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Ïîëèíîìèàëüíî èíòåãðèðóåìûå ãåîäåçè÷åñêèå ïîòîêè â ìàãíèòíîì
ïîëå íà äâóìåðíîì òîðå

Ñ.Â. Àãàïîâ

ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê
agapov.sergey.v@gmail.com

Â äîêëàäå áóäóò ðàññìîòðåíû äâóìåðíûå ìàãíèòíûå ãåîäåçè÷åñêèå ïîòîêè.
Ïîñêîëüêó äèíàìèêà òàêèõ ïîòîêîâ íà ðàçëè÷íûõ óðîâíÿõ ýíåðãèè ìîæåò çà-
ìåòíî îòëè÷àòüñÿ ([1]), òî èõ èíòåãðèðóåìîñòü îäíîâðåìåííî íà âñåõ óðîâíÿõ
ýíåðãèè ÿâëÿåòñÿ äîñòàòî÷íî ðåäêèì ÿâëåíèåì (ñì., íàïðèìåð, [2] � [4], ãäå ýòà
çàäà÷à èçó÷àëàñü íà äâóìåðíîì òîðå).

Â ñâÿçè ñ ýòèì âïîëíå åñòåñòâåííî èññëåäîâàòü âîïðîñ î íàëè÷èè ó ìàã-
íèòíîãî ãåîäåçè÷åñêîãî ïîòîêà äîïîëíèòåëüíîãî ïåðâîãî èíòåãðàëà ëèøü íà
ôèêñèðîâàííîì óðîâíå ýíåðãèè. Ñëó÷àé êâàäðàòè÷íîãî ïî èìïóëüñàì èíòåãðà-
ëà áûë ðàññìîòðåí â [5], ãäå, â ÷àñòíîñòè, áûëî ïîêàçàíî, ÷òî íàëè÷èå òàêîãî
èíòåãðàëà ýêâèâàëåíòíî ñóùåñòâîâàíèþ ðåøåíèé íåêîòîðîé ïîëóãàìèëüòîíî-
âîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ([6]). Â
äîêëàäå ìû îáñóäèì ðàçëè÷íûå ìåòîäû ïîñòðîåíèÿ ãëàäêèõ è àíàëèòè÷åñêèõ
ðåøåíèé ýòîé ñèñòåìû íà äâóìåðíîì òîðå ([7], [8]).
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Ñðàâíèòåëüíûé àíàëèç ôîðìóë îáðàùåíèÿ ïðåîáðàçîâàíèÿ Ðàäîíà

Ä.Ñ. Àíèêîíîâ

ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê
anik@math.nsc.ru

Ïðåîáðàçîâàíèå Ðàäîíà îïðåäåëÿåòñÿ êàê ñîâîêóïíîñòü èíòåãðàëîâ ïî
âñåâîçìîæíûì ãèïåðïëîñêîñòÿì îò ôóíêöèè, îïðåäåëåííîé â åâêëèäîâîì
ïðîñòðàíñòâå. Îñíîâíûì âîïðîñîì òåîðèè ÿâëÿåòñÿ ïðîáëåìà îáðàùåíèÿ
ïîäûíòåãðàëüíîãî âûðàæåíèÿ ïîëíîñòüþ èëè ÷àñòè÷íî. Îñíîâíîå èñïîëü-
çîâàíèå ðåçóëüòàòîâ ïðèõîäèòñÿ íà çàäà÷è çîíäèðîâàíèÿ íåèçâåñòíûõ ñðåä
ðàçëè÷íûìè ôèçè÷åñêèìè ñèãíàëàìè. Â ñâÿçè ñ ýòèì â êà÷åñòâå îãðàíè÷åíèé
åñòåñòâåííî èñïîëüçîâàòü ðàçðûâíûå ïîäûíòåãðàëüíûå ôóíêöèè. Îäíàêî
èçâåñòíûå ôîðìóëû îáðàùåíèÿ áûëè äîêàçàíû ëèøü äëÿ ãëàäêèõ ôóíêöèé.
Â ïîñëåäíåå âðåìÿ àâòîðó ýòîãî ñîîáùåíèÿ ñîâìåñòíî ñ åãî êîëëåãàìè óäà-
ëîñü ÷àñòè÷íî óëó÷øèòü ñèòóàöèþ è äîêàçàòü íîâûå ôîðìóëû îáðàùåíèÿ
â êëàññå êóñî÷íî�íåïðåðûâíûõ ôóíêöèé äëÿ êëàññè÷åñêîãî è îáîáùåííîãî
ïðåîáðàçîâàíèé Ðàäîíà. Ïîëó÷åííûå ôîðìóëû ñðàâíèâàþòñÿ ìåæäó ñîáîé ïî
ñòåïåíè èõ óäîáñòâà äëÿ ÷èñëåííîé ðåàëèçàöèè. Íà îñíîâå ñðàâíåíèÿ äàþòñÿ
ðåêîìåíäàöèè ïî êîíêðåòíîìó èñïîëüçîâàíèþ òåõ èëè èíûõ ðåçóëüòàòîâ.

Èåðàðõèÿ Óèçåìû ðîäà íîëü è ìíîãîîáðàçèÿ Ãóðâèö�Ôðîáåíèóñà

À.À. Áàñàëàåâ

ÍÈÓ ÂØÝ, Ìîñêâà
abasalaev@hse.ru

Á. Äóáðîâèí ââ¼ë ñòðóêòóðó ìíîãîîáðàçèÿ Äóáðîâèíà�Ôðîáåíèóñà íà ïðî-
ñòðàíñòâå ðàçâåòâë¼ííûõ íàêðûòèé ðèìàíîâîé ïîâåðõíîñòè ðîäà íóëü ðèìàíî-
âîé ïîâåðõíîñòüþ ðîäà g ñ çàäàííûì ïðîôèëåì âåòâëåíèÿ. Òàêèå ìíîãîîáðàçèÿ
òåïåðü íàçûâàþòñÿ ìíîãîîáðàçèÿìè Ãóðâèöà�Ôðîáåíèóñà ðîäà g. Ìû èññëåäó-
åì ìíîãîîáðàçèÿ Ãóðâèöà-Ôðîáåíèóñà ðîäà íóëü è èõ ñâÿçü ñ èíòåãðèðóåìûìè
èåðàðõèÿìè. Â ÷àñòíîñòè, ìû äîêàçûâàåì, ÷òî ñîîòâåòñòâóþùèå ôðîáåíèóñî-
âû ïîòåíöèàëû ñòàáèëèçèðóþòñÿ è, ñëåäîâàòåëüíî, îïðåäåëÿþò áåñêîíå÷íóþ
ñèñòåìó êîììóòèðóþùèõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ.

Ìû ïîêàçûâàåì, ÷òî ýòà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé ýêâèâà-
ëåíòíà èåðàðõèè Óèçåìû ðîäà íóëü, ââåä¼ííîé È. Êðè÷åâåðîì.
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Ñèãìà�ìîäåëè êàê ìîäåëè Ãîäåíà

Ä.Â. Áûêîâ

ÍÈÓ ÂØÝ è ÌÈÀÍ, Ìîñêâà

Áóäåò ïîêàçàíî, êàêèì îáðàçîì âçàèìîñâÿçü ìåæäó ñèãìà�ìîäåëüþ ìíîãîîá-
ðàçèÿ ïîëíûõ ôëàãîâ U(3)/U(1)3 è ìîäåëüþ Ãîäåíà ñ òðåìÿ óçëàìè ïîçâîëÿåò
ÿâíî ðåøèòü êëàññè÷åñêóþ è êâàíòîâóþ çàäà÷ó äëÿ ñèãìà�ìîäåëè, ò.å. íàéòè
ãåîäåçè÷åñêèå è âû÷èñëèòü ñïåêòð îïåðàòîðà Ëàïëàñà íà ìíîãîîáðàçèè ôëàãîâ
ñ ïðîèçâîëüíîé èíâàðèàíòíîé ìåòðèêîé.
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Dynamical systems on torus related to general Heun equations:
phase�lock areas and constriction breaking

A.A. Alexandrov (1), A.A. Glutsuk (2)

1 IITP RAS, HSE University, MIPT, Moscow
2 MIPT, HSE University, Moscow and CNRS UMR 5669 (UMPA ENS de Lyon)

Lyon France

aglutsyu@ens�lyon.fr

The overdamped Josephson junction in superconductivity theory can be modeled
by the family of dynamical systems on the two�dimensional torus, which is known
as the RSJ model [1, 2]. This family admits an equivalent description by a family
of second�order di�erential equations. It is a family of special double conuent
Heun equations [3], which belong to well�known class of Heun equations with
four singularities taken with multiplicities. Alexander Gorsky asked whether it is
possible to realize general Heun equations (GHE), with four distinct singularities,
by a family of dynamical systems on torus that has phase�lock areas. In the paper
[5] we construct two new families of dynamical systems on torus that can be
equivalently described by a family of GHE, with four singular points, and conuent
Heun equations, with three singularities. The rst family, related to GHE, is a
deformation of the RSJ model, which will be denoted by dRSJ. The phase�lock
areas of a family of dynamical systems on the torus are those level subsets of the
rotation number function that have nonempty interiors. It is known that for the
RSJ model, the rotation number quantization e�ect occurs: phase�lock areas exist
only for integer rotation number values [2]. Moreover, each phase�lock area is a
chain of domains separated by points [4]. Those separation points that do not lie
on the abscissa axis are called constrictions. In the paper [5] we study phase�lock
areas in the new family dRSJ. The quantization e�ect remains valid in this family.
On the other hand, we show that in the new family dRSJ the constrictions break
down.

The research of A.A. Aleksandrov is supported by Basic Research Program at
HSE University.

The research of A.A. Glutsyuk is supported by the MSHE project No. FSMG-
2024-0048 and by grant No. 24-7-1-15-1 of the Theoretical Physics and Mathematics
Advancement Foundation BASIS.
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Ïðåäâàðèòåëüíîå íàçâàíèå è àííîòàöèÿ äîêëàäà: Êîíå÷íî
ïîðîæä¼ííûå íèëüïîòåíòíûå ãðóïïû áèðàöèîíàëüíûõ

àâòîìîðôèçìîâ

À.Ñ. Ãîëîòà

ÍÈÓ ÂØÝ, Ìîñêâà
agolota@hse.ru

Ïóñòü X � ïðîåêòèâíîå àëãåáðàè÷åñêîå ìíîãîîáðàçèå íàä ïîëåì êîì-
ïëåêñíûõ ÷èñåë. Ãðóïïó áèðàöèîíàëüíûõ àâòîìîðôèçìîâ ìíîãîîáðàçèÿ X
ìîæíî îïðåäåëèòü àëãåáðàè÷åñêè êàê ãðóïïó àâòîìîðôèçìîâ ïîëÿ ðàöèî-
íàëüíûõ ôóíêöèé íà X, ñîõðàíÿþùèõ áàçîâîå ïîëå. ß ðàññêàæó î çàäà÷å
êëàññèôèêàöèè êîíå÷íî ïîðîæä¼ííûõ íèëüïîòåíòíûõ ïîäãðóïï â ãðóïïàõ
áèðàöèîíàëüíûõ àâòîìîðôèçìîâ ìíîãîîáðàçèé ïðîèçâîëüíîé ðàçìåðíîñòè ñ
òî÷êè çðåíèÿ äèíàìè÷åñêèõ èíâàðèàíòîâ, à òàêæå î èçâåñòíûõ â íàñòîÿùåå
âðåìÿ ðåçóëüòàòàõ.

Èíòåãðàëû äèôôåðåíöèàëüíûõ ôîðì, �ãðóïïû Ìèëíîðà è
ýêñïîíåíòà Àðòèíà�Õàññå

Ñ.Î. Ãîð÷èíñêèé

ÌÈÀÍ, Ìîñêâà
gorchins@mi-ras.ru

Äîêëàä îñíîâàí íà ñîâìåñòíûõ ðåçóëüòàòàõ ñ Ä.Í. Òþðèíûì. Â äîêëàäå
áóäåò äàíî ââåäåíèå â �ãðóïïû Ìèëíîðà êîììóòàòèâíûõ êîëåö è ðàññêàçàíî
î ñâÿçè ìåæäó �ãðóïïàìè Ìèëíîðà è äèôôåðåíöèàëüíûìè ôîðìàìè. Äàííàÿ
ñâÿçü èìååò ìåñòî â äâóõ ðàçëè÷íûõ ñëó÷àÿõ: êîãäà â êîëüöî ñîäåðæèò
ðàöèîíàëüíûå ÷èñëà è íèëüïîòåíòû, è êîãäà êîëüöî ÿâëÿåòñÿ p�àäè÷åñêèì.
Â ïîñëåäíåì ñëó÷àå åñòåñòâåííî âîçíèêàþò ýêñïîíåíòà Àðòèíà�Õàññå è
p�àäè÷åñêèé àíàëîã ôóíêöèè Áëîõà�Âèãíåðà.
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Ïàññèâíàÿ ñòàáèëèçàöèþ ïîë¼òà ñòåðæíÿ â ïëîñêîé ñðåäå
ðàçðåæåííûõ ÷àñòèö

À.À. Äàâûäîâ

ÌÃÓ, Ìîñêâà
davydov@mi�ras.ru

Ðàññìàòðèâàåòñÿ äâèæåíèå (îäíîðîäíîãî) ñòåðæíÿ â ïëîñêîé ñðåäå ðàçðå-
æåííûõ ÷àñòèö ñ áèëëèàðäíûì âçàèìîäåéñòâèåì ìåæäó ñòåðæíåì è ÷àñòèöàìè
ïðè ñòîëêíîâåíèè. Âûâîäÿòñÿ óðàâíåíèÿ äâèæåíèÿ ñòåðæíÿ è ïðîâîäèòñÿ
êà÷åñòâåííûé àíàëèç ôàçîâîãî ïîðòðåòà ïîëó÷åííîé ñèñòåìû óðàâíåíèé äâè-
æåíèÿ. Ïîêàçàíî, ÷òî ïî÷òè âñå äâèæåíèÿ ñ íåíóëåâîé íà÷àëüíîé ñêîðîñòüþ
öåíòðà ìàññ ñòàáèëèçèðóþòñÿ íà äâèæåíèè ñ ïîñòîÿííîé ñêîðîñòüþ âäîëü îñè
ñòåðæíÿ.
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Î êèíåòè÷åñêîé òåîðèè Ð. Ïàéåðëñà òåïëîïðîâîäíîñòè êðèñòàëëîâ
è çàäà÷å åå ñòðîãîãî îáîñíîâàíèÿ

À.Â. Äûìîâ

ÌÈÀÍ, Ìîñêâà
dymov@mi-ras.ru

Óðàâíåíèå òåïëîïðîâîäíîñòè ñëåäóåò èç ýêñïåðèìåíòàëüíî íàáëþäàåìîãî
çàêîíà Ôóðüå òåïëîïðîâîäíîñòè. Ñòðîãèé æå âûâîä ïîñëåäíåãî èç ìèêðîñêî-
ïè÷åñêîé äèíàìèêè ÷àñòèö, ôîðìèðóþùèõ êðèñòàëë, ÿâëÿåòñÿ îäíîé èç öåí-
òðàëüíûõ çàäà÷ ñîâðåìåííîé íåðàâíîâåñíîé ñòàòèñòè÷åñêîé ìåõàíèêè. Â ñâîåé
çíàìåíèòîé ðàáîòå 1929 ãîäà Ð. Ïàéåðëñ ïðåäëîæèë ýâðèñòè÷åñêóþ êèíåòè÷å-
ñêóþ òåîðèþ òåïëîïðîâîäíîñòè êðèñòàëîâ, âëåêóùóþ çàêîí Ôóðüå. Äëÿ ýòîãî
îí ðàññìîòðåë ðåøåòêó, ñîñòîÿùóþ èç áîëüøîãî ÷èñëà N ñëàáî íåëèíåéíûõ îñ-
öèëëÿòîðîâ. Îí ïîêàçàë, ÷òî â ïðåäåëå, êîãäà N ñòðåìèòñÿ ê áåñêîíå÷íîñòè, à
íåëèíåéíîñòü ñòðåìèòñÿ ê íóëþ, ðàñïðåäåëåíèå ïîëíîé ýíåðãèè ñèñòåìû ìåæäó
÷àñòîòàìè Ôóðüå ïîä÷èíÿåòñÿ íåëèíåéíîìó êèíåòè÷åñêîìó óðàâíåíèþ. Çàäà-
÷è ñòðîãîãî îáîñíîâàíèÿ çàêîíà Ôóðüå è êèíåòè÷åñêîé òåîðèè Ïàéåðëñà äàâíî
ïðèâëåêàþò âíèìàíèå ìàòåìàòè÷åñêèõ ôèçèêîâ, îäíàêî äî ñèõ ïîð îñòàþòñÿ
îòêðûòûìè.

Âäîõíîâë¼ííûå òåîðèåé Ð. Ïàéåðëñà, â 1960�ûå ãîäû ôèçèêè (â ÷àñòíîñòè,
Â.Å. Çàõàðîâ è åãî øêîëà), ñîçäàëè àíàëîãè÷íóþ åé êèíåòè÷åñêóþ òåîðèþ ñëà-
áî íåëèíåéíûõ âîëíîâûõ ñèñòåì � òåîðèþ âîëíîâîé òóðáóëåíòíîñòè, � êîòî-
ðàÿ âïîñëåäñòâèè áóðíî ðàçâèâàëàñü â ôèçè÷åñêèõ ðàáîòàõ. Çàäà÷à åå ìàòåìà-
òè÷åñêîãî îáîñíîâàíèÿ òàêæå äîëãîå âðåìÿ áûëà ïîëíîñòüþ îòêðûòà, îäíàêî
çà ïîñëåäíèå 10 ëåò â íåé áûë äîñòèãíóò ñóùåñòâåííûé ïðîãðåññ.

ß ðàññêàæó î íàøåé ñîâìåñòíîé ðàáîòå ñ À. Åëîõèíûì è À. Ìàéîêêè,
â êîòîðîé ìû ïðèìåíÿåì ìåòîäû, ðàçðàáîòàííûå â òåîðèè âîëíîâîé òóðáó-
ëåíòíîñòè, ê çàäà÷å ñòðîãîãî îáîñíîâàíèÿ êèíåòè÷åñêîé òåîðèè Ïàéåðëñà.
Ìû ðàññìàòðèâàåì ñëàáîå ñëó÷àéíîå âîçìóùåíèå âàðèàíòà ïðåäëîæåííîé èì
ìîäåëè (ðàáîòà íàä ïîäîáíûìè çàäà÷àìè êàê ïðàâèëî òðåáóåò ñòîõàñòèçàöèè
ñèñòåìû). Ìû äîêàçûâàåì îñíîâíîé ïîñòóëàò åãî òåîðèè â íåêîòîðîì äîâîëüíî
ãðóáîì ïðèáëèæåííîì ñìûñëå. Íàñêîëüêî íàì èçâåñòíî, â íàøåé ðàáîòå
êèíåòè÷åñêîå óðàâíåíèå Ð. Ïàéåðëñà âïåðâûå ïîëó÷åíî ñòðîãî.
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Âíóòðåííèå è èíåðöèîííûå âîëíû â çàäà÷àõ ãåî� è
àñòðîôèçè÷åñêîé ãèäðîäèíàìèêè

Å.Â. Åðìàíþê

ÈÃèË ÑÎ ÐÀÍ, Íîâîñèáèðñê
ermanyuk@hydro.nsc.ru

Èññëåäîâàíèå âîëíîâûõ ïðîöåññîâ âî âðàùàþùåéñÿ è ñòðàòèôèöèðîâàííîé
æèäêîñòè ÿâëÿåòñÿ ôóíäàìåíòàëüíîé çàäà÷åé ãåî- è àñòðîôèçè÷åñêîé ãèäðî-
äèíàìèêè. Âíóòðåííèå è èíåðöèîííûå âîëíû óäîâëåòâîðÿþò ñïåöèôè÷åñêîìó
äèñïåðñèîííîìó ñîîòíîøåíèþ, â êîòîðîå âõîäèò ÷àñòîòà âîçìóùàþùåãî âîç-
äåéñòâèÿ è íàïðàâëåíèå ðàñïðîñòðàíåíèÿ âîëí, íî íå âõîäèò ìàñøòàá äëèíû.
Â çàìêíóòûõ îáëàñòÿõ ìîãóò íàáëþäàòüñÿ ðàçëè÷íûå ðåæèìû äâèæåíèÿ, â
òîì ÷èñëå âûñîêîýíåðãåòè÷åñêèå, òàêèå êàê âîëíîâûå àòòðàêòîðû è íîðìàëü-
íûå ìîäû. Â àñòðîíîìè÷åñêèõ ïðèëîæåíèÿõ óïîìÿíóòûå ðåæèìû èãðàþò
âàæíóþ ðîëü â ïðîöåññå ïðèëèâíîãî çàõâàòà (ñèíõðîíèçàöèè) â ñèñòåìàõ
åñòåñòâåííûé ñïóòíèê � öåíòðàëüíîå òåëî, èìåþùåå òâåðäîå ÿäðî è æèäêóþ
îáîëî÷êó, ïîñêîëüêó äëÿ ðàçëè÷íûõ ðåæèìîâ äâèæåíèÿ çíà÷åíèÿ äèññèïàöèè
ýíåðãèè â îáîëî÷êå ìîãóò îòëè÷àòüñÿ íà íåñêîëüêî ïîðÿäêîâ. Â ñëó÷àå
òîíêîé îáîëî÷êè (îêåàí íà Çåìëå) ñóùåñòâåííîå çíà÷åíèå èìååò äèññèïàöèÿ
çà ñ÷åò òðåíèÿ î äíî, îäíàêî çàìåòíûé âêëàä â ãëîáàëüíóþ äèññèïàöèþ
(ïîðÿäêà 25%) âíîñèò òàêæå èçëó÷åíèå âíóòðåííèõ âîëí òîïîãðàôèåé äíà.
Â äîêëàäå ïðåäñòàâëåíî ñîâðåìåííîå ñîñòîÿíèå èññëåäîâàíèé ãëîáàëüíûõ
ýíåðãåòè÷åñêèõ õàðàêòåðèñòèê âîëíîâûõ àòòðàêòîðîâ è íîðìàëüíûõ ìîä,
à òàêæå ýêñïåðèìåíòàëüíîãî è ÷èñëåííîãî ìîäåëèðîâàíèÿ èíåðöèîííûõ è
âíóòðåííèõ âîëí â æèäêèõ îáîëî÷êàõ. Ðàññìîòðåíà çàäà÷à î ÷èñëåííîé è ýêñ-
ïåðèìåíòàëüíîé îöåíêè ìîùíîñòè, çàòðà÷èâàåìîé íà ïîääåðæàíèå âîëíîâîãî
äâèæåíèÿ â ñèñòåìå, äîïóñêàþùåé ñóùåñòâîâàíèå àòòðàêòîðîâ âíóòðåííèõ
âîëí. Âûïîëíåíî ñîïîñòàâëåíèå ðàçëè÷íûõ ñïîñîáîâ îöåíêè ïîòîêà ýíåðãèè â
ñèñòåìå, ïðîâåäåíî ñðàâíåíèå ýêñïåðèìåíòàëüíûõ ðåçóëüòàòîâ ñ ðåçóëüòàòàìè
ïðÿìîãî ÷èñëåííîãî ìîäåëèðîâàíèÿ.

Îá óðàâíåíèè ñòðóíû

À.Á. Æåãëîâ

ÌÃÓ, Ìîñêâà
alexander.zheglov@math.msu.ru

ß ðàññêàæó îá îäíîì ðåçóëüòàòå, ïîëó÷åííîì ñ ïîìîùüþ òåîðèè íîðìàëü-
íûõ ôîðì: î âçàèìíî�îäíîçíà÷íîì ñîîòâåòñòâèè ìåæäó ðåøåíèÿìè óðàâíåíèÿ
ñòðóíû [P,Q] = 1 â êîëüöå äèôôåðåíöèàëüíûõ îïåðàòîðîâ, óäîâëåòâîðÿþ-
ùèìè äîï. óñëîâèþ "îáðûâà ïðîöåññà îòðóáàíèÿ ãîëîâ è êîììóòèðóþùèìè
äèôôåðåíöèàëüíûìè îïåðàòîðàìè òåõ æå ïîðÿäêîâ, ïîðîæäàþùèõ êîëüöî
êîììóòèðóþùèõ îïåðàòîðîâ ðàíãà îäèí. Ýòî ñîîòâåòñòâèå îáîáùàåò èçâåñò-
íûé ðåçóëüòàò À.Ñ. Øâàðöà äëÿ îïåðàòîðîâ P,Q âçàèìíî ïðîñòûõ ïîðÿäêîâ,
è èñïîëüçîâàëîñü ïðè äîêàçàòåëüñòâå ãèïîòåçû Äèêñìüå äëÿ ïåðâîé àëãåáðû
Âåéëÿ. ß ïëàíèðóþ òàêæå îáñóäèòü âîçìîæíûå îáîáùåíèÿ ýòîãî ðåçóëüòàòà.
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Integrable Birkho� billiards inside cones

Siyao Yin

IMC IM SB RAS, Novosibirsk
yinsiyao@outlook.com

We study Birkho� billiards inside cones in Rn. We prove that every trajectory
inside a cone over a C3 strictly convex closed hypersurface embedded in Rn−1

with non-degenerate second fundamental form has a �nite number of re�ections.
Using this result, we prove that the system is integrable in the sense of both
superintegrability and Liouville�Arnold integrability. This is the �rst example of
an integrable billiard where the billiard table is neither a quadric nor consists of
pieces of quadrics. The talk is based on joint work with Andrey E. Mironov.

Î êîììóòèðóþùèõ äèôôåðåíöèàëüíûõ îïåðàòîðàõ ðàíãà 2,
ñîîòâåòñòâóþùèõ òðèãîíàëüíûì ñïåêòðàëüíûì êðèâûì ðîäà 3

Ì. Èâëåâ

ÍÃÓ, Íîâîñèáèðñê
m.ivlev@g.nsu.ru

Ïîñòðîåíèå îáûêíîâåííûõ êîììóòèðóþùèõ äèôôåðåíöèàëüíûõ îïåðàòî-
ðîâ � êëàññè÷åñêàÿ çàäà÷à äèôôåðåíöèàëüíûõ óðàâíåíèé è èíòåãðèðóåìûõ
ñèñòåì, èìåþùàÿ ïðèëîæåíèÿ ê òåîðèè ñîëèòîíîâ. Îïåðàòîðû ðàíãà 1 â ñëó÷àå
ãëàäêèõ ñïåêòðàëüíûõ êðèâûõ áûëè íàéäåíû Êðè÷åâåðîì. Çàäà÷à ïîñòðîåíèÿ
îïåðàòîðîâ ðàíãà l > 1 â îáùåì ñëó÷àå íå ðåøåíà. Âî âñåõ èçâåñòíûõ ïðèìåðàõ
òàêèõ îïåðàòîðîâ ñïåêòðàëüíûå êðèâûå ÿâëÿþòñÿ ãèïåðýëëèïòè÷åñêèìè. Â
äàííîì äîêëàäå áóäóò îïèñàíû ïåðâûå ïðèìåðû îïåðàòîðîâ ðàíãà 2, ñîîòâåò-
ñòâóþùèõ òðèãîíàëüíûì ñïåêòðàëüíûì êðèâûì ðîäà 3.

Ãëîêàëüíàÿ òåîðèÿ áèôóðêàöèé íà äâóìåðíîé ñôåðå

Þ.Ñ. Èëüÿøåíêî

ÍÈÓ ÂØÝ è ÍÌÓ, Ìîñêâà
yulijs@mccme.ru

11 ëåò íàçàä äîêëàä÷èêîì áûëè îòêðûòû ñòðóêòóðíî íåóñòîé÷èâûå ñåìåé-
ñòâà âåêòîðíûõ ïîëåé íà äâóìåðíîé ñôåðå. Ñ òåõ ïîð òåîðèÿ ãëîêàëüíûõ
(ãëîáàëüíûõ ïî ôàçîâîé ïåðåìåííîé è ëîêàëüíûõ ïî ïàðàìåòðó) èíòåíñèâíî
ðàçâèâàëàñü. Îá ýòîì ðàçâèòèè è áóäåò ðàññêàçàíî â äîêëàäå.
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Âíåøíèå áèëëèàðäû âîêðóã ïðàâèëüíûõ ìíîãîóãîëüíèêîâ

À.ß. Êàíåëü�Áåëîâ

ÌÔÒÈ, Ìîñêâà
kanelster@gmail.com

Âíåøíèå áèëëèàðäû áûëè ââåäåíû Á. Íîéìàíîì (Bernhard Neumann) â 50-õ
ãîäàõ ÕÕ âåêà. Îíè ñòàëè ïîïóëÿðíû áëàãîäàðÿ ðàáîòàì Þ. Ìîçåðà, ãäå âíåø-
íèé, èëè äâîéñòâåííûé, áèëüÿðä áûë ïðåäëîæåí êàê âàæíàÿ ìîäåëüíàÿ çàäà÷à
äëÿ âûÿñíåíèÿ ðîëè ãëàäêîñòè â ÊÀÌ�òåîðèè çàäà÷è ìíîãèõ òåë. Êëàññè÷å-
ñêèì ñî âðåìåí 50�õ ÿâëÿåòñÿ ñëó÷àé, êîãäà M �- ïðàâèëüíûé n�óãîëüíèê.
Åñëè n = 3, 4, 6, òî ïëîñêîñòü ðàçáèâàåòñÿ íà ïåðèîäè÷åñêèå îáëàñòè. Ñ.Ë. Òà-
áà÷íèêîâ îáíàðóæèë ñàìîïîäîáèå äëÿ ñëó÷àÿ n = 5. Åãî èññëåäîâàíèÿ ïðîäîë-
æèëèñü Áåäàðè è Êàññèíåì. Ñëó÷àþ n = 8 ïîñâÿùåíà ìîíîãðàôèÿ Øâàðöà,
ñëó÷àÿì n = 8, 10, 12 ðàáîòà Ô.Ä.Ðóõîâè÷à.

Íà ïëåíàðíîì äîêëàäå íà Ìåæäóíàðîäíîì ìàòåìàòè÷åñêîì Êîíãðåññå 2022
Ð. Øâàðöåì áûëà ïîñòàâëåíà ïðîáëåìà: "The cases n = 8; 10; 12 also have a self�
similar structure. Without having a reference, I have the sense that the case n = 7 is
somewhat understood in the sense that there are some regions of renormalization.
I think that the cases n = 9; 11 are not understood at all. G. Hughes has made
beautiful and detailed pictures of outer billiards on regular polygons. These pictures
(and earlier ones) suggest

Conjecture 6.5. Outer billiards on the regular n�gon has an aperiodic orbit if n,
3;4;6. I think that this is not known aside from n = 5; 8; 10; 12, and perhaps n = 7.
Òåîðåìà (Òèìîðèí, Áåëîâ, Áåëûé, Ðóõîâè÷). Äëÿ ëþáîãî âíåøíåãî

áèëèàðäà îêðóã ïðàâèëüíîãî n-óãîëüíèêà ïðè n ̸= 3, 4, 6 ñóùåñòâóåò àïåðèîäè-

÷åñêàÿ òî÷êà.

Ð. Øâàðö, îñíîâûâàÿñü íà êîìïüþòåðíûõ ýêñïåðèìåíòàõ, âûñêàçàë ïðåäïî-
ëîæåíèå, ÷òî ÒÎËÜÊÎ äëÿ ñëó÷àåâ n = 5, 10, 8, 12 åñòü òî÷íîå ñàìîïîäîáèå,
êîòîðîå ïîçâîëÿåò ïîëíîñòüþ îïèñàòü ïåðèîäè÷åñêèå ñòðóêòóðû è íàéòè àïå-
ðèîäè÷åñêèå òî÷êè. Ð. Øâàðö ïðîâîäèë ýêñïåðèìåíòû äëÿ ñëó÷àÿ n = 7, è ñà-
ìîïîäîáèå åìó íàéòè íå óäàëîñü. Òåì íå ìåíåå, áîëåå ãëóáîêèé êîìïüþòåðíûé
àíàëèç, ñäåëàííûé íàìè, äàë âîçìîæíîñòü óñòàíîâèòü, ÷òî â ñëó÷àÿõ n = 7, 14
ñàìîïîäîáèå âñåæå ñóùåñòâóåò. Ñ åãî ïîìîùüþ, ëåãêî ïîêàçàòü ñóùåñòâîâàíèå
àïåðèîäè÷åñêîé òî÷êè. Â îòëè÷èå îò ðàíåå èññëåäîâàííîãî ñëó÷àÿ ïðàâèëüíûõ
n�óãîëüíèêîâ ïðè n = 3, 4, 6, 8, 10, 12 íàìè óñòàíîâëåíû ïðèíöèïèàëüíî íîâûå
ÿâëåíèÿ:

1) Ñóùåñòâóþò ñàìîïîäîáèÿ ñ ìóëüòèïëèêàòèâíî íåçàâèñèìûìè êîýôôèöè-
åíòàìè.

2) Ñóùåñòâóåò êîíòèíóóì ïîïàðíî íåïåðåñåêàþùèõñÿ çàìêíóòûõ èíâàðè-
àíòíûõ ìíîæåñòâ (ñ ðàçëè÷íûìè ñèìâîëè÷åñêèìè äèíàìèêàìè) �- çàìûêàíèé
àïåðèîäè÷åñêèõ îðáèò òî÷åê. Òåì ñàìûì ïîêàçàíî, ÷òî ñóùåñòâóþò òðàåêòî-
ðèè, êîäèðóþùèåñÿ íåïîäñòàíîâî÷íûìè ñèñòåìàìè.

3) Êðîìå òîãî, âî âíåøíåì áèëëèàðäå âîêðóã ïðàâèëüíîãî äåâÿòèóãîëüíèêà
ñóùåñòâóþò ñàìîïîäîáèÿ. Âî âíåøíåì áèëëèàðäå âîêðóã ïðàâèëüíîãî äåâÿòè-
óãîëüíèêà (è 18�óãîëüíèêà) ñóùåñòâóåò êàê ìèíèìóì ñ÷åòíîå ÷èñëî àïåðèîäè-
÷åñêèõ îðáèò, ðàñïîëîæåííûõ íà îãðàíè÷åííîé îáëàñòè.
Ñïèñîê ëèòåðàòóðû

[1] Moser J., Outer billiards on kites, Vol. 77. Princeton, NJ : Princeton
University Press, 1973, Annals of Mathematics Studies;
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[2] Moser J., Is the solar system stable?, The Mathematical Intelligencer, 1978,
Vol. 1, issue 2. P. 65�71

[3] Tabachnikov S., On the dual billiard problem, Advances in Mathematics,
1995, Vol. 115, no. 2, 221�249.

[3] Bedaride N. è Cassaigne J., Outer billiards outside regular polygons,
Journal of the London Mathematical Society, 2011, Vol. 84, issue 2, 303�324

[3] Schwartz R. E., The octagonal PETs. Vol. 197, Providence, RI : American
Mathematical Society, 2014 (Mathematical Surveys and Monographs

[3] Ô. Ä. Ðóõîâè÷, Âíåøíèå áèëëèàðäû âíå ïðàâèëüíûõ ìíîãîóãîëüíèêîâ:
ðó÷íîé ñëó÷àé, Èçâ. ÐÀÍ. Ñåð. ìàòåì., 86:3 (2022), 105�160,

Ñèãìà�ìîäåëè è êîìïëåêñíûå ãðàññìàíèàíû

D.À. Êðèâîðîëü

ÍÈÓ ÂØÝ è ÌÃÓ, Ìîñêâà
v.a.krivorol@gmail.com

Ñèãìà�ìîäåëè ñîñòàâëÿþò âàæíûé êëàññ òåîðåòèêî�ïîëåâûõ ìîäåëåé,
âîçíèêàþùèõ â ðàçíîîáðàçíûõ ôèçè÷åñêèõ è ìàòåìàòè÷åñêèõ çàäà÷àõ. Ïðèí-
öèïèàëüíàÿ ñëîæíîñòü èõ èçó÷åíèÿ ñâÿçàíà ñ ñèëüíî íåëèíåéíûì õàðàêòåðîì
ýòèõ ìîäåëåé, ÷òî â ðàìêàõ òåîðèè ïîëÿ ñîîòâåòñòâóåò íàëè÷èþ áåñêîíå÷-
íîãî ÷èñëà âåðøèí âçàèìîäåéñòâèÿ. Ýòî îáñòîÿòåëüñòâî ìîòèâèðóåò ïîèñê
àëüòåðíàòèâíûõ ôîðìóëèðîâîê, ñîäåðæàùèõ ëèøü êîíå÷íîå ÷èñëî âåðøèí
âçàèìîäåéñòâèé. Â äîêëàäå áóäåò ïðåäñòàâëåíà òàêàÿ ýêâèâàëåíòíàÿ ìîäåëü
äëÿ êëàññà îäíîðîäíûõ ïðîñòðàíñòâ, ñîñòîÿùåãî èç óíèòàðíûõ, îðòîãîíàëü-
íûõ è ñèìïëåêòè÷åñêèõ ãðàññìàíèàíîâ.

Ñöåíàðèé óñòîé÷èâîãî ïåðåõîäà îò äèôôåîìîðôèçìà Àíîñîâà
êîðàçìåðíîñòè 1 ê ÄÀ�äèôôåîìîðôèçìó

Å.Â. Êðóãëîâ

ÍÍÃÓ, Íèæíèé Íîâãîðîä
kruglov19@mail.ru

Ñ. Ñìåéë ïðåäëîæèë ìîäèôèöèðîâàòü ãèïåðáîëè÷åñêèé àâòîìîðôèçì n�
òîðà êîðàçìåðíîñòè 1 â îêðåñòíîñòè íåïîäâèæíîé òî÷êè ñ ïîìîùüþ õèðóð-
ãè÷åñêîé îïåðàöèè, ÷òîáû ïîëó÷èòü òàê íàçûâàåìûé DA�äèôôåîìîðôèçì.
Îäíàêî ñîîòâåòñòâóþùàÿ äóãà äèôôåîìîðôèçìîâ íå ÿâëÿåòñÿ äàæå óìåðåííî
óñòîé÷èâîé. Ø. Íüþõàóñîì, Äæ. Ïàëèñîì è Ô. Òàêåíñîì âûñêàçàíà ãèïîòåçà
î ïîñòðîåíèè óìåðåííî óñòîé÷èâîé äóãè ìåæäó äèôôåîìîðôèçìîì Àíîñîâà
è DA�äèôôåîìîðôèçìîì. Â íàñòîÿùåì äîêëàäå ïðåäñòàâëåíî äåòàëüíîå ïî-
ñòðîåíèå òàêîé äóãè.

Ðåçóëüòàòû îïóáëèêîâàíû â ðàáîòå E.V. Kruglov, Iu.E. Petrova, O.V.
Pochinka, Scenario of a mildly stable transition from codimensional one Anosov
di�eomorphism to a DA�di�eomorphism, Nonlinearity, 38(2025), 025021. 18 p.
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Îïåðàòîð Ëàïëàñà íà ìíîãîîáðàçèè ôëàãîâ

À.È. Êóçîâ÷èêîâ

ÍÈÓ ÂØÝ, Ìîñêâà
kuzovchikov@mi�ras.ru

Â äîêëàäå ìû îáñóäèì çàäà÷ó î ÷àñòèöå íà F (n) = SU(n)/U(1)(n−1) � ìíî-
ãîîáðàçèè ïîëíûõ ôëàãîâ ãðóïïû SU(n). Ñ òî÷êè çðåíèÿ äèôôåðåíöèàëüíîé
ãåîìåòðèè êëàññè÷åñêèé âàðèàíò ýòîé çàäà÷è ñîîòâåòñòâóåò ïîèñêó ãåîäåçè-
÷åñêèõ, à êâàíòîâûé � èññëåäîâàíèþ ñïåêòðà îïåðàòîðà Ëàïëàñà�Áåëüòðàìè.
Ïðè ýòîì åñòåñòâåííî îãðàíè÷èòüñÿ ðàññìîòðåíèåì SU(n)�èíâàðèàíòíûõ ìåò-
ðèê îáùåãî âèäà.

Îêàçûâàåòñÿ, ÷òî â òàêîì ñëó÷àå çàäà÷ó î ÷àñòèöå íà F (n) ìîæíî ïåðåôîð-
ìóëèðîâàòü â òåðìèíàõ çàäà÷è îá SU(n)�ñïèíîâîé ñèñòåìå îñîáîãî òèïà. Ýòà
ñâÿçü ïîçâîëÿåò ñäåëàòü âûâîäû îá èíòåãðèðóåìîñòè ãåîäåçè÷åñêîãî ïîòîêà è
ñïåêòðàëüíîé çàäà÷è äëÿ øèðîêîãî êëàññà ìåòðèê, ñâÿçàííûõ ñ ìåòðèêàìè íà
ãðóïïàõ, èçó÷àâøèìèñÿ ðàíåå â ðàáîòàõ Ìàíàêîâà, Ìèùåíêî è Ôîìåíêî.

Â êà÷åñòâå íàãëÿäíîãî ïðèìåðà áóäåò ðàññìîòðåí ñëó÷àé F (3), â êîòîðîì âñå
èíâàðèàíòíûå ìåòðèêè èñ÷åðïûâàþòñÿ óêàçàííûì êëàññîì. Â ýòîì ñëó÷àå çà-
äà÷à î íàõîæäåíèè ñïåêòðà îïåðàòîðà Ëàïëàñà�Áåëüòðàìè ñâîäèòñÿ ê àíàëèçó
óðàâíåíèé Áåòå äëÿ SU(3)�ñïèíîâîé ñèñòåìû òèïà Ãîäåíà. Èñïîëüçóÿ ðåçóëü-
òàò Ñòèëòüåñà, ïîëó÷åííûé áîëåå ñòà ëåò íàçàä (è âïîñëåäñòâèè îáîáù¼ííûé
â ðàáîòå Ìóõèíà, Øåõòìàíà, Òàðàñîâà è Âàð÷åíêî íà ñëó÷àé SU(n)), çàäà-
÷ó óäà¼òñÿ ñâåñòè ê èçó÷åíèþ ïîëèíîìèàëüíûõ ðåøåíèé äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ôóêñîâà êëàññà ñ ÷åòûðüìÿ îñîáûìè òî÷êàìè � óðàâíåíèÿ Ãîéíà,
÷òî ïîçâîëÿåò ÿâíî îïèñàòü ñïåêòð.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Äìèòðèåì Áûêîâûì �
arXiv:2508.20889

Äàííûé äîêëàä áûë ïîäãîòîâëåí â ðàìêàõ ñîãëàøåíèÿ îò 10.09.2025 �
25�72�10177 î ïðåäîñòàâëåíèè ãðàíòà ÐÍÔ ïî òåìå: ¾Èíòåãðèðóåìûå ñèãìà�
ìîäåëè è êîíôîðìíûå òåîðèè ïîëÿ¿.
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R�ìàòðè÷íûå îïåðàòîðû Äàíêëà è êâàíòîâàÿ ñèñòåìà
Êàëîäæåðî�Ìîçåðà

Ì.Ã. Ìàòóøêî

ÌÈÀÍ, Ìîñêâà
matushko@mi�ras.ru

Ìîäåëü Êàëîäæåðî�Ìîçåðà ÿâëÿåòñÿ èçâåñòíûì ïðèìåðîì ìíîãî÷àñòè÷íîé
èíòåãðèðóåìîé ñèñòåìû, èìåþùåé ìíîãî÷èñëåííûå ñâÿçè ñ ðàçëè÷íûìè îáëà-
ñòÿìè ìàòåìàòèêè è ôèçèêè. Îíà îïèñûâàåò ñèñòåìó n òîæäåñòâåííûõ ÷àñòèö
íà ïðÿìîé ñ ïîòåíöèàëîì îáðàòíî ïðîïîðöèîíàëüíîìó êâàäðàòó ðàññòîÿíèÿ
ìåæäó íèìè. Èíòåãðèðóåìîñòü ñèñòåìû ìîæíî ïðîäåìîíñòðèðîâàòü, íàïðè-
ìåð, âûðàçèâ íàáîð êîììóòèðóþùèõ ãàìèëüòîíèàíîâ ñ ïîìîùüþ îïåðàòîðîâ
Äàíêëà.

ß ðàññêàæó, êàê ïîñòðîèòü ìàòðè÷íîå îáîáùåíèå êâàíòîâîé ñèñòåìû
Êàëîäæåðî�Ìîçåðà ñ ïîìîùüþ ðåøåíèé àññîöèàòèâíîãî óðàâíåíèÿ ßíãà�
Áàêñòåðà. Äëÿ ýòîãî ââîäÿòñÿ R�ìàòðè÷íîçíà÷íûå îïåðàòîðû Äàíêëà, ñ
ïîìîùüþ êîòîðûõ ìîæåò áûòü ïîñòðîåíà íîâàÿ èíòåãðèðóåìàÿ ñèñòåìà,
ÿâëÿþùàÿñÿ R�ìàòðè÷íûì îáîáùåíèåì ñèñòåìû Êàëîäæåðî�Ìîçåðà. Òàêæå
ýòà êîíñòðóêöèÿ ïîçâîëÿåò ïîëó÷àòü èíòåãðèðóåìûå ñïèíîâûå öåïî÷êè ñ
äàëüíîäåéñòâèåì. Ðàññêàç îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Îëåãîì ×àëûõ
arXiv:2509.18989.

Èíòåãðàëüíûå ôîðìóëû äëÿ îáúåìîâ óçëîâ è ìíîãîãðàííèêîâ â
ïðîñòðàíñòâàõ ïîñòîÿííîé êðèâèçíû

À.Ä. Ìåäíûõ

ÈÌ ÑÎ ÐÀÍ è ÍÃÓ, Íîâîñèáèðñê

Â íååâêëèäîâûõ ïðîñòðàíñòâàõ, äëÿ âû÷èñëåíèÿ îáúåìîâ ìíîãîãðàííèêîâ èñ-
ïîëüçóþòñÿ ñèñòåìà äèôôåðåíöèàëüíûå óðàâíåíèé Øëåôëè. Åå ðåøåíèå íà-
õîäèòñÿ ãåîìåòðè÷åñêèìè ìåòîäàìè, îñíîâàííûõ íà ñîîòíîøåíèÿõ ìåæäó óã-
ëàìè è äëèíàìè ìíîãîãðàííèêîâ, ëåæàùèõ â ñôåðè÷åñêîì è ãèïåðáîëè÷åñêîì
ïðîñòðàíñòâàõ. Ïîëó÷åííûå ôîðìóëû ïðèìåíÿþòñÿ äëÿ âû÷èñëåíèÿ îáúåìîâ
óçëîâ, ðàññìàòðèâàåìûõ êàê ñèíãóëÿðíîå ìíîæåñòâî òðåõìåðíîé ñôåðû, ñíàá-
æåííîé íåïîëíîé ìåòðèêîé ïîñòîÿííîé êðèâèçíû.

Àíàëîãè÷íàÿ ïðîáëåìà â åâêëèäîâîì ïðîñòðàíñòâå ïðåäñòàâëÿåòñÿ çíà-
÷èòåëüíî áîëåå ñëîæíîé. Äëÿ åå ðåøåíèÿ èñïîëüçóåòñÿ ïðåäåëüíûé ïåðåõîä
äëÿ ñîîòâåòñòâóþùèõ ôîðìóë, ïîëó÷åííûõ â ñôåðè÷åñêîì è ãèïåðáîëè÷åñêîì
ïðîñòðàíñòâàõ.
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Î ñòðóêòóðíîé óñòîé÷èâîñòè 3�äèôôåîìîðôèçìîâ ñ ñîëåíîèäàìè
Ñìåéëà

Î.Â. Ïî÷èíêà

ÍÈÓ ÂØÝ, Íèæíèé Íîâãîðîä
opochinka@hse.ru

Ðàññìàòðèâàåòñÿ äèôôåîìîðôèçì íà çàìêíóòîì òðåõìåðíîì ìíîãîîáðàçèè
M3, öåïíîå ðåêóððåíòíîå ìíîæåñòâî êîòîðîãî ñîñòîèò èç äâóõ îäíîìåðíûõ
ãèïåðáîëè÷åñêèõ ìíîæåñòâ: àòòðàêòîðà Λa è ðåïåëëåðà Λr òèïà ñîëåíîèäà
Ñìåéëà�Âèëüÿìñà [1]. Õîòÿ êàæäîå èç ýòèõ ìíîæåñòâ â îòäåëüíîñòè ÿâëÿåò-
ñÿ ãèïåðáîëè÷åñêèì è ëîêàëüíî ñòðóêòóðíî óñòîé÷èâûì, ãëîáàëüíàÿ ñòðóê-
òóðíàÿ óñòîé÷èâîñòü äèôôåîìîðôèçìà çàâèñèò îò âûïîëíåíèÿ ñèëüíîãî óñëî-
âèÿ òðàíñâåðñàëüíîñòè [2]. Ýòî óñëîâèå òðåáóåò, ÷òîáû äâóìåðíîå óñòîé÷èâîå
ìíîãîîáðàçèå W s

Λa
è äâóìåðíîå íåóñòîé÷èâîå ìíîãîîáðàçèå Wu

Λr
ïåðåñåêàëèñü

òðàíñâåðñàëüíî â êàæäîé òî÷êå îáëàñòè M3 \ (Λa ∪Λr). Ñòðóêòóðíàÿ íåóñòîé-
÷èâîñòü áûëà ñòðîãî äîêàçàíà äëÿ ìíîãèõ èçâåñòíûõ íà äàííûé ìîìåíò ÿâíûõ
ïðèìåðîâ òàêèõ ñèñòåì [3], [4], çà èñêëþ÷åíèåì îðèãèíàëüíîãî ïðèìåðà Ñìåé-
ëà. Äîêàçàòåëüñòâî íåóñòîé÷èâîñòè â ýòîì ôóíäàìåíòàëüíîì ñëó÷àå ÿâëÿåòñÿ
îñíîâíîé öåëüþ äîêëàäà.
Áëàãîäàðíîñòü. Â äàííîé íàó÷íîé ðàáîòå èñïîëüçîâàíû ðåçóëüòàòû ïðîåê-

òà "Ñèììåòðèÿ. Èíôîðìàöèÿ. Õàîñ âûïîëíåííîãî â ðàìêàõ Ïðîãðàììû ôóí-
äàìåíòàëüíûõ èññëåäîâàíèé ÍÈÓ ÂØÝ.
Ñïèñîê ëèòåðàòóðû
1. L. Vietoris. Uber den hoheren Zusammenhang kompakter Raume und eine

Klasse von zusammenhangstreuen Abbildungen // Math. Ann. 1927. V. 97. No. 1.
P. 454�472 (in German).

2. Smale S. Di�erentiable dynamical systems // Bulletin of the American
mathematical Society. 1967. V. 73. No. 6. P. 747�817.

3. B. Jiang, Y. Ni and S. Wang. 3-manifolds that admit knotted solenoids as
attractors. Trans. Amer. Math. Soc. 356 (2004), 4371�4382.

4. B. Yu. Smale solenoid attractors and a�ne Hirsch foliations //Ergodic
Theory and Dynamical Systems. 2019. V. 39. No. 2. P. 531�553.
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Òàó ôóíêöèè èåðàðõèè Ãàððè Äèìà

Â.Â. Ïðîêîôüåâ

Ñêîëêîâî, Ìîñêâà
vadim.prokofev@skoltech.ru

Èåðàðõèÿ Ãàððè Äèìà áûëà ïîëó÷åíà â 70å ãîäû äëÿ îïèñàíèÿ íåëèíåéíûõ
âîä. Áûëî ïîêàçàíî, ÷òî, êàê è óðàâíåíèÿ ÊÏ è ìîäèôèöèðîâàííîå óðàâ-
íåíèå ÊÏ ÿâëÿþòñÿ ÷àñòüþ èåðàðõèè, êîòîðóþ óäîáíî îïèñàòü ñ ïîìîùüþ
ïñåâäîäèôôåðåíöèàëüíûõ îïåðàòîðîâ. Îäíàêî, áëàãîäàðÿ ðàáîòàì 80õ ãîäîâ
ó èåðàðõèé ÊÏ è ìÊÏ ïîÿâèëîñü èíîå îïèñàíèå ÷åðåç òàó�ôóíêöèè, ÿâëÿþ-
ùèåñÿ ðåøåíèÿìè áèëèíåéíûõ óðàâíåíèé (óðàâíåíèé Õèðîîòû). Â äîêëàä,
îñíîâàííîì íà ðàáîòå àâòîðà, áóäåò ïîêàçàíî, ÷òî ïîäîáíîå îïèñàíèå âîç-
ìîæíî è äëÿ èåðàðõèè Ãàððè Äèìà. Êðîìå òîãî áóäåò ïîêàçàíà âçàèìîñâÿçü
ðåøåíèé ýòîé èåðàðõèè è èåðàðõèé ÊÏ è ìÊÏ êàê íà óðîâíå ïñåâäîäèôôåðåí-
öèàëüíûõ îïåðàòîðîâ (÷òî áûëî èçâåñòíî ðàíåå), òàê è íà óðîâíå òàó ôóíêöèé.

Áèðàöèîíàëüíàÿ ãåîìåòðèÿ ðàññëîåíèé íà êîíèêè

Þ.Ã. Ïðîõîðîâ

ÌÈÀÍ, Ìîñêâà
prokhoro@mi�ras.ru

Â äîêëàäå áóäóò îáñóæäàòüñÿ ïðèìåíåíèÿ ïðîãðàììû Ñàðêèñîâà ê ïðî-
áëåìå ðàöèîíàëüíîñòè òð¼õìåðíûõ àëãåáðàè÷åñêèõ ìíîãîîáðàçèé, èìåþùèõ
ñòðóêòóðó ðàññëîåíèé íà êîíèêè. Áóäåò ïðåäñòàâëåí îáçîð ïðîáëåìû è
èçëîæåí íåñêîëüêî íîâûõ ðåçóëüòàòîâ. Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå
ñ Â.Â. Øîêóðîâûì.

Superintegrable strati�ed systems

N.Yu. Reshetikhin

YMSC Tsinghua University and BIMSA, Beijing

In this talk I will show how the notion of superintegrability can be extended to
strati�ed spaces. Some of these results can be regarded as a generalization of the
Delzant theorem about moment maps for toric actions.
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Vector systems of Painlev�e type

V.V. Sokolov

MIPT, Moscow
vsokolov1952@gmail.com

The group reduction procedure is applied to vector generalizations of the NLS,
mKdV, and KdV equations. The resulting ODE systems admit isomonodromic Lax
representations and are multicomponent generalizations of the Painlev�e equations
??P1, ??P2, ??P34, and ??P4. Some of them can be interpreted as nonautonomous
deformations of well�known systems integrable in the Liouville sense, in particular,
the Garnier and H�enon�Heiles systems. In one case, an unexpected connection
with the equations of quasiperiodic dressing chain for the Schr�odinger operator is
established.

Ñïåêòðàëüíûå èíâàðèàíòû öèðêóëÿíòíûõ ãðàôîâ ñ
íåôèêñèðîâàííûìè ñêà÷êàìè è èõ ñâîéñòâà

Ã.Ê. Ñîêîëîâà

ÍÃÓ, Íîâîñèáèðñê
g.sokolova@g.nsu.ru

Â äîêëàäå ðàññìàòðèâàåòñÿ êëàññ öèðêóëÿíòíûõ ãðàôîâ ñ íåôèêñèðî-
âàííûìè ñêà÷êàìè. Äëÿ äàííûõ ãðàôîâ â òåðìèíàõ ïîëèíîìîâ ×åáûø¼âà
âûïèñûâàþòñÿ ÿâíûå àíàëèòè÷åñêèå ôîðìóëû òàêèõ ñïåêòðàëüíûõ èíâàðè-
àíòîâ, êàê ÷èñëî êîðíåâûõ îñòîâíûõ ëåñîâ è èíäåêñ Êèðõãîôà. Èññëåäóþòñÿ
àíàëèòè÷åñêèå ñâîéñòâà ýòèõ ôîðìóë è èõ àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè
ñòðåìëåíèè ÷èñëà âåðøèí â ãðàôå ê áåñêîíå÷íîñòè.
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Êîðåãóëÿðíîñòü ïîâåðõíîñòåé äåëü Ïåööî

À.Ñ. Òðåïàëèí

ÌÈÀÍ, Ìîñêâà
trepalin@mi�ras.ru

Êîðåãóëÿðíîñòü ìíîãîîáðàçèé Ôàíî � èíâàðèàíò, êîòîðûé ÷èñëåííî âûðà-
æàåò òî, íàñêîëüêî ñëîæíî óñòðîåíû (êðàòíûå) àíòèêàíîíè÷åñêèå äèâèçîðû.
Èçâåñòíî, ÷òî äëÿ íåîñîáûõ ïîâåðõíîñòåé äåëü Ïåööî (òî åñòü äâóìåðíûõ ìíî-
ãîáðàçèé Ôàíî) íàä àëãåáðàè÷åñêè çàìêíóòûìè ïîëÿìè õàðàêòåðèñòèêè 0 êî-
ðåãóëÿðíîñòü ðàâíà 0, çà èñêëþ÷åíèåì îäíîãî ñëó÷àÿ ïîâåðõíîñòåé äåëü Ïåööî
ñòåïåíè 1.

Â äîêëàäå áóäåò ðàññêàçàíî î ðåçóëüòàõ, âîçíèêàþùèõ ïðè îáîáùåíèè ýòîé
çàäà÷è íà ñëó÷àé ïîâåðõíîñòåé äåëü Ïåööî ñ äþâàëåâñêèìè îñîáåííîñòÿìè íàä
ïðîèçâîëüíûìè ñîâåðøåííûìè ïîëÿìè. Îêàçûâàåòñÿ, ÷òî â îáùåì ñëó÷àå êî-
ðåãóëÿðíîñòü òàêæå ðàâíà 0. Îäíàêî âîçíèêàåò áîëüøîå êîëè÷åñòâî ðàçíîîá-
ðàçíûõ ïðèìåðîâ ïîâåðõíîñòåé äåëü Ïåööî ñ ïîëîæèòåëüíîé êîðåãóëÿðíîñòüþ,
ïðè÷¼ì ýòè ïðèìåðû îáëàäàþò ðàçëè÷íûìè ýêñòðåìàëüíûìè ñâîéñòâàìè.

Äîêëàä îñíîâàí íà ñîâìåñòíîé ðàáîòå ñ Ê. Ëîãèíîâûì.

Ëàãðàíæåâà ãåîìåòðèÿ ãðàññìàíèàíà: çîîïàðê â ìîåì áàãàæå

Í.À. Òþðèí

ËÒÔ ÎÈßÈ, Äóáíà; ÌÈÀÍ, Ìîñêâà
ntyurin@theor.jinr.ru

Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû, ïîëó÷åííûå â çàäà÷å êëàññè-
ôèêàöèè ëàãðàíæåâûõ ïîäìíîãîîáðàçèé ãðàññìàíèàíà Gr(r, n). Ïåðâûå òèïû
áûëè ïîñòðîåíû ñ ïîìîùüþ îáîáùåíèÿ ìåòîäà À. Ìèðîíîâà; çàòåì ñ ïîìîùüþ
ìåòîäà îáèëüíîãî äèâèçîðà áûë ïîñòðîåí åùå îäèí òèï ëàãðàíæåâà ïîä-
ìíîãîîáðàçèÿ. Íàêîíåö, êîìáèíèðóÿ ýòè äâà ìåòîäà, ìû äîïîëíèëè çîîïàðê
òîïîëîãè÷åñêèõ òèïîâ ëàãðàíæåâûõ ïîäìíîãîîáðàçèé åùå ðÿäîì ïðèìåðîâ.

The Symplectic Structure for Renormalization of Circle
Di�eomorphisms with Breaks

K.M. Khanin

BIMSA, Beijing
khanin@math.toronto.edu

In the �rst part of the talk I'll present the main results of the renormalization
theory for circle homeomophisms. We then shall discuss the symplectic structure
related to renormalisation of circle maps with breaks. The invariant symplectic
form which we construct is related to the symplectic form introduced by Goldman
back in 1984. This part of the talk is based on a joint paper with Selim Ghazouani.
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On the complete systems of Pfa�an equations

A.V. Tsyganov

SPbU, St. Petersburg
andrey�ts@yandex.ru

The problem that became known as Pfa�'s problem had its origins in the
theory of �rst order partial di�erential equations, which as a general theory began
with Lagrange. The integrability theorems of Jacobi, Clebsch, Deana, Frobenius,
Lie, Darboux and Cartan discuss methods for constructing systems of Pfa�an
di�erential equations with complete solutions. In all these theorems it is tacitly
understood that a bona�de variable change has a nonvanishing Jacobian, since
the inversion of the variable change is necessary to produce a complete solution in
the term of original variables. After historical introduction to these integrability
theorems, I will present the original Lie calculations, which allow us to construct
integrable systems of di�erential equations in three-dimensional Euclidean space
with three, two, one, and no �rst integrals. These systems are related with simple
and solvable Lie algebras of the Bianchi classes A and B.
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Î ðàçðåøèìîñòè íåñêîëüêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé
íåêëàññè÷åñêîãî òèïà

À.Â. ×óåøåâ, Í.À. ×óåøåâà

ÊåìÃÓ, Êåìåðîâî
chueshev@mail.ru, chuesheva@mail.ru

Íîâûì ýòàïîì ðàçâèòèÿ òåîðèè êðàåâûõ çàäà÷ äëÿ íåêëàññè÷åñêèõ óðàâíå-
íèé ìàòåìàòè÷åñêîé ôèçèêè ÿâèëèñü ðàáîòû Â. Í. Âðàãîâà. Â ðàáîòàõ Â. Í.
Âðàãîâà [1] âïåðâûå äàíà ïîñòàíîâêà êîððåêòíîé êðàåâîé çàäà÷è äëÿ óðàâíå-
íèÿ ñìåøàííîãî òèïà ïîðÿäêà 2m â öèëèíäðè÷åñêîé îáëàñòè. Â êíèãå [2] èçëà-
ãàþòñÿ íåêîòîðûå àñïåêòû ïîñòðîåíèÿ òåîðèè êðàåâûõ çàäà÷ äëÿ ýëëèïòèêî-
ïàðàáîëè÷åñêèõ, ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé è óðàâíåíèé ñìåøàííî-
ãî òèïà âòîðîãî ïîðÿäêà.

Êðàåâûå çàäà÷è äëÿ òàêèõ óðàâíåíèé èçó÷àëèñü â ðàáîòàõ Ñ. Ã. Ïÿòêîâà, À.
È. Êîæàíîâà, è äðóãèõ àâòîðîâ.

Â ñòàòüÿõ À. Â. ×óåøåâà è Í. À. ×óåøåâîé [3], [4] ïðè îïðåäåëåííûõ óñëîâè-
ÿõ íà êîýôôèöèåíòû áûëè äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèé ïîñòàâëåííûõ êðàåâûõ çàäà÷. Èññëåäîâàëàñü ñóùåñòâåííîñòü óñëîâèé,
êîòîðûå áûëè íàëîæåíû íà êîýôôèöèåíòû äàííûõ óðàâíåíèé.

ËÈÒÅÐÀÒÓÐÀ
1. Âðàãîâ Â. Í. Ê òåîðèè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà

íà ïëîñêîñòè è â ïðîñòðàíñòâå. Àâòîðåôåðåðàò äèññåðòàöèè ä. ô.� ìàò. íàóê.
Íàâîñèáèðñê. 1977 ã.

2. Âðàãîâ Â.Í. Êðàåâûå çàäà÷è äëÿ íåêëàññè÷åñêèõ óðàâíåíèé ìàòåìàòè÷å-
ñêîé ôèçèêè. � Íîâîñèáèðñê: Èçä-âî Íîâîñèáèðñêîãî óí-òà, 1983.�84ñ.

3. Chueshev, Aleksandr and Chuesheva, Nadesjda (2022) �On the Solvability
of Some Nonlinear Di�erential Equations�, Bulletin of National University of
Uzbekistan: Mathematics and Natural Sciences | Vol 5 | Iss 3 (nuu.uz)

4. ×óåøåâ À. Â. Îá îäíîì íåëèíåéíîì óðàâíåíèè ñìåøàííîãî òèïà íå÷¼ò-
íîãî ïîðÿäêà. Âåñòíèê Íîâîñèáèðñêîãî óíèâåðñèòåòà, ñåðèÿ ¾ìàòåìàòèêà,
ìåõàíèêà, èíôîðìàòèêà¿. 2001. Ò.1, Âûï. 1 Ñ. 107�123.

Ïåðåñå÷åíèÿ äâóõ êâàäðèê

Ê.À. Øðàìîâ

ÍÈÓ ÂØÝ è ÌÈÀÍ, Ìîñêâà
costya.shramov@gmail.com

ß ðàññêàæó î ãåîìåòðèè ãëàäêèõ ïîâåðõíîñòåé, çàäàííûõ äâóìÿ êâàäðàòè÷-
íûìè óðàâíåíèÿìè â ÷åòûð¼õìåðíîì ïðîåêòèâíîì ïðîñòðàíñòâå. Â ÷àñòíîñòè,
ìû îáñóäèì èõ áèðàöèîíàëüíûå ìîäåëè è ñòðóêòóðó ãðóïïû áèðàöèîíàëüíûõ
àâòîìîðôèçìîâ.
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Âû÷èñëåíèå ïîðÿäêîâ òî÷åê â ãëàâíîì äåðåâå ñàìîïîäîáíîãî
äåíäðèòà

È.Í. Þäèí

ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê
uivan566@gmail.com

Ïóñòü S = {S1, . . . , Sm} � ñèñòåìà ñæèìàþùèõ îòîáðàæåíèé â Rn. Íåïóñòîå

êîìïàêòíîå ìíîæåñòâî K, óäîâëåòâîðÿþùåå óðàâíåíèþ K =
m⋃
i=1

Si(K) íàçûâà-

åòñÿ àòòðàêòîðîì ñèñòåìû S.

Ïóñòü I = {1, . . . , m} � ìíîæåñòâî èíäåêñîâ ñèñòåìû S, è I∗ =
∞⋃

n=1
In

� ìíîæåñòâî âñåõ êîíå÷íûõ ñëîâ i = i1 . . . in â àëôàâèòå I, òàêèõ, ÷òî Sj =
Sj1j2...jn = Sj1Sj2 . . . Sjn , è ìû îáîçíà÷èì Sj(K) êàê Kj.

Êðèòè÷åñêèì ìíîæåñòâîì àòòðàêòîðà K ñèñòåìû S ÿâëÿåòñÿ ìíîæåñòâî

C := {x : x ∈ Si(K) ∩ Sj(K), Si, Sj ∈ S}
Ìíîæåñòâî ∂K âñåõ x ∈ K òàêèõ, ÷òî äëÿ íåêîòîðîãî j ∈ I∗, Sj(x) ∈ C íàçû-
âàåòñÿ ñàìîïîäîáíîé ãðàíèöåé ìíîæåñòâà K.

Äåíäðèòîì íàçûâàåòñÿ ëîêàëüíî ñâÿçíûé êîíòèíóóì, íå ñîäåðæàùèé ïðî-
ñòûõ çàìêíóòûõ êðèâûõ.

Ãëàâíûì äåðåâîì ñàìîïîäîáíîãî äåíäðèòà K íàçûâàåòñÿ ìèíèìàëüíûé ïîä-
êîíòèíóóì, êîòîðûé ñîäåðæèò âñå òî÷êè ñàìîïîäîáíîé ãðàíèöû.

Ïóñòü M = {Ki, i ∈ I = {1, . . . ,m}} � êîíå÷íàÿ ñèñòåìà êîíòèíóóìîâ â òî-
ïîëîãè÷åñêîì ïðîñòðàíñòâå X. Ìû ãîâîðèì, ÷òî M îáëàäàåò îáëàäàåò ñâîé-
ñòâîì îäíîòî÷å÷íîãî ïåðåñå÷åíèÿ, åñëè äëÿ ëþáîãî i, j ∈ I #Pij ≤ 1, ãäå
Pij = Ki ∩Kj .

Åñëè àòòðàêòîð ñèñòåìû S óäîâëåòâîðÿåò óñëîâèþ îäíîòî÷å÷íîãî ïåðåñå÷å-
íèÿ è ÿâëÿåòñÿ äåíäðèòîì, òî äëÿ íåãî ìû ìîæåì ïîñòðîèòü äâóäîëüíûé ãðàô
Γ, íàçûâàåìûé m-ðîñòêîì. Äëÿ áåëûõ âåðøèí ðîñòêà ìû îïðåäåëÿåì ïîëó-
ãðóïïó Gϕ, ïîðîæäåííóþ ÷àñòè÷íûìè ïåðåñòàíîâêàìè ϕi. Ñ åå ïîìîùüþ ìû
âû÷èñëÿåì ïîðÿäêè ãðàíè÷íûõ òî÷åê â ãëàâíîì äåðåâå.
Òåîðåìà: Ïóñòü (Γ, φ) � ðåãóëÿðíûé P -ðîñòîê.

1) Åñëè x � ãðàíè÷íàÿ òî÷êà ñ îäíèì àäðåñîì α, òî
Ord(x, γ̂) = Nϕ(α)− 1

2) Åñëè x ∈ γ̂ \ ∂K ÿâëÿåòñÿ òî÷êîé âåòâëåíèÿ ñ îäíèì àäðåñîì α, òî
Ord(x, γ̂) = Nϕ(α)

3) Åñëè x ÿâëÿåòñÿ ãðàíè÷íîé òî÷êîé èëè òî÷êîé âåòâëåíèÿ ãëàâíîãî äå-
ðåâà è èìååò n àäðåñîâ, α1, . . . , αn òàêèõ, ÷òî äëÿ ëþáîãî i = 1, . . . n,

Nϕ(α
i) > 1, òî Ord(x, γ̂) =

n∑
i=1

Nϕ(α
i)− n.
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Ïîëíîå ðåøåíèå çàäà÷è äæåôôðè�ãàìåëÿ. Íååäèíñòâåííîñòü,
ïàðàäîêñàëüíûå ñâîéñòâà è ïîòåðÿ ñóùåñòâîâàíèÿ

Í.È. ßâîðñêèé

ÈãÈË ÑÎ ÐÀÍ, Ìîñêâà
nick@itp.nsc.ru

Ïðåäñòàâëåíî ïîëíîå ñåìåéñòâî òî÷íûõ ðåøåíèé óðàâíåíèé Íàâüå-Ñòîêñà
äëÿ ïëîñêîãî òå÷åíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè â áåñêîíå÷íîé îáëàñòè,
îãðàíè÷åííîé äâóìÿ èñõîäÿùèìè èç îäíîé òî÷êè ïðÿìûìè ïîä óãëîì α. Â àâ-
òîìîäåëüíîé ïîñòàíîâêå ýòà íåëèíåéíàÿ çàäà÷à âïåðâûå áûëà ðàññìîòðåíà â
[1,2] è áûëè ïîëó÷åíû åå àíàëèòè÷åñêèå ðåøåíèÿ â âèäå ýëëèïòè÷åñêèõ èí-
òåãðàëîâ. Îíà õîðîøî èçâåñòíà êàê çàäà÷à Äæåôôðè-Ãàìåëÿ è èçëàãàåòñÿ â
ó÷åáíèêàõ [3,4]. Â ïîñëåäñòâèè áûëî óñòàíîâëåíî, ÷òî ðåøåíèå íååäèíñòâåííî,
à êîëè÷åñòâî ðåøåíèé ìîæåò áûòü áåñêîíå÷íî [5-7]. Îäíàêî, íåñìîòðÿ íà äàâ-
íþþ èñòîðèþ äî ñèõ ïîð íå áûëî ïîëó÷åíî ïîëíîãî ðåøåíèÿ ýòîé çàäà÷è äëÿ
âñåãî äèàïàçîíà óãëîâ 0 < α ≤ 2π.

vr = 6νu(ϕ)/r, P = ρν2[12u(ϕ)− 6a]/r2, (1)

(du/dϕ)2/2 + 2(−au+ u2 + u3) = p2/2. (2)

Â íàñòîÿùåé ðàáîòå ïîêàçàíî, ÷òî âñå ìíîæåñòâî ðåøåíèé ïîëó÷àåòñÿ â âè-
äå ïîñëåäîâàòåëüíûõ áèôóðêàöèé ñèììåòðè÷íûõ ðåøåíèé â ïàðû àñèììåòðè÷-
íûõ, ïðè ýòîì ïåðâûìè â ýòîé öåïî÷êå ÿâëÿåòñÿ ïàðà ñèììåòðè÷íûõ ðåøåíèé.
Â êà÷åñòâå ïðèìåðà íèæå íà ðèñóíêå ïðèâåäåíû äâå ïåðâûå áèôóðêàöèè äëÿ
óãëà α = π/6. Ïî îñè àáñöèññ îòëîæåí ïàðàìåòð ïîðÿäêà a, êîòîðûé âõîäèò
â âûðàæåíèå äëÿ äàâëåíèÿ P (1) è ÿâëÿåòñÿ ïàðàìåòðîì, âõîäÿùèì â óðàâ-
íåíèå (2), îïðåäåëÿþùèì ïðîôèëü ñêîðîñòè. Â ñèëó óñëîâèÿ ïðèëèïàíèÿ íà
ñòîðîíàõ óãëà u(0) = u(α) = 0 ïàðàìåòð a îïðåäåëÿåò äàâëåíèå (1) íà ñòåí-
êàõ, à ïàðàìåòð p = u′(0) èìååò ôèçè÷åñêèé ñìûñë áåçðàçìåðíîãî òðåíèÿ íà
ñòåíêå. Ïðè a<0 òå÷åíèå â äèôôóçîðå, äàâëåíèå ïðåâûøàåò äàâëåíèå íà ∞.
Ñîîòâåòñòâåííî ïðè a>0 èìååì òå÷åíèå â êîíôóçîðå.

Áèôóðêàöèè íà ðèñóíêå îòìå÷åíû òî÷êàìè. Âèäíî, ÷òî ðåøåíèÿ âîçíèêàþò
ïàðàìè ñ óâåëè÷åíèåì ïàðàìåòðà ïîðÿäêà a. Õàðàêòåðíî, ÷òî âòîðàÿ áèôóð-
êàöèÿ ïðîèñõîäèò ïðè a = 617.303 > 0 è çíà÷åíèè u′(0) = 0. Òàêèì îáðà-
çîì, àñèììåòðè÷íûå ðåøåíèÿ âîçíèêàþò òîëüêî â êîíôóçîðå è ïðè íóëåâîì
òðåíèè íà ñòåíêàõ, à ïåðâàÿ áèôóðêàöèÿ ðîæäàåò ñðàçó äâà ñèììåòðè÷íûõ
ðåøåíèÿ ïðè amin = −19.8 < 0. Ïðè a < amin ðåøåíèé íåò. Ýòî îçíà÷àåò
ïîòåðþ ñóùåñòâîâàíèÿ ðåøåíèÿ äëÿ òå÷åíèé â äèôôóçîðå ñ ïîâûøåíèåì äàâ-
ëåíèÿ. Ýòîò ôàêò íàáëþäàåòñÿ äëÿ âñåõ çíà÷åíèé óãëà 0 < α ≤ 2π. Íàìè
óñòàíîâëåíî, ÷òî, åñëè α ≤ π/2, òî ñ óìåíüøåíèåì óãëà α äî íóëÿ âåëè÷èíà
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amin óìåíüøàåòñÿ îò 0 äî −∞ è îáëàñòü ñóùåñòâîâàíèÿ ðåøåíèé äëÿ òå÷å-
íèé â äèôôóçîðå ðàñøèðÿåòñÿ íà âåñü äèàïàçîí âîçìîæíûõ äàâëåíèé. Åñëè
æå π/2 ≤ α ≤ 2π, òî ñ óìåíüøåíèåì óãëà α îò 2α äî α/2 âåëè÷èíà amin óâå-
ëè÷èâàåòñÿ îò amin = −0.2478amin = 0. Ïðè òå÷åíèè â ïðÿìîì óãëó α = π/2
ñòàöèîíàðíûõ ðåøåíèé äëÿ äèôôóçîðà âîîáùå íåò.

Òî÷êàìè îáîçíà÷åíû ïåðâûå 10 áèôóðêàöèé, ðîæäàþùèå íîâûå ïàðû ðåøå-
íèé (ïîëó÷åíî 20 ðåøåíèé). Áèôóðêàöèè ñèììåòðè÷íûõ ðåøåíèé õàðàêòåðè-
çóþòñÿ íåíóëåâûì òðåíèåì íà ñòåíêàõ. Áèôóðêàöèè àñèììåòðè÷íûõ ðåøåíèé
ïðîèñõîäÿò ïðè íóëåâûì òðåíèåì íà ñòåíêàõ.

Ïðåäñòàâëåíî ïîëíîå ñåìåéñòâî òî÷íûõ ðåøåíèé óðàâíåíèé Íàâüå Ñòîê-
ñà äëÿ ïëîñêîãî òå÷åíèÿ âÿçêîé íåñæèìàåìîé æèäêîñòè â áåñêîíå÷íîé îá-
ëàñòè, îãðàíè÷åííîé äâóìÿ èñõîäÿùèìè èç îäíîé òî÷êè ïðÿìûìè ïîä óãëîì
0 < α ≤ 2π (ðåøåíèå çàäà÷è Äæåôôðè-Ãàìåëÿ äëÿ âñåãî âîçìîæíîãî äèàïàçî-
íà óãëîâ ðàñòâîðà). Ïîêàçàíî, ÷òî âñå ìíîæåñòâî ðåøåíèé ïîëó÷àåòñÿ â âèäå
ïîñëåäîâàòåëüíûõ áèôóðêàöèé ñèììåòðè÷íûõ ðåøåíèé â ïàðû àñèììåòðè÷-
íûõ, ïðè ýòîì ïåðâûìè â ýòîé öåïî÷êå ÿâëÿåòñÿ áèôóðêàöèè ïàð ñèììåòðè÷-
íûõ ðåøåíèé, êîòîðûå âîçíèêàþò â îïðåäåëåííîé ïîñëåäîâàòåëüíîñòè òî÷åê ñ
ðîñòîì ââåäåííîãî â ðàáîòå ïàðàìåòðà ïîðÿäêà. Óñòàíîâëåíî, ÷òî àñèììåòðè÷-
íûå ðåøåíèÿ âîçíèêàþò òîëüêî â êîíôóçîðå è ïðè íóëåâîì òðåíèè íà ñòåíêàõ.
Â äèôôóçîðå ñ ïîâûøåíèåì äàâëåíèÿ äî íåêîòîðîãî êðèòè÷åñêîãî çíà÷åíèÿ,
çàâèñÿùåãî îò óãëà ðàñêðûòèÿ, âñå àâòîìîäåëüíûå ðåøåíèÿ òåðÿþò ñóùåñòâî-
âàíèå. Ïîòåðÿ ñóùåñòâîâàíèÿ ñòàöèîíàðíûõ ðåøåíèé äëÿ ëþáîãî äèôôóçîðà ñ
êîíå÷íûì óãëîì ðàñêðûòèÿ ìîæåò ñâèäåòåëüñòâîâàòü î ãëîáàëüíîé è àáñîëþò-
íîé íåóñòîé÷èâîñòÿõ ëàìèíàðíûõ òå÷åíèé â ïëîñêèõ äèôôóçîðàõ. Â ðàáîòå
ïîêàçûâàåòñÿ, ÷òî è àñèììåòðè÷íûå ðåøåíèÿ, ïîÿâëÿþùèåñÿ â ðåçóëüòàòå áè-
ôóðêàöèè ñèììåòðè÷íûõ ðåøåíèé, òàêæå îáëàäàþò íåîæèäàííûìè ñ ôèçè÷å-
ñêîé òî÷êè çðåíèÿ ñâîéñòâàìè. Ñàì ôàêò ïîÿâëåíèÿ íåòðèâèàëüíûõ ðåøåíèé
äëÿ âÿçêîé æèäêîñòè, êîòîðàÿ íå îêàçûâàåò òðåíèÿ íà ïîâåðõíîñòü êîíôóçîðà
òàêæå ÿâëÿåòñÿ ïàðàäîêñàëüíûì. Ïîä÷åðêíåì, ÷òî âñå ðàññìàòðèâàåìûå àâòî-
ìîäåëüíûå ðåøåíèÿ ÿâëÿþòñÿ òî÷íûìè ðåøåíèÿìè óðàâíåíèé Íàâüå-Ñòîêñà. Â
äîêëàäå áóäåò ïðåäñòàâëåíû âîçìîæíîå îáúÿñíåíèå, äîïîëíèòåëüíûå íåòðèâè-
àëüíûå ôàêòû, êðèâûå áèôóðêàöèé äëÿ âñåãî äèàïàçîíà óãëîâ è îáîñíîâàíèå
ïî÷åìó ìû ïîëàãàåì, ÷òî íàøëè ïîëíîå ðåøåíèå çàäà÷è Äæåôôðè-Ãàìåëÿ.

Ïîòåðÿ ñóùåñòâîâàíèÿ ñòàöèîíàðíûõ ðåøåíèé äëÿ ëþáîãî äèôôóçîðà ñ êî-
íå÷íûì óãëîì ðàñêðûòèÿ ìîæåò ñâèäåòåëüñòâîâàòü î ãëîáàëüíîé íåóñòîé÷èâî-
ñòè ëàìèíàðíûõ òå÷åíèé â ïëîñêèõ äèôôóçîðàõ. Â ðàáîòå ïîêàçûâàåòñÿ, ÷òî
è àñèììåòðè÷íûå ðåøåíèÿ, ïîÿâëÿþùèåñÿ ïîñëå ÷åòíûõ áèôóðêàöèé, òàêæå
îáëàäàþò íåîæèäàííûìè ñ ôèçè÷åñêîé òî÷êè çðåíèÿ ñâîéñòâàìè. Ñàì ôàêò
ïîÿâëåíèÿ íåòðèâèàëüíûõ ðåøåíèé äëÿ âÿçêîé æèäêîñòè, êîòîðàÿ ïðè çàäàí-
íîì ïåðåïàäå äàâëåíèÿ (a>0) íå îêàçûâàþò òðåíèÿ íà ïîâåðõíîñòü êîíôóçîðà
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ÿâëÿåòñÿ ïàðàäîêñàëüíûì. Îòìåòèì, ÷òî âñå ðàññìàòðèâàåìûå ðåøåíèÿ ÿâ-
ëÿþòñÿ òî÷íûìè ðåøåíèÿìè óðàâíåíèé Íàâüå-Ñòîêñà. Íàëè÷èå ñòàöèîíàðíûõ
ðåøåíèé ñâèäåòåëüñòâóåò î ñòðîãîì ñîáëþäåíèè áàëàíñà âñåõ ñèë äåéñòâóþùèõ
íà æèäêîñòü â êàæäîé òî÷êå ïðîñòðàíñòâà. Â äîêëàäå áóäåò ïðåäñòàâëåíû âîç-
ìîæíîå îáúÿñíåíèå, äîïîëíèòåëüíûå íåòðèâèàëüíûå ôàêòû, êðèâûå áèôóðêà-
öèé äëÿ âñåãî äèàïàçîíà óãëîâ è îáîñíîâàíèå ïî÷åìó ìû ïîëàãàåì, ÷òî íàøëè
ïîëíîå ðåøåíèå çàäà÷è Äæåôôðè-Ãàìåëÿ. Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå
ãîñóäàðñòâåííîãî áþäæåòà (ïðîåêò 121032200034-4).
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