 0.01 sin t|+ |0.056− 0.0028 cos t|+ 0.0056.

Íåòðóäíî ïðîâåðèòü, ÷òî ìàòðèöà Qα(t), çàäàííàÿ â (3.5.33), ÿâëÿåòñÿ
ïîëîæèòåëüíî îïðåäåëåííîé ïðè t ∈ [0, 2π]. Òîãäà â ñèëó òåîðåìû 3.5.8
íóëåâîå ðåøåíèå óðàâíåíèÿ (3.5.39) ïðè q = 0.1 ýêñïîíåíöèàëüíî óñòîé-
÷èâî. Ñîãëàñíî òåîðåìå 3.5.9, ÷òîáû îöåíèòü ñêîðîñòü óáûâàíèÿ ðåøåíèé

óðàâíåíèÿ (3.5.39), íóæíî âû÷èñëèòü ôóíêöèè P α(t) è γα(t) = min
{

Pα(t)
∥H(t)∥ ,

0.27
}
. Â íàøåì ñëó÷àå

P α(t) = Q11(t)− α1(t)−Q2
12(t)(Q22(t)− α2(t))

−1.

Íåòðóäíî ïîêàçàòü, ÷òî P α(t) ≥ 0.16319. Ñëåäîâàòåëüíî, Pα(t)
∥H(t)∥ ≥ 0.27198

è γα(t) = 0.27. Â ñèëó (3.5.36) ìû èìååì îöåíêó

∥y(t)∥ ≤ ce−0.135t, c > 0,

äëÿ ðåøåíèé óðàâíåíèÿ (3.5.39) ïðè q = 0.1.



Ãëàâà 4

Îöåíêè ðåøåíèé íåàâòîíîìíûõ

ñèñòåì ñ çàïàçäûâàíèåì

4.1 Ïîñòàíîâêà çàäà÷è è ñîäåðæàíèå ãëàâû

Â ýòîé ãëàâå ìû ðàññìîòðèì êëàññû ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé íåéòðàëüíîãî òèïà ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+ F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0, (4.1.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè ýëåìåí-
òàìè, ò. å.

aij(t), bij(t), cij(t) ∈ C([0,∞)), i, j = 1, . . . , n,

ôóíêöèÿ τ(t) > 0, îïðåäåëÿþùàÿ çàïàçäûâàíèå, ìîæåò áûòü ïîñòîÿí-
íîé, îãðàíè÷åííîé èëè íåîãðàíè÷åííîé. Íàøà öåëü � ïîëó÷èòü îöåíêè
äëÿ ðåøåíèé ñèñòåìû (4.1.1) íà âñåé ïîëóîñè {t ≥ 0}, íà îñíîâå êîòî-
ðûõ ìîæíî ñäåëàòü âûâîä îá óñòîé÷èâîñòè ðåøåíèé. Â ñëó÷àå àñèìïòî-
òè÷åñêîé óñòîé÷èâîñòè ìû óêàæåì ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé íà
áåñêîíå÷íîñòè.
Ïðè ïîëó÷åíèè ðåçóëüòàòîâ ìû áóäåì èñïîëüçîâàòü êëàññ ôóíêöèîíà-

ëîâ Ëÿïóíîâà � Êðàñîâñêîãî, ïðåäëîæåííûé â [65], ñëåäóþùåãî âèäà⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩
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+

t∫
t−τ

⟨
K(t, t− s)

 y(s)

d

ds
y(s)

 ,

 y(s)

d

ds
y(s)

⟩ ds. (4.1.2)

Ýòîò êëàññ âêëþ÷àåò â ñåáÿ ôóíêöèîíàëû, èñïîëüçîâàííûå â ïðåäûäó-
ùèõ ãëàâàõ. Â ÷àñòíîñòè, îí ñîäåðæèò ôóíêöèîíàë, ïðåäëîæåííûé â [32]
è èñïîëüçîâàííûé â ãëàâå 1. Äåéñòâèòåëüíî, äëÿ ýòîãî äîñòàòî÷íî ïîëî-
æèòü

H(t) =

(
H(t) 0
0 0

)
, K(t, s) =

(
K(s) 0
0 0

)
.

Êëàññ (4.1.2) ñîäåðæèò ôóíêöèîíàë, ïðåäëîæåííûé â [35] è èñïîëüçîâàí-
íûé â ãëàâå 2. Äåéñòâèòåëüíî, äëÿ ýòîãî äîñòàòî÷íî ïîëîæèòü

H(t) =

(
H(t) −H(t)C

−C∗H(t) C∗H(t)C

)
, K(t, s) =

(
K(s) 0
0 0

)
.

Íåòðóäíî çàìåòèòü, ÷òî êëàññ (4.1.2) ñîäåðæèò ôóíêöèîíàë, ïðåäëîæåí-
íûé â [61] è èñïîëüçîâàííûé â ãëàâå 3. Äåéñòâèòåëüíî, äëÿ ýòîãî äîñòà-
òî÷íî ïîëîæèòü

H(t) =

(
H(t) 0
0 0

)
, K(t, s) =

(
K(s) 0
0 L(s)

)
.

Êëàññ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî âèäà (4.1.2) ïîçâîëÿåò èñ-
ñëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé äëÿ áîëåå øèðîêî-
ãî êëàññà ñèñòåì ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè
ïî ñðàâíåíèþ ñ ðàññìàòðèâàåìûìè â ïðåäûäóøèõ ãëàâàõ. Áîëåå òîãî,
ñ èñïîëüçîâàíèåì ôóíêöèîíàëîâ èç äàííîãî êëàññà è èõ îáîáùåíèé íà
ñëó÷àé ïåðåìåííîãî çàïàçäûâàíèÿ ìîæíî ïîëó÷àòü îöåíêè äëÿ ðåøåíèé
ñèñòåì âèäà (4.1.1) ñ ïåðåìåííûìè êîýôôèöèåíòàìè.
Â ïàðàãðàôå 4.2 ìû èññëåäóåì ëèíåéíûå ñèñòåìû

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0, (4.1.3)

ãäå A(t), B(t), C(t) � ìàòðèöû ñ T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, çàïàç-
äûâàíèå ÿâëÿåòñÿ ïîñòîÿííûì. Â ïàðàãðàôå 4.3 ìû óñòàíîâèì óñëîâèÿ
ðîáàñòíîé óñòîé÷èâîñòè äëÿ ëèíåéíûõ ñèñòåì (4.1.3) è èññëåäóåì ýêñïî-
íåíöèàëüíóþ óñòîé÷èâîñòü ðåøåíèé ñèñòåì âèäà (4.1.1) ñ ïåðèîäè÷åñêè-
ìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè ïðè

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, qj ≥ 0, j = 1, 2, 3. (4.1.4)
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Â ïàðàãðàôå 4.4 ìû ïîëó÷àåì îöåíêè íà âñåé ïîëóîñè {t ≥ 0} äëÿ
ðåøåíèé ëèíåéíûõ ñèñòåì
d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t)), t > 0, (4.1.5)

ñ ïðîèçâîëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè è ïåðåìåííûì çàïàç-
äûâàíèåì. Íà îñíîâå ýòèõ îöåíîê ìû ñìîæåì ñäåëàòü âûâîä îá óñòîé-
÷èâîñòè ðåøåíèé è ñêîðîñòè ñòàáèëèçàöèè íà áåñêîíå÷íîñòè. Â ïàðàãðà-
ôå 4.5 ìû óñòàíàâëèâàåì îöåíêè äëÿ ðåøåíèé ñèñòåì âèäà (4.1.1) ñ ïåðå-
ìåííûìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè è ïåðåìåííûì çàïàçäûâà-
íèåì, åñëè F (t, u1, u2, u3) óäîâëåòâîðÿåò óñëîâèþ (4.1.4). Â ïàðàãðàôå 4.6
àíàëîãè÷íûå èññëåäîâàíèÿ ïðîâåäåíû äëÿ ñèñòåì âèäà (4.1.1), êîãäà

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2 + q3∥u3∥1+ω3,

qj ≥ 0, ωj ≥ 0, j = 1, 2, 3.

Â ïàðàãðàôå 4.7 ðàññìîòðåí êëàññ íåàâòîíîìíûõ ñèñòåì ñ ïåðåìåííûìè
ñîñðåäîòî÷åííûì è ðàñïðåäåëåííûì çàïàçäûâàíèÿìè.

Ðåçóëüòàòû, ïðåäñòàâëåííûå â ýòîé ãëàâå, îïóáëèêîâàíû â ðàáîòàõ [65,
67, 142, 143, 144].

4.2 Ëèíåéíûå ïåðèîäè÷åñêèå ñèñòåìû íåéòðàëüíîãî

òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ëèíåéíûå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0, (4.2.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n× n ñ íåïðåðûâíûìè T -ïåðè-
îäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çàïàçäûâàíèÿ. Êàê â ïðåäû-
äóùåé ãëàâå, íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü
ðåøåíèé óêàçàííûõ ñèñòåì, íî ïðè ýòîì ìû áóäåì èñïîëüçîâàòü ôóíê-
öèîíàë Ëÿïóíîâà � Êðàñîâñêîãî âèäà (4.1.2).
Ñ èñïîëüçîâàíèåì ôóíêöèîíàëà (4.1.2) ìû óñòàíîâèì óñëîâèÿ ýêñïî-

íåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (4.2.1) è ïîëó-
÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòå-
ìû (4.2.1) íà áåñêîíå÷íîñòè.
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Ââåäåì îáîçíà÷åíèÿ äëÿ ìàòðèö ðàçìåðà 2n× 2n:

H(t) =

(
H1(t) H2(t)
H∗

2(t) H3(t)

)
, K(t, s) =

(
K1(t, s) K2(t, s)
K∗

2(t, s) K3(t, s)

)
òàêèå, ÷òî

H(t) ∈ C(R+) ∩ C1([lT, (l + 1)T ]), l = 0, 1, . . . , (4.2.2)

H(t) = H∗(t), H(t) = H(t+ T ), t ≥ 0, (4.2.3)⟨
H(t)

(
u
v

)
,

(
u
v

)⟩
≥ h(t)∥u∥2, u, v ∈ Cn, t ≥ 0, (4.2.4)

ãäå h(t) > 0 � íåïðåðûâíàÿ T -ïåðèîäè÷åñêàÿ ôóíêöèÿ,

K(t, s) ∈ C1([0,∞)× [0, τ ]), (4.2.5)

K(t, s) = K∗(t, s), K(t, s) = K(t+ T, s), K(t, s) ≥ 0. (4.2.6)

Îïðåäåëèì ìàòðèöó

Q(t) =

 Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)

 (4.2.7)

ñ ýëåìåíòàìè

Q11(t) = − d

dt
H1(t)−H1(t)A(t)− A∗(t)H1(t)

−K1(t, 0)−K2(t, 0)A(t)− A∗(t)K2(t, 0)− A∗(t)K3(t, 0)A(t),

Q12(t) = − d

dt
H2(t)−H1(t)B(t)− A∗(t)H2(t)

−K2(t, 0)B(t)− A∗(t)K3(t, 0)B(t),

Q13(t) = −H1(t)C(t)−H2(t)−K2(t, 0)C(t)− A∗(t)K3(t, 0)C(t),

Q22(t) = − d

dt
H3(t)−H∗

2(t)B(t)−B∗(t)H2(t)

+K1(t, τ)−B∗(t)K3(t, 0)B(t),

Q23(t) = −H∗
2(t)C(t)−H3(t) +K2(t, τ)−B∗(t)K3(t, 0)C(t),

Q33(t) = K3(t, τ)− C∗(t)K3(t, 0)C(t).
(4.2.8)
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Òåîðåìà 4.2.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.2.2)�(4.2.6), òàêèå, ÷òî äëÿ ìàòðèöû

Q(t) â (4.2.7) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ p(t)

⟨
H(t)

(
u
v

)
,

(
u
v

)⟩
, (4.2.9)

u, v, w ∈ Cn, t ≥ 0,

ãäå p(t) � T -ïåðèîäè÷åñêàÿ ôóíêöèÿ, p(t) ∈ C([lT, (l+1)T ]), l = 0, 1, . . . .
Åñëè ñóùåñòâóåò T -ïåðèîäè÷åñêàÿ ôóíêöèÿ k(t) òàêàÿ, ÷òî

∂

∂t
K(t, s) +

∂

∂s
K(t, s) + k(t)K(t, s) ≤ 0, t ≥ 0, s ∈ [0, τ ], (4.2.10)

è
T∫

0

γ(ξ)dξ > 0, ãäå γ(ξ) = min{p(ξ), k(ξ)}, (4.2.11)

òîãäà íóëåâîå ðåøåíèå ñèñòåìû (4.2.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (4.2.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ), t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(4.2.12)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Íèæå ìû óñòàíàâëè-
âàåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (4.2.12), õàðàêòåðèçóþùèå
ñêîðîñòü ýêñïîíåíöèàëüíîãî óáûâàíèÿ ïðè t→ ∞.

Òåîðåìà 4.2.2 Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 4.2.1.

Òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.2.12) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
, t > 0, (4.2.13)

ãäå

V (0, φ) =

⟨
H(0)

(
φ(0)
φ(−τ)

)
,

(
φ(0)
φ(−τ)

)⟩
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+

0∫
−τ

⟨
K(0,−s)

 φ(s)

d

ds
φ(s)

 ,

 φ(s)

d

ds
φ(s)

⟩ ds, (4.2.14)

ôóíêöèè h(t) è γ(t) îïðåäåëåíû â (4.2.4) è (4.2.11) ñîîòâåòñòâåííî.

Íåòðóäíî óáåäèòüñÿ, ÷òî îöåíêà (4.2.13) ïðè óñëîâèè (4.2.11) ãàðàíòè-
ðóåò ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé çàäà÷è (4.2.12) ïðè t → ∞.
Äåéñòâèòåëüíî, â ñèëó T -ïåðèîäè÷íîñòè γ(t), ïðè ëþáîì t = jT + η,
j = 0, 1, 2, . . . , 0 ≤ η < T , èìååì∫ t

0

γ(ξ)dξ = j

∫ T

0

γ(ξ)dξ +

∫ η

0

γ(ξ)dξ

=
t

T

∫ T

0

γ(ξ)dξ − η

T

∫ T

0

γ(ξ)dξ +

∫ η

0

γ(ξ)dξ ≥ γ1t− (γ1 − γ2)T,

ãäå

γ1 =
1

T

∫ T

0

γ(ξ)dξ > 0, γ2 = min
ξ∈[0,T ]

γ(ξ).

Òîãäà èç (4.2.13) ïîëó÷àåì

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−γ1t

2
+

(γ1 − γ2)T

2

)
. (4.2.15)

Çàìå÷àíèå. Íåðàâåíñòâî (4.2.15) ïîçâîëÿåò îöåíèòü ñêîðîñòü ýêñïî-
íåíöèàëüíîãî óáûâàíèÿ ðåøåíèé ñèñòåìû (4.2.1) íà áåñêîíå÷íîñòè, ïðè
ýòîì ìû íå èñïîëüçóåì ñïåêòðàëüíóþ èíôîðìàöèþ (ñïåêòð îïåðàòîðà
ìîíîäðîìèè èëè êîðíè êâàçèìíîãî÷ëåíîâ â ñëó÷àå ïîñòîÿííûõ êîýôôè-
öèåíòîâ).

Î÷åâèäíî, óòâåðæäåíèå òåîðåìû 4.2.1 íåïîñðåäñòâåííî âûòåêàåò èç
îöåíêè (4.2.15), êîòîðàÿ ñëåäóåò èç íåðàâåíñòâà (4.2.13), êàê ïîêàçàíî
âûøå. Ïîýòîìó äîñòàòî÷íî äîêàçàòü òåîðåìó 4.2.2.

Äîêàçàòåëüñòâî òåîðåìû 4.2.2. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (4.2.12). Èñïîëüçóÿ ìàòðèöûH(t),K(t, s), óäîâëåòâîðÿþùèå óñëî-
âèÿì òåîðåìû 4.2.1, ðàññìîòðèì íà ðåøåíèè ñëåäóþùèé ôóíêöèîíàë Ëÿ-
ïóíîâà � Êðàñîâñêîãî

V (t, y) =

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩
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+

t∫
t−τ

⟨
K(t, t− s)

 y(s)

d

ds
y(s)

 ,

 y(s)

d

ds
y(s)

⟩ ds. (4.2.16)

Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

+

⟨
H(t)

 d

dt
y(t)

d

dt
y(t− τ)

 ,

(
y(t)
y(t− τ)

)⟩

+

⟨
H(t)

(
y(t)
y(t− τ)

)
,

 d

dt
y(t)

d

dt
y(t− τ)

⟩

+

⟨
K(t, 0)

 y(t)

d

dt
y(t)

 ,

 y(t)

d

dt
y(t)

⟩

−

⟨
K(t, τ)

 y(t− τ)

d

dt
y(t− τ)

 ,

 y(t− τ)

d

dt
y(t− τ)

⟩

+

t∫
t−τ

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Ó÷èòûâàÿ, ÷òî y(t) óäîâëåòâîðÿåò ñèñòåìå (4.2.1), ïîëó÷àåì

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+

t∫
t−τ

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds, (4.2.17)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (4.2.7). Èñïîëüçóÿ (4.2.9), ïîëó÷àåì

d

dt
V (t, y) ≤ −p(t)

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩
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+

t∫
t−τ

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Â ñèëó (4.2.10) èìååì

d

dt
V (t, y) ≤ −p(t)

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

−k(t)
t∫

t−τ

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.2.16) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) îïðåäåëåíî â (4.2.11). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà
èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (4.2.14). Èñïîëüçóÿ (4.2.4), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (4.2.16) ïîëó÷àåì

∥y(t)∥2 ≤ 1

h(t)

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

≤ V (t, y)

h(t)
≤ V (0, φ)

h(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
.

Îòñþäà ïîëó÷àåì íåðàâåíñòâî (4.2.13).
Òåîðåìà 4.2.2 äîêàçàíà.

Ñêîðîñòü óáûâàíèÿ â (4.2.13) çàâèñèò îò ôóíêöèè p(t). Ïîýòîìó åñòå-
ñòâåííî âîçíèêàåò âîïðîñ î íàõîæäåíèè ýòîé ôóíêöèè. Íèæå ïðè ÷óòü
áîëåå îãðàíè÷èòåëüíûõ óñëîâèÿõ ïî ñðàâíåíèþ ñ òåîðåìîé 4.2.1 ìû óêà-
æåì òàêóþ ôóíêöèþ â ÿâíîì âèäå. Ýòîò ôàêò ìîæåò áûòü ïîëåçåí ïðè
èññëåäîâàíèè êîíêðåòíûõ çàäà÷.
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Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(t, s), óäîâëåòâîðÿþ-
ùèå óñëîâèÿì (4.2.2)�(4.2.6), òàêèå, ÷òî ìàòðèöà Q(t) â (4.2.7) ïîëîæè-
òåëüíî îïðåäåëåíà ïðè t ≥ 0. Ïåðåïèøåì ìàòðèöó Q(t) â âèäå

Q(t) =

(
Q1(t) Q2(t)
Q∗

2(t) Q3(t)

)
,

ãäå

Q1(t) =

(
Q11(t) Q12(t)
Q∗

12(t) Q22(t)

)
, Q2(t) =

(
Q13(t)
Q23(t)

)
, Q3(t) = Q33(t),

Qij(t) îïðåäåëåíû â (4.2.8). Î÷åâèäíî,

Q(t) =

(
I Q2(t)Q

−1
3 (t)

0 I

)(
P (t) 0
0 Q3(t)

)(
I 0

Q−1
3 Q∗

2(t) I

)
, (4.2.18)

ãäå
P (t) = Q1(t)−Q2(t)Q

−1
3 (t)Q∗

2(t). (4.2.19)

Åñëè Q(t) ïîëîæèòåëüíî îïðåäåëåíà, òî ìàòðèöà P (t) òàêæå ïîëîæè-
òåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pmin(t) ìèíèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû P (t). Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.2.3 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.2.2)�(4.2.6), òàêèå, ÷òî ìàòðèöà Q(t)
â (4.2.7) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ≥ 0. Åñëè ñóùåñòâóåò T -
ïåðèîäè÷åñêàÿ ôóíêöèÿ k(t) òàêàÿ, ÷òî âûïîëíåíû (4.2.10) è (4.2.11)

ïðè p(t) =
pmin(t)

∥H(t)∥
, òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.2.12) èìååò ìåñòî

îöåíêà (4.2.13).

Äîêàçàòåëüñòâî òåîðåìû 4.2.3. Èñïîëüçóÿ ìàòðèöû H(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 4.2.3, ðàññìîòðèì íà ðåøåíèè çàäà-
÷è (4.2.12) ôóíêöèîíàë (4.2.16). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû ??, ïî-
ñëå äèôôåðåíöèðîâàíèÿ ïîëó÷àåì (4.2.17). Â ñèëó ïðåäñòàâëåíèÿ (4.2.18)

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩
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≥
⟨
P (t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
,

ãäå P (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(4.2.19). Òîãäà ⟨

P (t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pmin(t)

⟨(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
,

ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Ïî-
ñêîëüêó ⟨

H(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≤ ∥H(t)∥

⟨(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
,

òî ⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ pmin(t)

∥H(t)∥

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩
.

Èñïîëüçóÿ (4.2.10), èç (4.2.17) èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

−k(t)
t∫

t−τ

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.2.16) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k(t)

}
. Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðåìû

4.2.2, èìååì íåðàâåíñòâî (4.2.13).
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Òåîðåìà 4.2.3 äîêàçàíà.

Çàìå÷àíèå 1. Îòìåòèì, ÷òî êëàññ ôóíêöèîíàëîâ âèäà (4.2.16) ñîäåð-
æèò ôóíêöèîíàë (3.2.6). Ïîýòîìó èñïîëüçîâàíèå ýòîãî êëàññà ôóíêöè-
îíàëîâ ïîçâîëÿåò èññëåäîâàòü ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü äëÿ áî-
ëåå øèðîêîãî êëàññà ñèñòåì íåéòðàëüíîãî òèïà è ïîëó÷àòü áîëåå òî÷íûå
îöåíêè.

Çàìå÷àíèå 2. Â ïðåäûäóùåé ãëàâå óñëîâèÿ òåîðåì, ãàðàíòèðóþùèå
ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü, âëåêëè òðåáîâàíèå, ÷òî ñïåêòð ìàòðè-
öû C(t) äîëæåí ïðèíàäëåæàòü åäèíè÷íîìó êðóãó ïðè t ∈ [0, T ]. Èñïîëü-
çîâàíèå ôóíêöèîíàëîâ âèäà (4.2.16) ïîçâîëÿåò ñíÿòü ýòî îãðàíè÷åíèå.

4.3 Ïî÷òè ëèíåéíûå ïåðèîäè÷åñêèå ñèñòåìû íåéò-

ðàëüíîãî òèïà

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+ F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0, (4.3.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè âåùå-
ñòâåííîçíà÷íûìè T -ïåðèîäè÷åñêèìè ýëåìåíòàìè, τ > 0 � ïàðàìåòð çà-
ïàçäûâàíèÿ. Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷íàÿ
âåêòîð-ôóíêöèÿ F (t, u1, u2, u3) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå G ⊂
[0,∞)× Rn × Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, t ≥ 0, (4.3.2)

uj ∈ Rn, qj ≥ 0, j = 1, 2, 3.

Êàê â ïðåäûäóùåé ãëàâå, íàøà öåëü � èññëåäîâàòü ýêñïîíåíöèàëüíóþ
óñòîé÷èâîñòü ðåøåíèé óêàçàííûõ ñèñòåì. Ñ èñïîëüçîâàíèåì ôóíêöèî-
íàëà Ëÿïóíîâà � Êðàñîâñêîãî âèäà (4.2.16), ìû óñòàíîâèì óñëîâèÿ ýêñ-
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ïîíåíöèàëüíîé óñòîé÷èâîñòè íóëåâîãî ðåøåíèÿ ñèñòåìû (4.3.1) è ïîëó-
÷èì îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòå-
ìû (4.3.1) íà áåñêîíå÷íîñòè.
Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 4.2.1. Äëÿ ôîðìóëè-

ðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà÷åíèé. Îïðåäåëèì ôóíêöèè

β1(t) = 2∥H1(t)∥+ 2∥K2(t, 0)∥+ (2∥A(t)∥+ q1)∥K3(t, 0)∥,
β2(t) = 2∥H2(t)∥+ (2∥B(t)∥+ q2)∥K3(t, 0)∥,
β3(t) = (2∥C(t)∥+ q3)∥K3(t, 0)∥,

(4.3.3)

α1(t) = q1β1(t) +
q1β2(t) + q2β1(t)

2
+
q1β3(t) + q3β1(t)

2
,

α2(t) = q2β2(t) +
q2β1(t) + q1β2(t)

2
+
q2β3(t) + q3β2(t)

2
,

α3(t) = q3β3(t) +
q3β1(t) + q1β3(t)

2
+
q3β2(t) + q2β3(t)

2

(4.3.4)

è ìàòðèöó

Qα(t) = Q(t)−

 α1(t)I 0 0
0 α2(t)I 0
0 0 α3(t)I

 , (4.3.5)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (4.2.7), (4.2.8).
Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (4.3.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)

+F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
, t > 0,

y(t) = φ(t), t ∈ [−τ, 0],

y(+0) = φ(0),

(4.3.6)

ãäå φ(t) ∈ C1([−τ, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Èìååò ìåñòî ñëåäó-
þùàÿ òåîðåìà.

Òåîðåìà 4.3.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.2.2)�(4.2.6), òàêèå, ÷òî äëÿ ìàòðèöû

Qα(t) â (4.3.5) ñïðàâåäëèâî íåðàâåíñòâî⟨
Qα(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ pα(t)

⟨
H(t)

(
u

v

)
,

(
u

v

)⟩
, (4.3.7)
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u, v, w ∈ Rn, t ≥ 0,

ãäå pα(t) � T -ïåðèîäè÷åñêàÿ ôóíêöèÿ, pα(t) ∈ C([lT, (l + 1)T ]), l =
0, 1, . . . . Åñëè ñóùåñòâóåò T -ïåðèîäè÷åñêàÿ ôóíêöèÿ k(t) òàêàÿ, ÷òî

âûïîëíåíî (4.2.10) è
T∫

0

γα(ξ)dξ > 0, ãäå γα(ξ) = min{pα(ξ), k(ξ)}, (4.3.8)

òîãäà íóëåâîå ðåøåíèå ñèñòåìû (4.3.1) ýêñïîíåíöèàëüíî óñòîé÷èâî.

Áîëåå òîãî, äëÿ ðåøåíèÿ çàäà÷è (4.3.6) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γα(ξ)dξ

)
, t > 0, (4.3.9)

ãäå h(t), V (0, φ) îïðåäåëåíû â (4.2.4), (4.2.14) ñîîòâåòñòâåííî.

Íåòðóäíî óáåäèòüñÿ, ÷òî íåðàâåíñòâî (4.3.9) ïðè óñëîâèè (4.3.8) ãàðàí-
òèðóåò ýêñïîíåíöèàëüíîå óáûâàíèå ðåøåíèé çàäà÷è (4.3.6) ïðè t → ∞.
Äåéñòâèòåëüíî, èç (4.3.9) âûòåêàåò îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−γ1t

2
+

(γ1 − γ2)T

2

)
, (4.3.10)

ãäå

γ1 =
1

T

∫ T

0

γα(ξ)dξ, γ2 = min
ξ∈[0,T ]

γα(ξ).

Äîêàçàòåëüñòâî òåîðåìû 4.3.1.Î÷åâèäíî, ýêñïîíåíöèàëüíàÿ óñòîé-
÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (4.3.1) âûòåêàåò èç îöåíêè (4.3.10),
êîòîðàÿ ñëåäóåò èç íåðàâåíñòâà (4.3.9), êàê ïîêàçàíî âûøå. Ïîýòîìó äî-
ñòàòî÷íî äîêàçàòü (4.3.9).
Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (4.3.6). Èñïîëüçóÿ ìàòðèöû

H(t), K(t, s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû, ðàññìîòðèì íà ðåøå-
íèè ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (4.2.16). Äèôôåðåíöèðóÿ ýòîò
ôóíêöèîíàë è ó÷èòûâàÿ, ÷òî y(t) óäîâëåòâîðÿåò ñèñòåìå (4.3.1), ïîëó÷à-
åì

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩



227

+W (t) +

t∫
t−τ

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds, (4.3.11)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (4.2.9),

W (t) =

⟨
H(t)

 F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
0

 ,

(
y(t)
y(t− τ)

)⟩

+

⟨
H(t)

(
y(t)
y(t− τ)

)
,

 F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)
0

⟩

+

⟨
K(t, 0)

 0

F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)  ,

(
y(t)

z(t)

)⟩

+

⟨
K(t, 0)

(
y(t)

z(t)

)
,

 0

F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

) ⟩

+

⟨
K(t, 0)

 0

F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

)  ,

 0

F

(
t, y(t), y(t− τ),

d

dt
y(t− τ)

) ⟩ ,
z(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ).

Â ñèëó îïðåäåëåíèÿ ìàòðèö H(t), K(t, s), î÷åâèäíî, èìååì íåðàâåíñòâî

W (t) ≤

(
2(∥H1(t)∥+ ∥K2(t, 0)∥) ∥y(t)∥+ 2∥H2(t)∥ ∥y(t− τ)∥

+2∥K3(t, 0)∥ ∥z(t)∥+ ∥K3(t, 0)∥
∥∥∥∥F (t, y(t), y(t− τ),

d

dt
y(t− τ)

)∥∥∥∥
)
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×
∥∥∥∥F (t, y(t), y(t− τ),

d

dt
y(t− τ)

)∥∥∥∥ .
Â ñèëó óñëîâèÿ (4.3.2) ïîëó÷àåì

W (t) ≤
(
β1(t)∥y(t)∥+ β2(t)∥y(t− τ)∥+ β3(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥)

×
(
q1∥y(t)∥+ q2∥y(t− τ)∥+ q3

∥∥∥∥ ddty(t− τ)

∥∥∥∥) ,
ãäå ôóíêöèè βj(t), j = 1, 2, 3, îïðåäåëåíû â (4.3.3). Î÷åâèäíî, ñïðàâåä-
ëèâà îöåíêà

W (t) ≤ α1(t)∥y(t)∥2 + α2(t)∥y(t− τ)∥2 + α3(t)

∥∥∥∥ ddty(t− τ)

∥∥∥∥2 , (4.3.12)

ãäå ôóíêöèè αj(t), j = 1, 2, 3, îïðåäåëåíû â (4.3.4). Èç (4.3.11) â ñèëó
(4.3.12) èìååì

d

dt
V (t, y) ≤ −

⟨
Qα(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

+

t∫
t−τ

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds, (4.3.13)

ãäå ìàòðèöà Qα(t) îïðåäåëåíà â (4.3.5). Èñïîëüçóÿ (4.3.7), ïîëó÷àåì

d

dt
V (t, y) ≤ −pα(t)

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

+

t∫
t−τ

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Â ñèëó (4.2.10) èìååì

d

dt
V (t, y) ≤ −pα(t)

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩
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−k(t)
t∫

t−τ

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.2.16) ïîëó÷àåì

d

dt
V (t, y) ≤ −γα(t)V (t, y),

ãäå γα(t) îïðåäåëåíî â (4.3.8). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà
èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γα(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (4.2.14). Èñïîëüçóÿ (4.2.4), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (4.2.16) ïîëó÷àåì

∥y(t)∥2 ≤ 1

h(t)

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

≤ V (t, y)

h(t)
≤ V (0, φ)

h(t)
exp

(
−
∫ t

0

γα(ξ)dξ

)
.

Îòñþäà ïîëó÷àåì íåðàâåíñòâî (4.3.9).
Òåîðåìà 4.3.1 äîêàçàíà.

Ñêîðîñòü óáûâàíèÿ â (4.3.9) çàâèñèò îò ôóíêöèè pα(t). Ïîýòîìó åñòå-
ñòâåííî âîçíèêàåò âîïðîñ î íàõîæäåíèè ýòîé ôóíêöèè. Íèæå ïðè ÷óòü
áîëåå îãðàíè÷èòåëüíûõ óñëîâèÿõ ïî ñðàâíåíèþ ñ òåîðåìîé 4.3.1 ìû óêà-
æåì òàêóþ ôóíêöèþ â ÿâíîì âèäå. Ýòîò ôàêò ìîæåò áûòü ïîëåçåí ïðè
èññëåäîâàíèè êîíêðåòíûõ çàäà÷.
Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(t, s), óäîâëåòâîðÿþ-

ùèå óñëîâèÿì (4.2.2)�(4.2.6), òàêèå, ÷òî ìàòðèöà Qα(t) â (4.3.5) ïîëîæè-
òåëüíî îïðåäåëåíà ïðè t ≥ 0. Ïåðåïèøåì ìàòðèöó Qα(t) â âèäå

Qα(t) =

(
Qα

1 (t) Qα
2 (t)

(Qα
2 (t))

∗ Qα
3 (t)

)
,

ãäå

Qα
1 (t) =

(
Q11(t)− α1(t)I Q12(t)

Q∗
12(t) Q22(t)− α2(t)I

)
,
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Qα
2 (t) =

(
Q13(t)
Q23(t)

)
, Qα

3 (t) = Q33(t)− α3(t)I,

Qij(t), αj(t) îïðåäåëåíû â (4.2.8), (4.3.4) ñîîòâåòñòâåííî. Î÷åâèäíî,

Qα(t) =

(
I Qα

2 (t)(Q
α
3 (t))

−1

0 I

)(
P α(t) 0
0 Qα

3 (t)

)

×
(

I 0
(Qα

3 )
−1(Qα

2 (t))
∗ I

)
, (4.3.14)

ãäå
P α(t) = Qα

1 (t)−Qα
2 (t)(Q

α
3 )

−1(Qα
2 (t))

∗. (4.3.15)

Åñëè Qα(t) ïîëîæèòåëüíî îïðåäåëåíà, òî ìàòðèöà P α(t) òàêæå ïîëîæè-
òåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pαmin(t) ìèíèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû P α(t). Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.3.2 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.2.2)�(4.2.6), òàêèå, ÷òî ìàòðèöà Qα(t)
â (4.3.5) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ≥ 0. Åñëè ñóùåñòâóåò T -
ïåðèîäè÷åñêàÿ ôóíêöèÿ k(t) òàêàÿ, ÷òî âûïîëíåíû (4.2.10) è (4.3.8)

ïðè pα(t) =
pαmin(t)

∥H(t)∥
, òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.3.6) èìååò ìåñòî

îöåíêà (4.3.9).

Äîêàçàòåëüñòâî òåîðåìû 4.3.2. Èñïîëüçóÿ ìàòðèöû H(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 4.3.1, ðàññìîòðèì íà ðåøåíèè çà-
äà÷è (4.3.6) ôóíêöèîíàë (4.2.16). Ïîñëå äèôôåðåíöèðîâàíèÿ è ïðîâåäå-
íèÿ ðàññóæäåíèé êàê ïðè äîêàçàòåëüñòâå òåîðåìû 4.3.1 èìååì îöåíêó
(4.3.13). Â ñèëó ïðåäñòàâëåíèÿ (4.3.14)

⟨
Qα(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥
⟨
P α(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
,
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ãäå P α(t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, îïðåäåëåí-
íàÿ â (4.3.15). Òîãäà⟨

P α(t)

(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
≥ pαmin(t)

⟨(
y(t)

y(t− τ)

)
,

(
y(t)

y(t− τ)

)⟩
,

ãäå pαmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P α(t).
Ñëåäîâàòåëüíî,⟨

Qα(t)


y(t)

y(t− τ)
d

dt
y(t− τ)

 ,


y(t)

y(t− τ)
d

dt
y(t− τ)


⟩

≥ pαmin(t)

∥H(t)∥

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩
.

Èñïîëüçóÿ (4.2.10), èç (4.3.13) èìååì

d

dt
V (t, y) ≤ − pαmin(t)

∥H(t)∥

⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

−k(t)
t∫

t−τ

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.2.16) ïîëó÷àåì

d

dt
V (t, y) ≤ −γα(t)V (t, y),

ãäå γα(t) = min

{
pαmin(t)

∥H(t)∥
, k(t)

}
. Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðå-

ìû 4.3.1, èìååì íåðàâåíñòâî (4.3.9).
Òåîðåìà 4.3.2 äîêàçàíà.

Çàìå÷àíèå. Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò óòâåðæäåíèå î ðî-
áàñòíîé óñòîé÷èâîñòè äëÿ ñèñòåì âèäà (4.2.1). Äåéñòâèòåëüíî, ðàññìîò-
ðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ) + C(t)

d

dt
y(t− τ)
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+∆A(t)y(t) + ∆B(t)y(t− τ) + ∆C(t)
d

dt
y(t− τ), (4.3.16)

ãäå ∆A(t), ∆B(t) è ∆C(t) � ïðîèçâîëüíûå ìàòðèöû ðàçìåðà n × n ñ
íåïðåðûâíûìè ýëåìåíòàìè òàêèå, ÷òî

∥∆A(t)∥ ≤ q1, ∥∆B(t)∥ ≤ q2, ∥∆C(t)∥ ≤ q3, t ≥ 0.

Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u1, u2, u3) = ∆A(t)u1 +∆B(t)u2 +∆C(t)u3

óäîâëåòâîðÿåò íåðàâåíñòâó (4.3.2). Òîãäà òåîðåìû 4.3.1, 4.3.2 äàþò óñëî-
âèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ (4.2.1) è îöåíêè ýêñïîíåíöèàëüíîãî óáû-
âàíèÿ ðåøåíèé âîçìóùåííîé ñèñòåìû (4.3.16) ïðè t→ ∞.

4.4 Ëèíåéíûå íåàâòîíîìíûå ñèñòåìû íåéòðàëüíîãî

òèïà ñ ïåðåìåííûì çàïàçäûâàíèåì

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ëèíåéíûå ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ çàïàçäûâàíèåì ñëåäóþùåãî âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t)), t ≥ 0, (4.4.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè ýëåìåí-
òàìè, ò. å.

aij(t), bij(t), cij(t) ∈ C([0,∞)), i, j = 1, . . . , n,

τ(t) � ôóíêöèÿ, îïðåäåëÿþùàÿ çàïàçäûâàíèå, τ(t) ∈ C1([0,∞)),

0 < τ0 ≤ τ(t) ≤ τ1t+ τ2, 0 ≤ τ1 ≤ 1, τ2 > 0,
dτ(t)

dt
≤ τ3 < 1. (4.4.2)

Íàøà öåëü � ïîëó÷èòü îöåíêè äëÿ ðåøåíèé ñèñòåìû (4.4.1) íà âñåé
ïîëóîñè {t ≥ 0}, íà îñíîâå êîòîðûõ ìîæíî ñäåëàòü âûâîä îá óñòîé÷è-
âîñòè ðåøåíèé (â òîì ÷èñëå ýêñïîíåíöèàëüíîé èëè àñèìïòîòè÷åñêîé) è
óêàçàòü ñêîðîñòü ñòàáèëèçàöèè. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ ìû áóäåì
èñïîëüçîâàòü îáîáùåíèå íà ñëó÷àé ïåðåìåííîãî çàïàçäûâàíèÿ ôóíêöè-
îíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî âèäà (4.1.2).



233

Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà÷åíèé. Îïðåäåëèì
ìàòðèöû ðàçìåðà 2n× 2n

H(t) =

(
H1(t) H2(t)
H∗

2(t) H3(t)

)
, K(t, s) =

(
K1(t, s) K2(t, s)
K∗

2(t, s) K3(t, s)

)
òàêèå, ÷òî

H(t) ∈ C1(R+), H(t) = H∗(t), t ≥ 0, (4.4.3)⟨
H(t)

(
u
v

)
,

(
u
v

)⟩
≥ h(t)∥u∥2, u, v ∈ Rn, t ≥ 0, (4.4.4)

ãäå h(t) ∈ C([0,∞)), h(t) ≥ h0 > 0,

K(t, s) ∈ C1(R2
+), K(t, s) = K∗(t, s), K(t, s) ≥ 0, (t, s) ∈ R2

+. (4.4.5)

Îïðåäåëèì ìàòðèöó

Q(t) =

 Q11(t) Q12(t) Q13(t)
Q∗

12(t) Q22(t) Q23(t)
Q∗

13(t) Q∗
23(t) Q33(t)

 (4.4.6)

ñ ýëåìåíòàìè

Q11(t) = − d

dt
H1(t)−H1(t)A(t)− A∗(t)H1(t)−K1(t, 0)

−K2(t, 0)A(t)− A∗(t)K∗
2(t, 0)− A∗(t)K3(t, 0)A(t),

Q12(t) = − d

dt
H2(t)−H1(t)B(t)− A∗(t)H2(t)

−K2(t, 0)B(t)− A∗(t)K3(t, 0)B(t),

Q13(t) = −H1(t)C(t)−H2(t)−K2(t, 0)C(t)− A∗(t)K3(t, 0)C(t),

Q22(t) = − d

dt
H3(t)−H∗

2(t)B(t)−B∗(t)H2(t)

+
(
1− d

dtτ(t)
)
K1(t, τ(t))−B∗(t)K3(t, 0)B(t),

Q23(t) = −H∗
2(t)C(t)−H3(t) +K2(t, τ(t))−B∗(t)K3(t, 0)C(t),

Q33(t) =
(
1− d

dtτ(t)
)−1

K3(t, τ(t))− C∗(t)K3(t, 0)C(t).
(4.4.7)
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Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (4.4.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t)), t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),

(4.4.8)

ãäå φ(t) ∈ C1([−τ2, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Íèæå ìû óñòàíàâ-
ëèâàåì îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (4.4.8).

Òåîðåìà 4.4.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.4.3)�(4.4.5), òàêèå, ÷òî äëÿ ìàòðèöû

Q(t) ñïðàâåäëèâî íåðàâåíñòâî⟨
Q(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ p(t)

⟨
H(t)

(
u

v

)
,

(
u

v

)⟩
, (4.4.9)

u, v, w ∈ Rn, t ≥ 0,

ãäå p(t) ∈ C([0,∞)). Åñëè ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ k(t) òà-
êàÿ, ÷òî

∂

∂t
K(t, s) +

∂

∂s
K(t, s) + k(t)K(t, s) ≤ 0, (t, s) ∈ R2

+, (4.4.10)

òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.4.8) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
, t > 0, (4.4.11)

ãäå

V (0, φ) =

⟨
H(0)

(
φ(0)
φ(−τ(0))

)
,

(
φ(0)
φ(−τ(0))

)⟩

+

0∫
−τ(0)

⟨
K(0,−s)

 φ(s)

d

ds
φ(s)

 ,

 φ(s)

d

ds
φ(s)

⟩ ds, (4.4.12)

γ(ξ) = min{p(ξ), k(ξ)}, (4.4.13)

ôóíêöèÿ h(t) îïðåäåëåíà â (4.4.4).
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Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (4.4.8). Èñ-
ïîëüçóÿ ìàòðèöûH(t),K(t, s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû, ðàñ-
ñìîòðèì íà ðåøåíèè ñëåäóþùèé ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî:

V (t, y) =

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

+

t∫
t−τ(t)

⟨
K(t, t− s)

 y(s)

d

ds
y(s)

 ,

 y(s)

d

ds
y(s)

⟩ ds, (4.4.14)

êîòîðûé ÿâëÿåòñÿ îáîáùåíèåì ôóíêöèîíàëà âèäà (4.1.2) íà ñëó÷àé ïå-
ðåìåííîãî çàïàçäûâàíèÿ. Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

+

⟨
H(t)

 d

dt
y(t)

d

dt
y(t− τ(t))

 ,

(
y(t)
y(t− τ(t))

)⟩

+

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

 d

dt
y(t)

d

dt
y(t− τ(t))

⟩

+

⟨
K(t, 0)

 y(t)

d

dt
y(t)

 ,

 y(t)

d

dt
y(t)

⟩

−
(
1− d

dt
τ(t)

)⟨
K(t, τ(t))

 y(t− τ)(
1− d

dt
τ(t)

)−1
d

dt
y(t− τ(t))

 ,

 y(t− τ)(
1− d

dt
τ(t)

)−1
d

dt
y(t− τ(t))

⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.
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Ó÷èòûâàÿ, ÷òî y(t) óäîâëåòâîðÿåò ñèñòåìå (4.4.1), ïîëó÷àåì

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds, (4.4.15)

ãäå ìàòðèöà Q(t) îïðåäåëåíà â (4.4.6). Èñïîëüçóÿ (4.4.9), ïîëó÷àåì

d

dt
V (t, y) ≤ −p(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Â ñèëó (4.4.10) èìååì

d

dt
V (t, y) ≤ −p(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

−k(t)
t∫

t−τ(t)

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) îïðåäåëåíî â (4.4.13). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà
èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (4.4.12). Èñïîëüçóÿ (4.4.4), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

∥y(t)∥2 ≤ 1

h(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩
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≤ V (t, y)

h(t)
≤ V (0, φ)

h(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
.

Îòñþäà ïîëó÷àåì íåðàâåíñòâî (4.4.11).
Òåîðåìà 4.4.1 äîêàçàíà.

Ñëåäñòâèå 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.4.1. Åñëè

t∫
0

γ(s)ds ≥ 0,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.4.1) óñòîé÷èâî, ïðè ýòîì äëÿ ðåøåíèÿ

çàäà÷è (4.4.8) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h0
, t > 0.

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.4.1. Åñëè

t∫
0

γ(s)ds→ ∞, t→ ∞,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.4.1) àñèìïòîòè÷åñêè óñòîé÷èâî, ïðè

ýòîì ñêîðîñòü ñòàáèëèçàöèè ðåøåíèÿ îïðåäåëÿåòñÿ ôóíêöèåé

exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
.

Ñëåäñòâèå 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.4.1. Åñëè

t∫
0

γ(s)ds ≥ γ1t+ γ2, γ1 > 0, t > 0,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.4.1) ýêñïîíåíöèàëüíî óñòîé÷èâî, ïðè

ýòîì äëÿ ðåøåíèÿ çàäà÷è (4.4.8) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h0
exp

(
−γ1t

2
+
γ2
2

)
, t > 0.



238

Ïîêàçàòåëü ýêñïîíåíòû â (4.4.11) çàâèñèò îò ôóíêöèè p(t). Ïîýòîìó
åñòåñòâåííî âîçíèêàåò âîïðîñ î íàõîæäåíèè ýòîé ôóíêöèè. Íèæå ïðè
÷óòü áîëåå îãðàíè÷èòåëüíûõ óñëîâèÿõ ïî ñðàâíåíèþ ñ òåîðåìîé 4.4.1 ìû
óêàæåì òàêóþ ôóíêöèþ â ÿâíîì âèäå. Ýòîò ôàêò ìîæåò áûòü ïîëåçåí
ïðè èññëåäîâàíèè êîíêðåòíûõ çàäà÷.
Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(t, s), óäîâëåòâîðÿþ-

ùèå óñëîâèÿì (4.4.3)�(4.4.5), òàêèå, ÷òî ìàòðèöà Q(t) â (4.4.6) ïîëîæè-
òåëüíî îïðåäåëåíà ïðè t ≥ 0. Ïåðåïèøåì ìàòðèöó Q(t) â âèäå

Q(t) =

(
Q1(t) Q2(t)
Q∗

2(t) Q3(t)

)
,

ãäå

Q1(t) =

(
Q11(t) Q12(t)
Q∗

12(t) Q22(t)

)
, Q2(t) =

(
Q13(t)
Q23(t)

)
, Q3(t) = Q33(t),

Qij(t) îïðåäåëåíû â (4.4.7). Î÷åâèäíî,

Q(t) =

(
I Q2(t)Q

−1
3 (t)

0 I

)(
P (t) 0
0 Q3(t)

)(
I 0

Q−1
3 Q∗

2(t) I

)
, (4.4.16)

ãäå
P (t) = Q1(t)−Q2(t)Q

−1
3 (t)Q∗

2(t). (4.4.17)

Åñëè Q(t) ïîëîæèòåëüíî îïðåäåëåíà, òî ìàòðèöà P (t) òàêæå ïîëîæè-
òåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pmin(t) ìèíèìàëüíîå ñîáñòâåííîå
çíà÷åíèå ìàòðèöû P (t). Èìååò ìåñòî ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà 4.4.2 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.4.3)�(4.4.5), òàêèå, ÷òî ìàòðèöà Q(t) â
(4.4.6) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ≥ 0. Åñëè ñóùåñòâóåò íåïðå-

ðûâíàÿ ôóíêöèÿ k(t) òàêàÿ, ÷òî âûïîëíåíî (4.4.10), òîãäà äëÿ ðåøåíèÿ

çàäà÷è (4.4.8) èìååò ìåñòî îöåíêà (4.4.11) ïðè p(t) =
pmin(t)

∥H(t)∥
.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ìàòðèöû H(t), K(t, s), óäîâëåòâîðÿþ-
ùèå óñëîâèÿì òåîðåìû 4.4.2, ðàññìîòðèì íà ðåøåíèè çàäà÷è (4.4.8) ôóíê-
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öèîíàë (4.4.14). Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 4.4.1, ïîñëå äèôôåðåí-
öèðîâàíèÿ ïîëó÷àåì (4.4.15). Â ñèëó ïðåäñòàâëåíèÿ (4.4.16)⟨

Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

≥
⟨
P (t)

(
y(t)

y(t− τ(t))

)
,

(
y(t)

y(t− τ(t))

)⟩
,

ãäå P (t) � ïîëîæèòåëüíî îïðåäåëåííàÿ ýðìèòîâà ìàòðèöà, çàäàííàÿ â
(4.4.17). Òîãäà ⟨

P (t)

(
y(t)

y(t− τ(t))

)
,

(
y(t)

y(t− τ(t))

)⟩
≥ pmin(t)

⟨(
y(t)

y(t− τ(t))

)
,

(
y(t)

y(t− τ(t))

)⟩
,

ãäå pmin(t) > 0 � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P (t). Ïî-
ñêîëüêó ⟨

H(t)

(
y(t)

y(t− τ(t))

)
,

(
y(t)

y(t− τ(t))

)⟩
≤ ∥H(t)∥

⟨(
y(t)

y(t− τ(t))

)
,

(
y(t)

y(t− τ(t))

)⟩
,

òî ⟨
Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

≥ pmin(t)

∥H(t)∥

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩
.

Èñïîëüçóÿ (4.4.10), èç (4.4.15) èìååì

d

dt
V (t, y) ≤ − pmin(t)

∥H(t)∥

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

−k(t)
t∫

t−τ(t)

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.
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Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) = min

{
pmin(t)

∥H(t)∥
, k(t)

}
. Îòñþäà, êàê ïðè äîêàçàòåëüñòâå òåîðåìû

4.4.1, èìååì íåðàâåíñòâî (4.4.11).
Òåîðåìà 4.4.2 äîêàçàíà.

4.5 Ïî÷òè ëèíåéíûå íåàâòîíîìíûå ñèñòåìû íåéòðà-

ëüíîãî òèïà ñ ïåðåìåííûì çàïàçäûâàíèåì

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+ F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0, (4.5.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè ýëåìåí-
òàìè, ò. å.

aij(t), bij(t), cij(t) ∈ C([0,∞)), i, j = 1, . . . , n,

ôóíêöèÿ τ(t) ∈ C1([0,∞)), îïðåäåëÿþùàÿ çàïàçäûâàíèå, óäîâëåòâîðÿåò
óñëîâèÿì (4.4.2). Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷-
íàÿ âåêòîð-ôóíêöèÿ F (t, u1, u2, u3) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå
G ⊂ [0,∞)× Rn × Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥+ q2∥u2∥+ q3∥u3∥, t ≥ 0, (4.5.2)

uj ∈ Rn, qj ≥ 0, j = 1, 2, 3.

Íàøà öåëü � ïîëó÷èòü îöåíêè äëÿ ðåøåíèé ñèñòåìû (4.5.1) íà âñåé ïî-
ëóîñè {t ≥ 0}, íà îñíîâå êîòîðûõ ìîæíî ñäåëàòü âûâîä îá óñòîé÷èâîñòè
ðåøåíèé è óêàçàòü ñêîðîñòü ñòàáèëèçàöèè. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ
ìû áóäåì èñïîëüçîâàòü ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (4.4.14).
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Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 4.4.1, ââåäåì ôóíêöèè

β1(t) = 2∥H1(t)∥+ 2∥K2(t, 0)∥+ (2∥A(t)∥+ q1)∥K3(t, 0)∥,
β2(t) = 2∥H2(t)∥+ (2∥B(t)∥+ q2)∥K3(t, 0)∥,
β3(t) = (2∥C(t)∥+ q3)∥K3(t, 0)∥.

(4.5.3)

Ïóñòü εj(t) ∈ C([0,∞)) è εj(t) > 0, j = 1, . . . , 6. Îïðåäåëèì ôóíêöèè

α1(t) = q1β1(t) +
(q1β2(t))

2

4ε1(t)
+

(q1β3(t))
2

4ε2(t)
+ ε3(t) + ε5(t),

α2(t) = q2β2(t) +
(q2β1(t))

2

4ε3(t)
+

(q2β3(t))
2

4ε4(t)
+ ε1(t) + ε6(t),

α3(t) = q3β3(t) +
(q3β1(t))

2

4ε5(t)
+

(q3β2(t))
2

4ε6(t)
+ ε2(t) + ε4(t)

(4.5.4)

è ìàòðèöó

Qα(t) = Q(t)−

 α1(t)I 0 0
0 α2(t)I 0
0 0 α3(t)I

 , (4.5.5)

ãäå ìàòðèöà Q(t) çàäàíà â (4.4.6).
Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (4.5.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),

(4.5.6)

ãäå φ(t) ∈ C1([−τ2, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ. Íèæå ìû óñòàíàâ-
ëèâàåì îöåíêè äëÿ ðåøåíèé íà÷àëüíîé çàäà÷è (4.5.6).

Òåîðåìà 4.5.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.4.3)�(4.4.5), òàêèå, ÷òî äëÿ ìàòðèöû

Qα(t) â (4.5.5) ñïðàâåäëèâî íåðàâåíñòâî⟨
Qα(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ pα(t)

⟨
H(t)

(
u

v

)
,

(
u

v

)⟩
, (4.5.7)
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u, v, w ∈ Rn, t ≥ 0,

ãäå pα(t) ∈ C([0,∞)). Åñëè ñóùåñòâóåò íåïðåðûâíàÿ ôóíêöèÿ k(t) òà-
êàÿ, ÷òî âûïîëíåíî (4.4.10), òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.5.6) èìååò
ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γα(ξ)dξ

)
, t > 0, (4.5.8)

ãäå

γα(t) = min{pα(t), k(t)}, (4.5.9)

h(t), V (0, φ) îïðåäåëåíû â (4.4.4), (4.4.12) ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî òåîðåìû 4.5.1. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé
çàäà÷è (4.5.6). Èñïîëüçóÿ ìàòðèöû H(t), K(t, s), óäîâëåòâîðÿþùèå óñëî-
âèÿì òåîðåìû, ðàññìîòðèì íà ðåøåíèè ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâ-
ñêîãî (4.4.14). Äèôôåðåíöèðóÿ ýòîò ôóíêöèîíàë è ó÷èòûâàÿ, ÷òî y(t)
óäîâëåòâîðÿåò ñèñòåìå (4.5.1), ïîëó÷àåì

d

dt
V (t, y) = −

⟨
Q(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

+W (t) +

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds, (4.5.10)

ãäå Q(t) îïðåäåëåíà â (4.4.6),

W (t) =

⟨
H(t)

(
G(t)

0

)
,

(
y(t)
y(t− τ(t))

)⟩

+

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
G(t)

0

)⟩

+

⟨
K(t, 0)

(
0

G(t)

)
,

(
y(t)

z(t)

)⟩
+

⟨
K(t, 0)

(
y(t)

z(t)

)
,

(
0

G(t)

)⟩
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+

⟨
K(t, 0)

(
0

G(t)

)
,

(
0

G(t)

)⟩
, (4.5.11)

G(t) = F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, (4.5.12)

z(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)
d

dt
y(t− τ(t)). (4.5.13)

Â ñèëó îïðåäåëåíèé H(t) è K(t, s) èìååì

W (t) ≤

(
2(∥H1(t)∥+ ∥K2(t, 0)∥) ∥y(t)∥+ 2∥H2(t)∥ ∥y(t− τ(t))∥

+2∥K3(t, 0)∥ ∥z(t)∥+ ∥K3(t, 0)∥ ∥G(t)∥

)
∥G(t)∥ . (4.5.14)

Ñ ó÷åòîì (4.5.2) ïîëó÷àåì

W (t) ≤
(
β1(t)∥y(t)∥+ β2(t)∥y(t− τ(t))∥+ β3(t)

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥)
×
(
q1∥y(t)∥+ q2∥y(t− τ(t))∥+ q3

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥) ,
ãäå βj(t), j = 1, 2, 3, îïðåäåëåíû â (4.5.3). Íåòðóäíî ïîêàçàòü, ÷òî äëÿ
ïðîèçâîëüíûõ íåïðåðûâíûõ ôóíêöèé εj(t) > 0, j = 1, . . . , 6, ñïðàâåäëè-
âû íåðàâåíñòâà:

W (t) ≤ α1(t)∥y(t)∥2 + α2(t)∥y(t− τ(t))∥2 + α3(t)

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥2 ,
(4.5.15)

ãäå ôóíêöèè αj(t), j = 1, 2, 3, óêàçàíû â (4.5.4). Èç (4.5.10) ñ ó÷åòîì
(4.5.15) ïîëó÷àåì

d

dt
V (t, y) ≤ −

⟨
Qα(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds,
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ãäå ìàòðèöà Qα(t) îïðåäåëåíà â (4.5.5). Èñïîëüçóÿ (4.5.7)), ìû èìååì

d

dt
V (t, y) ≤ −pα(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Â ñèëó (4.4.10) ìû ïîëó÷àåì

d

dt
V (t, y) ≤ −pα(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

−k(t)
t∫

t−τ(t)

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

d

dt
V (t, y) ≤ −γα(t)V (t, y),

ãäå γα(t) îïðåäåëåíî â (4.5.9). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà
èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γα(ξ)dξ

)
,

ãäå V (0, φ) îïðåäåëåíî â (4.4.12). Èñïîëüçóÿ (4.4.4), ñ ó÷åòîì îïðåäåëåíèÿ
ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

∥y(t)∥2 ≤ 1

h(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩
≤ V (t, y)

h(t)
≤ V (0, φ)

h(t)
exp

(
−
∫ t

0

γα(ξ)dξ

)
.

Îòñþäà ïîëó÷àåì íåðàâåíñòâî (4.5.8).
Òåîðåìà 4.5.1 äîêàçàíà.

Ñëåäñòâèå 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.5.1. Åñëè

t∫
0

γα(s)ds ≥ 0, t > 0,
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òî íóëåâîå ðåøåíèå ñèñòåìû (4.5.1) óñòîé÷èâî, ïðè ýòîì äëÿ ðåøåíèÿ

çàäà÷è (4.5.6) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h0
, t > 0.

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.5.1. Åñëè

t∫
0

γα(s)ds→ ∞, t→ ∞,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.5.1) àñèìïòîòè÷åñêè óñòîé÷èâî, ïðè

ýòîì ñêîðîñòü ñòàáèëèçàöèè ðåøåíèÿ îïðåäåëÿåòñÿ ôóíêöèåé

exp

(
−1

2

∫ t

0

γα(ξ)dξ

)
.

Ñëåäñòâèå 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.5.1. Åñëè

t∫
0

γα(s)ds ≥ γ1t+ γ2, γ1 > 0, t > 0,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.5.1) ýêñïîíåíöèàëüíî óñòîé÷èâî, ïðè

ýòîì äëÿ ðåøåíèÿ çàäà÷è (4.5.6) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h0
exp

(
−γ1t

2
+
γ2
2

)
, t > 0.

Çàìå÷àíèå 1. Êàê â ïàðàãðàôå 4.4 ìîæíî ñôîðìóëèðîâàòü è äîêà-
çàòü àíàëîã òåîðåìû 4.4.2.

Çàìå÷àíèå 2. Èç ïîëó÷åííûõ ðåçóëüòàòîâ âûòåêàåò óòâåðæäåíèå î
ðîáàñòíîé óñòîé÷èâîñòè äëÿ ñèñòåì âèäà (4.4.1). Äåéñòâèòåëüíî, ðàñ-
ñìîòðèì âîçìóùåííóþ ñèñòåìó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))
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+∆A(t)y(t) + ∆B(t)y(t− τ(t)) + ∆C(t)
d

dt
y(t− τ(t)), (4.5.16)

ãäå∆A(t),∆B(t),∆C(t)� ïðîèçâîëüíûå ìàòðèöû ðàçìåðà n×n ñ íåïðå-
ðûâíûìè ýëåìåíòàìè òàêèå, ÷òî

∥∆A(t)∥ ≤ q1, ∥∆B(t)∥ ≤ q2, ∥∆C(t)∥ ≤ q3, t ≥ 0.

Î÷åâèäíî, â ýòîì ñëó÷àå âåêòîð-ôóíêöèÿ

F (t, u1, u2, u3) = ∆A(t)u1 +∆B(t)u2 +∆C(t)u3

óäîâëåòâîðÿåò íåðàâåíñòâó (4.5.2). Òîãäà òåîðåìà 4.5.1 è ñëåäñòâèÿ äàþò
óñëîâèÿ ðîáàñòíîé óñòîé÷èâîñòè äëÿ ñèñòåìû (4.4.1) è îöåíêè óáûâàíèÿ
ðåøåíèé âîçìóùåííîé ñèñòåìû (4.5.16) ïðè t → ∞ â ñëó÷àå àñèìïòîòè-
÷åñêîé èëè ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè.

Çàìå÷àíèå 3. Åñëè çàïàçäûâàíèå ÿâëÿåòñÿ îãðàíè÷åííûì (τ1 = 0),
òî äîñòàòî÷íî òðåáîâàòü âûïîëíåíèå óñëîâèé (4.4.5) è (4.4.10) ïðè t ≥ 0,
s ∈ [0, τ2].

Çàìå÷àíèå 4. Ìåíÿÿ εj(t), ìû ïîëó÷àåì ðàçëè÷íûå ôóíêöèè αj(t).
Âûáèðàÿ εj(t), ìû ìîæåì óïðàâëÿòü ôóíêöèåé γα(t).

Çàìå÷àíèå 5. Åñëè îäèí èç ïàðàìåòðîâ qj ðàâåí íóëþ, òî ìû ìîæåì
âçÿòü

ε2j−1(t) ≡ 0, ε2j(t) ≡ 0.

Çàìå÷àíèå 6. Åñëè qj = 0, j = 1, 2, 3, òî βj(t) ≡ 0, αj(t) ≡ 0,
j = 1, 2, 3. Â ýòîì ñëó÷àå ìû ïîëó÷àåì ëèíåéíóþ ñèñòåìó (4.4.1) è óòâåð-
æäåíèå òåîðåìû 4.5.1 ïåðåõîäèò â óòâåðæäåíèå òåîðåìû 4.4.1.

4.6 Íåëèíåéíûå íåàâòîíîìíûå ñèñòåìû íåéòðàëüíî-

ãî òèïà ñ ïåðåìåííûì çàïàçäûâàíèåì

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì íåëèíåéíûå ñèñòåìû ñëåäóþùåãî
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âèäà:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+ F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0, (4.6.1)

ãäå A(t), B(t), C(t) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè ýëåìåí-
òàìè, ò. å.

aij(t), bij(t), cij(t) ∈ C([0,∞)), i, j = 1, . . . , n,

ôóíêöèÿ τ(t) ∈ C1([0,∞)), îïðåäåëÿþùàÿ çàïàçäûâàíèå, óäîâëåòâîðÿåò
óñëîâèÿì (4.4.2). Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷-
íàÿ âåêòîð-ôóíêöèÿ F (t, u1, u2, u3) ëèïøèöåâà ïî u1 íà ëþáîì êîìïàêòå
G ⊂ [0,∞)× Rn × Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q1∥u1∥1+ω1 + q2∥u2∥1+ω2 + q3∥u3∥1+ω2, t ≥ 0, (4.6.2)

uj ∈ Rn, qj ≥ 0, ωj ≥ 0, j = 1, 2, 3.

Íàøà öåëü � ïîëó÷èòü îöåíêè äëÿ ðåøåíèé ñèñòåìû (4.6.1) íà âñåé
ïîëóîñè {t ≥ 0}, íà îñíîâå êîòîðûõ ìîæíî ñäåëàòü âûâîä îá óñòîé÷è-
âîñòè ðåøåíèé, óêàçàòü ñêîðîñòü ñòàáèëèçàöèè è ïîëó÷èòü îöåíêè íà
ìíîæåñòâà ïðèòÿæåíèÿ. Ñëó÷àé ω1 = ω2 = ω3 = 0 áûë ïîäðîáíî èññëå-
äîâàí â ïàðàãðàôå 4.5. Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ñèñòåìû (4.6.1)
ïðè ω1+ω2+ω3 ̸= 0. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ ìû áóäåì èñïîëüçîâàòü
ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (4.4.14). Äëÿ ïðîñòîòû ðàññìîòðèì
ñëó÷àé q1 = q > 0, ω1 = ω > 0, q2 = q3 = 0, ò.å.

∥F (t, u1, u2, u3)∥ ≤ q∥u1∥1+ω. (4.6.3)

Ïðåäïîëàãàÿ, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû 4.4.1, ââåäåì ôóíêöèè

β1(t) = 2q(∥H1(t)∥+ ∥K2(t, 0)∥+ ∥A(t)∥∥K3(t, 0)∥),
β2(t) = 2q(∥H2(t)∥+ ∥B(t)∥∥K3(t, 0)∥),
β3(t) = 2q∥C(t)∥∥K3(t, 0)∥,
β4(t) = q2∥K3(t, 0)∥.

(4.6.4)

Ïóñòü σ(t) ∈ C([0,∞)), σ(t) > 0. Îïðåäåëèì ôóíêöèþ

β(t) =
1

4σ(t)

(
β2
1(t) + β2

2(t) + β2
3(t)
)
+ β2

4(t) (4.6.5)
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è ìàòðèöó
Qσ(t) = Q(t)− σ(t)I. (4.6.6)

Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó äëÿ ñèñòåìû (4.6.1)

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) + C(t)

d

dt
y(t− τ(t))

+F

(
t, y(t), y(t− τ(t)),

d

dt
y(t− τ(t))

)
, t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),

(4.6.7)

ãäå φ(t) ∈ C1([−τ2, 0]) � çàäàííàÿ âåêòîð-ôóíêöèÿ.

Òåîðåìà 4.6.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.4.3)�(4.4.5), (4.4.10), òàêèå, ÷òî äëÿ ìàò-
ðèöû Qσ(t) â (4.6.6) ñïðàâåäëèâî íåðàâåíñòâî⟨

Qσ(t)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ pσ(t)

⟨
H(t)

(
u
v

)
,

(
u
v

)⟩
, (4.6.8)

u, v, w ∈ Rn, t ≥ 0,

è ñõîäèòñÿ èíòåãðàë

∞∫
0

β(ξ) exp

(
−ω

∫ ξ

0

α1(s)ds

)
dξ, (4.6.9)

ãäå pσ(t) ∈ C([0,∞)),

α1(t) = min{pσ(t), k(t)}, (4.6.10)

k(t) îïðåäåëåíî â (4.4.10). Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (4.6.7)
ñ íà÷àëüíîé ôóíêöèåé φ(t) òàêîé, ÷òî

V (0, φ) < h0

(
h0
ωR

)1/ω

, (4.6.11)

èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

α1(ξ)dξ

)
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×
(
1− ωV ω(0, φ)h−1−ω

0 R
)−1/(2ω)

, t > 0, (4.6.12)

ãäå

R =

∞∫
0

β(ξ) exp

(
−ω

∫ ξ

0

α1(s)ds

)
dξ. (4.6.13)

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå çàäà÷è (4.6.7). Ðàññìîòðèì
íà ðåøåíèè ýòîé çàäà÷è ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî V (t, y),
îïðåäåëåííûé â (4.4.14). Äèôôåðåíöèðóÿ åãî è ðàññóæäàÿ êàê ïðè äî-
êàçàòåëüñòâå òåîðåìû 4.5.1, èìååì (4.5.10), ãäå W (t) è z(t) îïðåäåëåíû â
(4.5.11) è (4.5.13) ñîîòâåòñòâåííî. Â ñèëó îöåíêè (4.5.14) è óñëîâèÿ (4.6.3)
èìååì

W (t) ≤
(
β1(t)∥y(t)∥+ β2(t)∥y(t− τ(t))∥

+β3(t)

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥+ β4(t)∥y(t)∥1+ω

)
∥y(t)∥1+ω,

ãäå βj(t), j = 1, 2, 3, îïðåäåëåíû â (4.6.4). Î÷åâèäíî, äëÿ ëþáîé íåïðå-
ðûâíîé ôóíêöèè σ(t) > 0 èìååò ìåñòî îöåíêà(
β1(t)∥y(t)∥+ β2(t)∥y(t− τ(t))∥+ β3(t)

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥+ β4(t)∥y(t)∥1+ω

)

×∥y(t)∥1+ω ≤ σ(t)

(
∥y(t)∥2 + ∥y(t− τ(t))∥2 +

∥∥∥∥ ddty(t− τ(t))

∥∥∥∥2
)

+β(t)∥y(t)∥2+2ω, (4.6.14)

ãäå ôóíêöèÿ β(t) îïðåäåëåíà â (4.6.5). Â ñèëó (4.6.13) èç (4.5.10) âûòåêàåò
îöåíêà

d

dt
V (t, y) ≤ −

⟨
Qσ(t)


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))

 ,


y(t)

y(t− τ(t))
d

dt
y(t− τ(t))


⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds+ β(t)∥y(t)∥2+2ω,

(4.6.15)
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ãäå ìàòðèöà Qσ(t) îïðåäåëåíà â (4.6.6). Èñïîëüçóÿ (4.4.10) è (4.6.8), èç
(4.6.15) èìååì

d

dt
V (t, y) ≤ −pσ(t)

⟨
H(t)

(
y(t)
y(t− τ(t))

)
,

(
y(t)
y(t− τ(t))

)⟩

−k(t)
t∫

t−τ(t)

⟨
K(t, t− s)

(
y(s)
d

ds
y(s)

)
,

(
y(s)
d

ds
y(s)

)⟩
ds+ β(t)∥y(t)∥2+2ω.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

d

dt
V (t, y) ≤ −α1(t)V (t, y) + β(t)∥y(t)∥2+2ω,

ãäå α1(t) îïðåäåëåíî â (4.6.10). Êàê óæå îòìå÷àëîñü âûøå, èñïîëüçóÿ
(4.4.4), ñ ó÷åòîì îïðåäåëåíèÿ ôóíêöèîíàëà (4.4.14) ïîëó÷àåì

∥y(t)∥2 ≤ V (t, y)

h(t)
.

Ñëåäîâàòåëüíî,

d

dt
V (t, y) ≤ −α1(t)V (t, y) + α2(t)(V (t, y))1+ω,

ãäå
α2(t) = β(t)(h(t))−1−ω.

Îòñþäà â ñèëó íåðàâåíñòâà Ãðîíóîëëà (ñì., íàïðèìåð, [90]) ïîëó÷àåì
îöåíêó

V (t, y) ≤ e
−

t∫
0

α1(ξ) dξ
V (0, φ)

×

1− ωV ω(0, φ)

t∫
0

α2(ξ)e
−ω

ξ∫
0

α1(s) ds
dξ


−1/ω

, (4.6.16)

ãäå V (0, φ) îïðåäåëåíî â (4.4.12). Îöåíèì ôóíêöèþ, ñòîÿùóþ â êðóãëûõ
ñêîáêàõ:

U(t) = 1− ωV ω(0, φ)

t∫
0

α2(ξ)e
−ω

ξ∫
0

α1(s) ds
dξ
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≥ 1− ωV ω(0, φ)

∞∫
0

α2(ξ)e
−ω

ξ∫
0

α1(s) ds
dξ ≥ 1− ωV ω(0, φ)h−1−ω

0 R,

ãäå R îïðåäåëåíî â (4.6.13). Åñëè φ(t) òàêàÿ, ÷òî âûïîëíåíî (4.6.11), òî
U(t) > 0. Ñëåäîâàòåëüíî, èç (4.6.16) èìååì íåðàâåíñòâî

V (t, y) ≤ e
−

t∫
0

α1(ξ) dξ
V (0, φ)

(
1− ωV ω(0, φ)h−1−ω

0 R
)−1/ω

.

Â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.4.14) îòñþäà äëÿ ðåøåíèÿ íà÷àëü-
íîé çàäà÷è (4.6.7) ïîëó÷àåì îöåíêó (4.6.12).
Òåîðåìà 4.6.1 äîêàçàíà.

Â ïðåäïîëîæåíèè, ÷òî ñóùåñòâóþò ìàòðèöû H(t), K(t, s), óäîâëåòâî-
ðÿþùèå óñëîâèÿì (4.4.3)�(4.4.5), òàêèå, ÷òî ìàòðèöà Qσ(t) â (4.6.6) ïî-
ëîæèòåëüíî îïðåäåëåíà ïðè t ≥ 0, êàê â ïàðàãðàôå 4.4 ìîæíî ñôîðìó-
ëèðîâàòü è äîêàçàòü àíàëîã òåîðåìû 4.4.2. Îïðåäåëèì ìàòðèöó

P σ(t) =

(
Q11(t)− σ(t)I Q12(t)

Q∗
12(t) Q22(t)− σ(t)I

)

−
(
Q13(t)(Q33(t)− σ(t)I)−1Q∗

13(t) Q13(t)(Q33(t)− σ(t)I)−1Q∗
23(t)

Q23(t)(Q33(t)− σ(t)I)−1Q∗
13(t) Q23(t)(Q33(t)− σ(t)I)−1Q∗

23(t)

)
,

ãäå Qij(t) îïðåäåëåíû â (4.4.7). Åñëè Qσ(t) ïîëîæèòåëüíî îïðåäåëåíà, òî
ìàòðèöà P σ(t) òàêæå ïîëîæèòåëüíî îïðåäåëåíà. Îáîçíà÷èì ÷åðåç pσmin(t)
ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû P σ(t). Èìååò ìåñòî ñëåäó-
þùèé ðåçóëüòàò.

Òåîðåìà 4.6.2 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t), K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.4.3)�(4.4.5), (4.4.10), òàêèå, ÷òî ìàò-

ðèöà Qσ(t) â (4.6.6) ïîëîæèòåëüíî îïðåäåëåíà ïðè t ≥ 0 è ñõîäèòñÿ

èíòåãðàë (4.6.9), ãäå

α1(t) = min

{
pσmin(t)

∥H(t)∥
, k(t)

}
,

k(t) îïðåäåëåíî â (4.4.10). Òîãäà äëÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è (4.6.7) ñ
íà÷àëüíîé ôóíêöèåé φ(t) òàêîé, ÷òî âûïîëíåíî (4.6.11), èìååò ìåñòî

îöåíêà (4.6.12).
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Çàìå÷àíèå 1. Âûáèðàÿ σ(t), ìîæíî óïðàâëÿòü ôóíêöèåé α1(t), êîòî-
ðàÿ õàðàêòåðèçóåò ïîâåäåíèå ðåøåíèÿ íà÷àëüíîé çàäà÷è (4.6.7).

Çàìå÷àíèå 2. Åñëè q = 0, òî βj(t) ≡ 0, j = 1, . . . , 4. Òîãäà íà íà÷àëü-
íóþ ôóíêöèþ φ(t) íå âîçíèêàåò îãðàíè÷åíèé âèäà (4.6.11) è óòâåðæäå-
íèÿ òåîðåì 4.6.1, 4.6.2 ïåðåõîäÿò â óòâåðæäåíèÿ òåîðåì 4.4.1, 4.4.2.

Çàìå÷àíèå 3. Ïóñòü âûïîëíåíû óñëîâèÿ ñëåäñòâèé 2 è 3 èç ïàðàãðà-
ôà 4.4, êîòîðûå ãàðàíòèðóþò àñèìïòîòè÷åñêóþ èëè ýêñïîíåíöèàëüíóþ
óñòîé÷èâîñòü íóëåâîãî ðåøåíèÿ ñèñòåìû (4.4.1). Òîãäà òåîðåìû 4.6.1,
4.6.2 äàþò îöåíêè íà îáëàñòü ïðèòÿæåíèÿ è îöåíêè, õàðàêòåðèçóþùèå
ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (4.6.1) ïðè t→ ∞.

Çàìå÷àíèå 4. Åñëè q2 ̸= 0 èëè q3 ̸= 0, òî äëÿ ïîëó÷åíèÿ ñîîòâåò-
ñòâóþùèõ ðåçóëüòàòîâ íóæíî ïðîâåñòè àíàëîãè÷íûå ðàññóæäåíèÿ, êàê
â ïàðàãðàôå 3.4.

4.7 Íåàâòîíîìíûå ñèñòåìû ñ ïåðåìåííûìè ñîñðåäî-

òî÷åííûì è ðàñïðåäåëåííûì çàïàçäûâàíèÿìè

Îòìåòèì, ÷òî êëàññ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâñêîãî âèäà (4.1.2),
ïðåäëîæåííûé â [65], ìîæåò áûòü èñïîëüçîâàí òàêæå ïðè èçó÷åíèè óñòîé-
÷èâîñòè ñèñòåì ñ ðàñïðåäåëåííûì çàïàçäûâàíèåì. Â ÷àñòíîñòè, ïðè èçó-
÷åíèè ñèñòåì ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòàìè

d

dt
(y(t) +D(t)y(t− τ)) = A(t)y(t) +

t∫
t−τ

B(t, t− s)y(s)ds

+F

t, y(t), t∫
t−τ

y(s)ds

 , t > 0,

ïîêàçàë ñâîþ ýôôåêòèâíîñòü ñëåäóþùèé ôóíêöèîíàë (ñì., íàïðèìåð,
[98, 100]):

⟨H(t)
(
y(t) +D(t)y(t− τ)

)
,
(
y(t) +D(t)y(t− τ)

)
⟩
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+

τ∫
0

t∫
t−η

⟨L(t− s)y(s), y(s)⟩ dsdη +
t∫

t−τ

⟨M(t− s, s)y(s), y(s)⟩ ds.

Íåòðóäíî çàìåòèòü, ÷òî ýòîò ôóíêöèîíàë âõîäèò â êëàññ (4.1.2):⟨
H(t)

(
y(t)
y(t− τ)

)
,

(
y(t)
y(t− τ)

)⟩

+

t∫
t−τ

⟨
K(t, t− s)

 y(s)

d

ds
y(s)

 ,

 y(s)

d

ds
y(s)

⟩ ds
ïðè

H(t) =

(
H(t) H(t)D(t)

D∗(t)H(t) D∗(t)H(t)D(t)

)
,

K(t, ξ) =

(
(τ − ξ)L(ξ) +M(ξ, t− ξ) 0

0 0

)
.

Ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî âèäà (4.1.2) è èõ îáîáùåíèÿ
(4.4.14) ìîãóò áûòü èñïîëüçîâàíû òàêæå äëÿ èçó÷åíèÿ àñèìïòîòè÷åñêèõ
ñâîéñòâ ðåøåíèé íåàâòîíîìíûõ ñèñòåì ñ ïåðåìåííûìè ñîñðåäîòî÷åííûì
è ðàñïðåäåëåííûì çàïàçäûâàíèÿìè. Ïðîäåìîíñòðèðóåì ýòî íà ïðèìåðå
ñëåäóþùåé ñèñòåìû:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) +

t∫
t−τ(t)

D(t, t− s)y(s) ds

+F

t, y(t), y(t− τ(t)),

t∫
t−τ(t)

D(t, t− s)y(s) ds

 , t ≥ 0, (4.7.1)

ãäå A(t), B(t), D(t, s) � ìàòðèöû ðàçìåðà n × n ñ íåïðåðûâíûìè ýëå-
ìåíòàìè, ò. å.

aij(t), bij(t) ∈ C(R+), dij(t, s) ∈ C(R2
+) i, j = 1, . . . , n,

ôóíêöèÿ τ(t) ∈ C1([0,∞)), îïðåäåëÿþùàÿ çàïàçäûâàíèå, óäîâëåòâîðÿåò
óñëîâèÿì (4.4.2). Ìû ïðåäïîëàãàåì, ÷òî íåïðåðûâíàÿ âåùåñòâåííîçíà÷-
íàÿ âåêòîð-ôóíêöèÿ F (t, u1, u2, u3) ëèïøèöåâà ïî u1, u3 íà ëþáîì êîì-
ïàêòå G ⊂ [0,∞)× Rn × Rn × Rn è óäîâëåòâîðÿåò íåðàâåíñòâó

∥F (t, u1, u2, u3)∥ ≤ q∥u1∥1+ω, t ≥ 0, u1, u2, u3 ∈ Rn, (4.7.2)
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ãäå q, ω ≥ 0.
Íàøà öåëü � ïîëó÷èòü îöåíêè äëÿ ðåøåíèé ñèñòåìû (4.7.1) íà âñåé ïî-

ëóîñè {t ≥ 0}, íà îñíîâå êîòîðûõ ìîæíî ñäåëàòü âûâîä îá óñòîé÷èâîñòè
ðåøåíèé è óêàçàòü ñêîðîñòü ñòàáèëèçàöèè. Ïðè ïîëó÷åíèè ðåçóëüòàòîâ
ìû áóäåì èñïîëüçîâàòü ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî èç êëàññà
(4.4.14).
Äëÿ ôîðìóëèðîâêè ðåçóëüòàòîâ ââåäåì ðÿä îáîçíà÷åíèé. Îïðåäåëèì

ìàòðèöû ðàçìåðà (n× n) H(t), K(t, s) òàêèå, ÷òî

H(t) ∈ C1(R+), H(t) = H∗(t) > 0, t ≥ 0, (4.7.3)

ïðè÷åì ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå h(t) ìàòðèöû H(t) óäîâëå-
òâîðÿåò íåðàâåíñòâó

h(t) ≥ h0 > 0, (4.7.4)

K(t, s) ∈ C1(R2
+), K(t, s) = K∗(t, s), K(t, s) ≥ 0, (t, s) ∈ R2

+. (4.7.5)

Îïðåäåëèì ìàòðèöó

Q(t, s) =

 Q11(t, s) Q12(t, s) Q13(t, s)
Q∗

12(t, s) Q22(t, s) Q23(t, s)
Q∗

13(t, s) Q∗
23(t, s) Q33(t, s)

 (4.7.6)

ñ ýëåìåíòàìè

Q11(t, s) = − d

dt
H(t)−H(t)A(t)− A∗(t)H(t)−K(t, 0),

Q12(t, s) = −H(t)B(t),

Q13(t, s) = −τ(t)H(t)D(t, s),

Q22(t, s) =

(
1− d

dt
τ(t)

)
K(t, τ(t)),

Q23(t, s) = 0,

Q33(t, s) = −τ(t)
(
∂

∂t
K(t, s) +

∂

∂s
K(t, s)

)
.

(4.7.7)

Âíà÷àëå äëÿ ëèíåéíîé ñèñòåìû (F (t, u1, u2, u3) ≡ 0) ðàññìîòðèì ñëå-
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äóþùóþ íà÷àëüíóþ çàäà÷ó:

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) +

t∫
t−τ(t)

D(t, t− s)y(s) ds, t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),
(4.7.8)

ãäå φ(t) ∈ C([−τ2, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Íèæå ìû óñòàíàâëèâàåì îöåíêè ðåøåíèé çàäà÷è (4.7.8).

Òåîðåìà 4.7.1 Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò ìàòðèöûH(t),K(t, s),
óäîâëåòâîðÿþùèå óñëîâèÿì (4.7.3)�(4.7.5), òàêèå, ÷òî ñïðàâåäëèâî íåðà-
âåíñòâî⟨

Q(t, s)

(
u
v
w

)
,

(
u
v
w

)⟩
≥ p(t)⟨H(t)u, u⟩+ k(t)τ(t)⟨K(t, s)w,w⟩,

(4.7.9)
u, v, w ∈ Rn, (t, s) ∈ R2

+,

ãäå p(t), k(t) ∈ C(R+). Òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.7.8) èìååò ìåñòî

îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)
, t > 0, (4.7.10)

ãäå

V (0, φ) = ⟨H(0)φ(0), φ(0)⟩+
0∫

−τ(0)

⟨K(0,−s)φ(s), φ(s)⟩ds, (4.7.11)

γ(t) = min{p(t), k(t)}. (4.7.12)

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (4.7.8). Èñ-
ïîëüçóÿ ìàòðèöûH(t),K(t, s), óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû 4.7.1,
ðàññìîòðèì íà ðåøåíèè ñëåäóþùèé ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêî-
ãî èç ñåìåéñòâà (4.4.14):

V (t, y) = ⟨H(t)y(t), y(t)⟩+
t∫

t−τ(t)

⟨K(t, t− s)y(s), y(s)⟩ds. (4.7.13)
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Äèôôåðåíöèðóÿ åãî, ïîëó÷àåì

d

dt
V (t, y) =

⟨
d

dt
H(t)y(t), y(t)

⟩
+

⟨
H(t)

d

dt
y(t), y(t)

⟩
+

⟨
H(t)y(t),

d

dt
y(t)

⟩
+⟨K(t, 0)y(t), y(t)⟩ −

(
1− d

dt
τ(t)

)
⟨K(t, τ(t))y(t− τ(t)), y(t− τ(t))⟩

+

t∫
t−τ(t)

⟨
d

dt
K(t, t− s)y(s), y(s)

⟩
ds.

Ó÷èòûâàÿ, ÷òî y(t)� ðåøåíèå çàäà÷è (4.7.8) è èñïîëüçóÿ ìàòðèöóQ(t, s),
îïðåäåëåííóþ â (4.7.6), (4.7.7), èìååì

d

dt
V (t, y)

= − 1

τ(t)

t∫
t−τ(t)

⟨
Q(t, t− s)

 y(t)
y(t− τ(t))

y(s)

 ,

 y(t)
y(t− τ(t))

y(s)

⟩ ds.
Èñïîëüçóÿ (4.7.9), ïîëó÷àåì

d

dt
V (t, y) ≤ −p(t)⟨H(t)y(t), y(t)⟩ − k(t)

t∫
t−τ(t)

⟨K(t, t− s)y(s), y(s)⟩ds.

Â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.7.13) èìååì

d

dt
V (t, y) ≤ −γ(t)V (t, y),

ãäå γ(t) îïðåäåëåíî â (4.7.12). Èç ýòîãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà
èìååì îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)
,

ãäå V (0, φ) çàäàíî â (4.7.11). Î÷åâèäíî,

h(t)∥y(t)∥2 ≤ ⟨H(t)y(t), y(t)⟩ ≤ ∥H(t)∥∥y(t)∥2, (4.7.14)
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ãäå h(t) � ìèíèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû H(t). Òîãäà

∥y(t)∥2 ≤ 1

h(t)
⟨H(t)y(t), y(t)⟩ ≤ V (t, y)

h(t)
≤ V (0, φ)

h(t)
exp

(
−
∫ t

0

γ(ξ)dξ

)
,

îòêóäà ñëåäóåò (4.7.10).
Òåîðåìà 4.7.1 äîêàçàíà.

Ñëåäñòâèå 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.7.1. Åñëè

t∫
0

γ(s)ds ≥ 0, t > 0,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.7.1) ïðè F (t, u1, u2, u3) ≡ 0 óñòîé÷èâî,

ïðè ýòîì äëÿ ðåøåíèÿ çàäà÷è (4.7.8) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h0
, t > 0,

ãäå h0 îïðåäåëåíî â (4.7.4).

Ñëåäñòâèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.7.1. Åñëè

t∫
0

γ(s)ds→ ∞, t→ ∞,

òî íóëåâîå ðåøåíèå ñèñòåìû (4.7.1) ïðè F (t, u1, u2, u3) ≡ 0 àñèìïòî-

òè÷åñêè óñòîé÷èâî, ïðè ýòîì ñêîðîñòü ñòàáèëèçàöèè ðåøåíèÿ îïðå-

äåëÿåòñÿ ôóíêöèåé

exp

(
−1

2

∫ t

t0

γ(ξ)dξ

)
.

Ñëåäñòâèå 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.7.1. Åñëè

t∫
0

γ(s)ds ≥ γ1t+ γ2, γ1 > 0, t > 0,
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òî íóëåâîå ðåøåíèå ñèñòåìû (4.7.1) ïðè F (t, u1, u2, u3) ≡ 0 ýêñïîíåíöè-
àëüíî óñòîé÷èâî, ïðè ýòîì äëÿ ðåøåíèÿ çàäà÷è (4.7.8) èìååò ìåñòî

îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h0
exp

(
−γ1t

2
− γ2

2

)
, t > 0.

Ïåðåéäåì òåïåðü ê èçó÷åíèþ ðåøåíèé íåëèíåéíîé ñèñòåìû (4.7.1).
Ðàññìîòðèì íà÷àëüíóþ çàäà÷ó

d

dt
y(t) = A(t)y(t) +B(t)y(t− τ(t)) +

t∫
t−τ(t)

D(t, t− s)y(s) ds

+F

t, y(t), y(t− τ(t)),

t∫
t−τ(t)

D(t, t− s)y(s) ds

 , t > 0,

y(t) = φ(t), t ∈ [−τ2, 0],

y(+0) = φ(0),
(4.7.15)

ãäå φ(t) ∈ C([−τ2, 0]) � çàäàííàÿ âåùåñòâåííîçíà÷íàÿ âåêòîð-ôóíêöèÿ.
Íèæå ìû óñòàíàâëèâàåì îöåíêè ðåøåíèé íà÷àëüíîé çàäà÷è (4.7.15).

Òåîðåìà 4.7.2 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.7.1 è ω = 0 â

(4.7.2). Òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.7.15) èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γq(ξ)dξ

)
, t > 0, (4.7.16)

ãäå

γq(t) = min

{(
p(t)− 2q∥H(t)∥

h(t)

)
, k(t)

}
. (4.7.17)

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (4.7.15).
Ðàññìîòðèì íà ðåøåíèè ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (4.7.13).
Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 4.7.1, ïîñëå äèôôåðåíöèðîâàíèÿ ïîëó-
÷àåì

d

dt
V (t, y)
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= − 1

τ(t)

t∫
t−τ(t)

⟨
Q(t, t− s)

 y(t)
y(t− τ(t))

y(s)

 ,

 y(t)
y(t− τ(t))

y(s)

⟩ ds+W (t),

(4.7.18)
ãäå ìàòðèöà Q(t, s) îïðåäåëåíà â (4.7.6), (4.7.7),

W (t) =

⟨
H(t)F

t, y(t), y(t− τ(t)),

t∫
t−τ(t)

D(t, t− s)y(s) ds

 , y(t)

⟩

+

⟨
H(t)y(t), F

t, y(t), y(t− τ(t)),

t∫
t−τ(t)

D(t, t− s)y(s) ds

⟩ . (4.7.19)

Â ñèëó (4.7.2) ïðè ω = 0 èìååì

∥W (t)∥ ≤ 2q∥H(t)∥∥y(t)∥2.

Èñïîëüçóÿ (4.7.9), ìû ïîëó÷àåì

d

dt
V (t, y) ≤ −p(t)⟨H(t)y(t), y(t)⟩

−k(t)
t∫

t−τ(t)

⟨K(t, t− s)y(s), y(s)⟩ds+ 2q∥H(t)∥∥y(t)∥2.

Â ñèëó (4.7.14) èìååì

d

dt
V (t, y) ≤ −

(
p(t)− 2q∥H(t)∥

h(t)

)
⟨H(t)y(t), y(t)⟩

−k(t)
t∫

t−τ(t)

⟨K(t, t− s)y(s), y(s)⟩ds.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.7.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γq(t)V (t, y),

ãäå γq(t) çàäàíî â (4.7.17). Ïîâòîðÿÿ àíàëîãè÷íûå ðàññóæäåíèÿ êàê ïðè
äîêàçàòåëüñòâå òåîðåìû 4.7.1, ìû ïîëó÷àåì (4.7.16).
Òåîðåìà 4.7.2 äîêàçàíà.
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Òåîðåìà 4.7.3 Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4.7.1 è ω > 0 â

(4.7.2). Ïðåäïîëîæèì, ÷òî èíòåãðàë

∞∫
0

ωq∥H(ξ)∥(h(ξ))−1−ω/2 exp

(
−ω
2

∫ ξ

0

γ(s)ds

)
dξ

ñõîäèòñÿ. Òîãäà äëÿ ðåøåíèÿ çàäà÷è (4.7.15) ñ íà÷àëüíîé ôóíêöèåé φ(t)
òàêîé, ÷òî

V (0, φ) < R−2/ω, (4.7.20)

èìååò ìåñòî îöåíêà

∥y(t)∥ ≤

√
V (0, φ)

h(t)
exp

(
−1

2

∫ t

0

γ(ξ)dξ

)(
1− V ω/2(0, φ)R

)−1/ω

, t > 0,

(4.7.21)
ãäå

R =

∞∫
0

ωq∥H(ξ)∥(h(ξ))−1−ω/2 exp

(
−ω
2

∫ ξ

0

γ(s)ds

)
dξ. (4.7.22)

Äîêàçàòåëüñòâî. Ïóñòü y(t) � ðåøåíèå íà÷àëüíîé çàäà÷è (4.7.15).
Ðàññìîòðèì íà ðåøåíèè ôóíêöèîíàë Ëÿïóíîâà � Êðàñîâñêîãî (4.7.13).
Êàê ïðè äîêàçàòåëüñòâå òåîðåìû 4.7.2, ïîñëå äèôôåðåíöèðîâàíèÿ ïîëó-
÷àåì (4.7.18), ãäå W (t) îïðåäåëåíî â (4.7.19). Â ñèëó (4.7.2) ïðè ω > 0
èìååì

∥W (t)∥ ≤ 2q∥H(t)∥∥y(t)∥2+ω.

Èñïîëüçóÿ (4.7.9), ìû ïðèõîäèì ê íåðàâåíñòâó

d

dt
V (t, y) ≤ −p(t)⟨H(t)y(t), y(t)⟩

−k(t)
t∫

t−τ(t)

⟨K(t, t− s)y(s), y(s)⟩ds+ 2q∥H(t)∥∥y(t)∥2+ω.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.7.13) ïîëó÷àåì

d

dt
V (t, y) ≤ −γ(t)V (t, y) + 2q∥H(t)∥∥y(t)∥2+ω,
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ãäå γ(t) çàäàíî â (4.7.12). Ïðèíèìàÿ âî âíèìàíèå íåðàâåíñòâî

∥y(t)∥2 ≤ V (t, y)

h(t)
,

èìååì
d

dt
V (t, y) ≤ −γ(t)V (t, y) + β(t)(V (t, y))1+ω/2,

ãäå
β(t) = 2q∥H(t)∥(h(t))−1−ω/2.

Îòñþäà â ñèëó íåðàâåíñòâà Ãðîíóîëëà (ñì., íàïðèìåð, [90]) ïîëó÷àåì
îöåíêó

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)

×

1− ω

2
V ω/2(0, φ)

t∫
0

β(ξ)e
−ω

2

ξ∫
0

γ(s) ds
dξ


−2/ω

, t > 0, (4.7.23)

ãäå V (0, φ) îïðåäåëåíî â (4.7.11). Îöåíèâàÿ ôóíêöèþ, ñòîÿùóþ â êðóã-
ëûõ ñêîáêàõ, èìååì

U(t) = 1− ω

2
V ω/2(0, φ)

t∫
0

β(ξ)e
−ω

2

ξ∫
0

γ(s) ds
dξ

≥ 1− ω

2
V ω/2(0, φ)

∞∫
0

β(ξ)e
−ω

2

ξ∫
0

γ(s) ds
dξ ≥ 1− V ω/2(0, φ)R,

ãäå R çàäàíî â (4.7.22). Åñëè íà÷àëüíàÿ ôóíêöèÿ φ(t) óäîâëåòâîðÿåò
íåðàâåíñòâó (4.7.20), òî U(t) > 0. Ñëåäîâàòåëüíî, èç (4.7.23) âûòåêàåò
îöåíêà

V (t, y) ≤ V (0, φ) exp

(
−
∫ t

0

γ(ξ)dξ

)(
1− V ω/2(0, φ)R

)−2/ω

.

Òîãäà â ñèëó îïðåäåëåíèÿ ôóíêöèîíàëà (4.7.13) ïîëó÷àåì (4.7.21).
Òåîðåìà 4.7.3 äîêàçàíà.
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Çàìå÷àíèå 1. Åñëè q = 0, óòâåðæäåíèÿ òåîðåì 4.7.2 è 4.7.3 ïåðåõîäÿò
â óòâåðæäåíèå òåîðåìû 4.7.1.

Çàìå÷àíèå 2. Ïóñòü âûïîëíåíû óñëîâèÿ ñëåäñòâèé 2 è 3, êîòîðûå
ãàðàíòèðóþò àñèìïòîòè÷åñêóþ èëè ýêñïîíåíöèàëüíóþ óñòîé÷èâîñòü íó-
ëåâîãî ðåøåíèÿ ëèíåéíûõ ñèñòåì. Òîãäà òåîðåìà 4.7.3 äàåò îöåíêè íà
îáëàñòè ïðèòÿæåíèÿ íóëåâîãî ðåøåíèÿ è îöåíêè, õàðàêòåðèçóþùèå ñêî-
ðîñòü ñòàáèëèçàöèè ðåøåíèé ñèñòåìû (4.7.1) ïðè t→ ∞.



Çàêëþ÷åíèå

Äèññåðòàöèÿ ïîñâÿùåíà èññëåäîâàíèþ óñòîé÷èâîñòè ðåøåíèé êëàññîâ
íåàâòîíîìíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çàïàçäûâàþùåãî è
íåéòðàëüíîãî òèïîâ.
Â ãëàâå 1 ðàññìîòðåíû êëàññû ñèñòåì çàïàçäûâàþùåãî òèïà ñ ïåðèî-

äè÷åñêèìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè. Ñ èñïîëüçîâàíèåì ôóíê-
öèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî ïåðâîãî òèïà óñòàíîâëåíû äîñòàòî÷-
íûå óñëîâèÿ ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè ðåøåíèé, ïîëó÷åíû îöåíêè
ýêñïîíåíöèàëüíîãî óáûâàíèÿ ðåøåíèé, èññëåäîâàíà ðîáàñòíàÿ óñòîé÷è-
âîñòü, óêàçàíû îöåíêè íà ìíîæåñòâà ïðèòÿæåíèÿ.
Â ãëàâå 2 ñ èñïîëüçîâàíèåì ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêîãî âòî-

ðîãî òèïà ïîëó÷åíû àíàëîãè÷íûå ðåçóëüòàòû äëÿ ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé íåéòðàëüíîãî òèïà ñ ïåðèîäè÷åñêèìè êîýôôèöèåíòà-
ìè â ëèíåéíîé ÷àñòè è ïîñòîÿííîé ìàòðèöåé ïðè ïðîèçâîäíîé ðåøåíèÿ ñ
çàïàçäûâàíèåì. Ðåçóëüòàòû îáîáùåíû íà ñèñòåìû ñ íåñêîëüêèìè çàïàç-
äûâàíèÿìè â ðåøåíèè.
Â ãëàâå 3 ðàññìîòðåíû ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé íåé-

òðàëüíîãî òèïà, êîãäà âñå ìàòðèöû â ëèíåéíîé ÷àñòè ìîãóò áûòü ïå-
ðèîäè÷åñêèìè. Ñ èñïîëüçîâàíèåì ôóíêöèîíàëà Ëÿïóíîâà � Êðàñîâñêî-
ãî òðåòüåãî òèïà óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ýêñïîíåíöèàëüíîé
óñòîé÷èâîñòè ðåøåíèé, ïîëó÷åíû îöåíêè ðåøåíèé, õàðàêòåðèçóþùèå ñêî-
ðîñòü ñòàáèëèçàöèè íà áåñêîíå÷íîñòè, èññëåäîâàíà ðîáàñòíàÿ óñòîé÷è-
âîñòü, óêàçàíû îöåíêè íà ìíîæåñòâà ïðèòÿæåíèÿ. Ðåçóëüòàòû îáîáùåíû
íà ñèñòåìû ñ íåñêîëüêèìè çàïàçäûâàíèÿìè â ðåøåíèè è â ïðîèçâîäíûõ,
à òàêæå íà ñèñòåìû ñ ïåðåìåííûì îãðàíè÷åííûì çàïàçäûâàíèåì.
Â ãëàâå 4 ââîäèòñÿ øèðîêèé êëàññ ôóíêöèîíàëîâ Ëÿïóíîâà � Êðàñîâ-

ñêîãî, âêëþ÷àþùèé ôóíêöèîíàëû ïåðâûõ òðåõ òèïîâ, èñïîëüçóåìûå â
ïðåäûäóùèõ ãëàâàõ. Ðàññìîòðåíû ñèñòåìû ñ ïåðèîäè÷åñêèìè è ïðîèç-
âîëüíûìè ïåðåìåííûìè êîýôôèöèåíòàìè â ëèíåéíîé ÷àñòè. Óñòàíîâëå-
íû îöåíêè ðåøåíèé íà ïîëóïðÿìîé, íà îñíîâå êîòîðûõ ìîæíî ñäåëàòü
âûâîä îá óñòîé÷èâîñòè ðåøåíèé. Â ñëó÷àå àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè óêàçàíà ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè. Äëÿ íåëè-
íåéíûõ ñèñòåì óêàçàíû ìíîæåñòâà ïðèòÿæåíèÿ. Ðåçóëüòàòû îáîáùåíû
íà ðàçëè÷íûå êëàññû ñèñòåì: ñèñòåìû ñ ïåðåìåííûì çàïàçäûâàíèåì, êî-
òîðîå ìîæåò áûòü íåîãðàíè÷åííûì; ñèñòåìû ñ ðàñïðåäåëåííûì è ñîñðå-
äîòî÷åííûì çàïàçäûâàíèÿìè.
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